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Copyright: Authors of the contributions, 2008
Published in July 2008

Preface
———————————————
This volume contains the papers presented at the Ninth Workshop on Membrane
Computing, WMC9, which took place in Edinburgh, UK, from July 28 to July 31,
2008. The first three workshops on Membrane Computing were organized in Curtea de
Argeş, Romania – they took place in August 2000 (with the proceedings published in
Lecture Notes in Computer Science, volume 2235), in August 2001 (with a selection of
papers published as a special issue of Fundamenta Informaticae, volume 49, numbers
1–3, 2002), and in August 2002 (with the proceedings published in Lecture Notes in
Computer Science, volume 2597). The next five workshops were organized in Tarragona, Spain, in July 2003, in Milan, Italy, in June 2004, in Vienna, Austria, in July 2005,
in Leiden, The Netherlands, in July 2006, and in June 2007, with the proceedings published as volumes 2933, 3365, 3850, 4361, and 4860, respectively, of Lecture Notes in
Computer Science.
The 2008 edition of WMC was organized at Heriot-Watt Univerity, by the School
of Mathematical and Computer Sciences, under the auspices of the European Molecular Computing Consortium (EMCC) and IEEE Computational Intelligence Society
Emergent Technologies Technical Committee Molecular Computing Task Force. In this
workshop, several of the invited speakers were from outside the Membrane Computing
community. This initiative was meant to allow the bioinformatics and systems biology
communities to learn about and appreciate membrane systems as modeling platforms,
while at the same time the membrane system community benefits by learning more
about the challenges present in bioinformatics and systems biology to which membrane
systems could be usefully applied.
The 7 invited speakers were: Daniela Besozzi (Milan, Italy), David Gilbert (Glasgow, UK), Paulien Hogeweg (Utrecht, The Netherlands), Markus Kirkilionis (Warwick, UK), Grzegorz Rozenberg (Leiden, The Netherlands), Francisco-José RomeroCampero (Nottingham, UK), Stephen Wolfram (Champaign - IL - USA). Full papers
associated with the invited talks or only extended abstract are included in the present
volume.
The volume also contains the 26 accepted papers. Each of them was subject of
three or four referee reports. The program committee consisted of Artiom Alhazov
(Turku, Finland, and Chişinău, Moldova), David Corne (Edinburgh, UK) – Co-chair,
Pilar De La Torre (Durham, USA), George Eleftherakis (Thessaloniki, Greece), MiguelAngel Gutiérrez-Naranjo (Sevilla, Spain), Oscar H. Ibarra (Santa Barbara, CA, USA),
Fairouz Kamareddine (Edinburgh, UK), Lila Kari (London, Canada), Alica Kelemenova
(Opava, Czech Republic), Jetty Kleijn (Leiden, The Netherlands), Natalio Krasnogor
(Nottingham, UK), Van Nguyen (Adelaide, Australia), Linqiang Pan (Wuhan, China),
Gheorghe Păun (Bucharest, Romania) – Chair, José Maria Sempere (Valencia, Spain),
Gyorgy Vaszil (Budapest, Hungary), Sergey Verlan (Paris, France), Claudio Zandron
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(Milano, Italy). All papers were also read by Pierluigi Frisco and Gheorghe Păun.
During the workshop two prizes: one for the best paper and another for important
contributions to Membrane Computing were awarded.
The Organizing committee consisted of Pierluigi Frisco – Chair, David Corne –
Co-Chair, and Elizabeth Bain Andrew – Secretary.
The invited papers and a selection of regular papers, improved according to the
discussions held in Edinburgh and additionally refereed, will be published in a special
issue of Lecture Notes in Computer Science.
Details about Membrane Computing can be found at The P Sytems Webpage:
http://ppage.psystems.eu and its mirror http://bmc.hust.edu.cn/
psystems. The workshop web site, mainly designed by David K. W. Li as his final
year project, is http://macs.hw.ac.uk/wmc9. The logo of the workshop has
been created by Anna Stoutjesdijk.
The workshop was sponsored by: the School of Mathematical and Computer Sciences at Heriot-Watt University, the Engineering and Physical Sciences Research Council (EPSRC), the International Journal on Natural Computing, Oxford University Press,
and the Scottish Bioinformatics Forum. Sponsors are listed in no particular order.
The editors warmly thank all who contribute to making WMC9 a success, the organizing and programme committee, the invited speakers, the authors of the papers, the
lecturers, the reviewers, and all the participants.
Pierluigi Frisco
David Corne
Gheorghe Păun
Editors
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A P-lingua programming environment for membrane computing . . . . . . . . . . 155
M. Gheorghe, F. Ipate:
On testing P systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

173

M.A. Gutierrez-Naranjo, M.J. Pérez-Jiménez:
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From computing to modelling with
membrane systems: a critical view

———————————————
Daniela Besozzi

Università degli Studi di Milano, Dipartimento di Informatica e Comunicazione,
Via Comelico 39, 20135 Milano, Italy
besozzi@dico.unimi.it

Extended abstract
Membrane systems were introduced in 1998 as distributed, parallel and nondeterministic computing models, inspired by the compartmentalized structure of eukaryotic
cells and by the flow of solutes and biochemical reactions therein [20]. These cellular elements are formally represented in the standard definition of membrane systems,
where multisets of objects, distributed inside separate regions, can be modified and communicated between adjacent compartments. In particular, the architecture of the cell is
represented by a set of hierarchically embedded regions, each one delimited by a surrounding boundary (called membrane), and all contained inside an external main region
(called the skin membrane). Inside each region, a multiset of objects and a set of evolution rules can be placed. Objects represent the formal counterpart of the molecular
species floating inside cellular compartments (i.e. ions, proteins, etc.), and they are described by means of symbols or strings over a given alphabet. Evolution rules represent
the formal counterpart of chemical reactions, and are given in the form of rewriting
rules, which can operate on the objects (by modifying or moving them between adjacent regions), as well as on the compartmentalized structure (by dissolving, creating or
dividing membranes).
With these basic components, a membrane system can perform computations, in the
following way. Starting from an initial configuration, which is defined by the multiset
of objects initially placed inside the compartmentalized structure, and by the sets of
evolution rules, the system evolves according to an established strategy that guides the
application of rules. Usually, a unique clock is assumed to beat the time steps for the
whole system, in such a way that all regions proceed in a synchronized fashion (that
is, the application of rules is carried out simultaneously inside all regions). In the basic class of membrane systems, evolution rules are applied in a nondeterministic and
maximally parallel manner (we remark here that a rewriting rule is applicable when all
the objects that appear in its left-hand side are available, in the current time step, inside the region where the rule is placed). The maximal parallelism of rule application
simply means that every rule that is applicable inside a region has to be applied in that
region. Stated otherwise, the maximal parallelism assures that all the objects that could
be modified (rewritten, deleted or communicated to an adjacent region) by some rule,
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are actually modified by that rule – in this sense, the parallelism of rules application also
determines the maximal consumption of all (modifiable) objects. However, it might be
the case that several rules compete for the same objects, and there are no enough copies
of such objects to guarantee that all rules will be actually applied. In this situation,
the nondeterminism comes into play: the applied rules are randomly chosen among the
set of applicable rules, inside each region. As a consequence, by nondeterministically
choosing different sets of rules, different evolutions of the system can be generated. So
doing, starting from a fixed initial setting, a tree of computations is obtained. A computation with a membrane system is thus defined as a sequence of transitions between
successive configurations, each (possibly) differing from the previous one with respect
to the type or number of objects that occur in the regions, and to the regions structure
possibly modified by the rules. The result of halting computations – that is, finite sequences of transitions that end in a configuration where no rule is applicable further on
– is usually read in the form of a set of objects, collected during the computation in
a specified region (or expelled through the skin membrane). Due to the nondeterministic nature of the system, the outputs of the system are given by all possible halting
evolutions which can be reached from the initial configuration.
In ten years of research from the seminal paper by Gheorghe Păun, several classes of
membrane systems have been defined by taking inspiration from different aspects of living cells (e.g., membrane charge, symport and antiport-based communication through
membranes, catalytic objects, etc.), differentiated types of cells (e.g., neurons) or multicellular tissues. The computing power and efficiency of these classes have been extensively investigated via standard approaches in the area of formal languages, grammars
and complexity thoeries.
Since it is not within the scope of this work to go into more depth with respect
to the computing aspects of membrane systems, but rather to focus on their adoption as a modelling paradigm for biological systems, we just skip any further detail
about computational issues for the time. We refer indeed the reader to [21] and to the
up-to-date bibliography of membrane systems that can be found at the web address
http://ppage.psystems.eu.
In the very last years, by taking advantage of the biologically inspired aspects of the
underlying structure and formalism, membrane systems have also been considered for
the modelling of biological systems, and for the investigation of their dynamical properties by means of properly defined simulators. Several applications have reported the
potentialities of membrane systems for the description of natural systems at different
degrees of complexity. Just to mention a few, these applications range from chemical
and cellular processes, where molecule interactions [25, 22, 29] or the functioning of
specific cell components [1, 6] are modelled, to broader natural systems where intercellular communication mechanisms [2, 32, 22] or interspecies dynamics in ecological
systems [4, 5, 14] are considered.
Indeed, any model of a biological or chemical system mimics a physical reality
by adopting a certain level of abstraction, by assuming hypothesis, and by considering
some established principles for the description of the dynamical evolution of the sys-
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tem. As for other standard modelling paradigms (see, e.g., [17,34]), different approaches
have been considered within the field of membrane systems: in the following we briefly
recall only the stochastic-based strategies that drive the system evolution (that is, the
application of rules and the handling of objects and regions). We refer to [8, 9], and references therein, for the development of a deterministic-based strategy. As a preliminary
step, we mention here some of the advantages and limits of membrane systems in their
application to biological systems, and we defer to a forthcoming extension of this work
for a thorough discussion of these description-related and evolution-related issues.
The most attractive features of membrane systems can be devised in some peculiar aspects: the distributed membrane structure, which allows to delimit distinct spatial
places (where different rules can take place and operate onto local objects); the rewriting form of rules, which provides a good understandability of the description of the
system; the possibility to communicate objects among regions, which grants the flow of
information from a local level to the global level of the system; the parallelism at the
level of regions, which gives the strong capability to keep track of the global functioning of the system, and so on. On the other side, some aspects of membrane systems –
albeit being powerful features from a computational perspective – are not adequate for
a proper description of many biological systems. For instance, the maximal parallelism
at the level of rules or of objects consumption is surely not lifelike; the nondeterministic
selection of rules indeed homogenizes the physical world where, actually, the events are
not so uniformly accidental; the merely topological placement of regions cannot always
catch the distribution of space, since also physical dimensions or the spatial coordinates
with respect to a reference system matter, and so on.
Some possible solutions have been proposed in membrane systems models to cope
with these limits. Concerning the description-related aspect, for instance, in [4] it was
outlined how the topology of membrane structure is not enough to capture the “geographical” distribution of fragmented habitats where metacommunity populations live
(the topological membrane structure was there transformed into a weighted graph-like
structure, where node attributes were also used to describe the region dimensions), while
in [7] it was proposed a parametric bidimensional skeleton to consider the distribution
and movement of (trans)membrane protein populations over a membrane surface.
Another matter is concerned with the evolution-related facet. In this case, finding the
most appropriate way to generate and simulate the correct dynamics of a natural system
is generally far from being an easy question. In membrane systems applications, the
main features that have been disputed about this problem are the maximal parallel rule
application and the nondeterminism, as well as the associated matter of time. Several
strategies have been adopted: in [24, 25], for instance, the evolution strategy consists
in assigning to each rule a probability value – combinatorially defined according to the
current multiset of objects and to left-hand side of the rule – which dynamically change
from step to step. Probabilities are then used to assign objects to rules and, so doing, the
selection of the rules that will be actually applied becomes mitigated with respect to the
purely randomized manner of membrane systems. All regions then evolve in parallel,
and get synchronized for the communication of objects at the end of each constant-time
step. Yet, the consumption of objects remains maximal with this strategy. To solve this
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unwanted drawback, in [4] specific rewriting rules, called mute rules, were introduced to
the aim of arbitrarily reducing the maximal number of modified objects. Another strategy have been considered in [22], where the authors propose an extension of Gillespie’s
stochastic algorithm – a simulation procedure for well mixed, single-volumed reaction
systems [15] – in order to deal with compartmentalized systems. Here, the probability
associated to each rule is used to evaluate the rule’s “waiting time”, and then only those
rules that have the same minimal waiting times (if more than one exists) with respect to
all other rules are applied, but only one rule inside each region is allowed to take place.
In this case, steps do not have a constant time unit, but lasts as much as the waiting
time of the applied rule. Obviously, with this strategy, rules belonging to different regions that have distinct waiting times cannot be applied in parallel, otherwise it would
not be possible both to define a unique time line for the whole system, and to correctly
handle the communication of objects between regions. In this sense, the evolution of
the system resembles more a sequential rather than parallel evolution mode, thus losing a global view on the system. This problem does not arise, on the contrary, when
using the strategy proposed in [12] (see also [3] for a comprehensive description of this
approach), which extends the stochastic τ -leaping algorithm given in [10]. The functioning of this system, called τ -DPP, provides that all regions proceed simultaneously,
more than one rule can be applied inside each region, the communication of objects can
be handled in a straightforward way, and there exists a global time stream for the whole
system. Therefore, the accuracy and efficiency of τ -leaping algorithm is integrated with,
and takes advantage of, the most powerful features of membrane systems. Finally, yet
another stochastic strategy has been introduced in [11] where, by closely resembling
Gillespie’s algorithm, the membrane structure and the evolution rules are transformed
in such a way that the whole system reduces to a single region, where just one rule at a
time can be applied.
The majority of applications of membrane systems for biological systems concerned
modelling aspects and simulation approaches, but relatively few research has been dedicated so far to develop theories and tools to perform the analysis of the system, or to
test the effectiveness and goodness of the proposed model. We sketch hereby two approaches that already appeared in this direction, and then we point out two other issues
that are still missing in the membrane systems area, but which are surely of fundamental importance to advocate that this new modelling framework is strong enough as other
modelling paradigms.
As a general procedure, in order to investigate the dynamics of a modelled system,
one set of initial conditions is fixed at a time, and the evolution of the system is then
simulated. This process can then be repeated for any other choice of initial setting –
especially for testing several conditions that can intervene on the system behaviour –
which seem to be plausible or interesting from a biological or a computational point
of view. The whole study can thus be time consuming, and the exhaustive sampling of
too many conditions might become impractical. Moreover, when stochastic simulation
frameworks are used, yet another difficulty arises: when looking for dynamical properties, it is not immediate to partition the system’s phase space in homogeneous subspaces
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which exhibits the same behavior. The first approach to overcome these drawbacks has
been developed in [23]: it is a simulation tool that simultaneously generates the evolutions (inside single regions of a membrane system) for an entire set of initial conditions,
hence allowing to quickly predict the behavior of the region under investigation. The
tool is based on the construction of a grid, whose vertices correspond to different initial
multisets of objects that can be placed inside a fixed region, which is then used to define a vector field over the phase space of that region. The vector field represents all the
single-time step evolutions of the grid multisets, and can be exploited to characterize
the stochastic nature of the system by identifying dynamical points (stable or unstable
points) or the local behavior of the region (quasi-periodic or periodic orbits).
On the other side, in some cases performing simulations of a system is not suitable,
for instance when a high computational burden is required, or when we are interested
in revealing dynamical properties of the system without having an appropriate knowledge on the initial conditions that might generate those dynamics. In these cases, if it
is plausible to assume that most of the information of the system can be stored in a
stoichiometric matrix, then the system can be represented by means of an equivalent
mathematical (linear) system. So doing, it is possible to exploit well established theories to extract, from the stoichiometric matrix, the information about the topology of the
system’s phase space. This approach has been adopted in [19] where, in the context of
Markov chains theory, the phase space of (sequential) membrane systems can be partitioned into sets of configuration states, which allow to recognize dynamical patterns
without performing simulations. In particular, a set of minimal communicating classes
(or cycles) that “generate” the phase space is derived, and their mutual reachability is
studied.
Despite the existence of these two approaches, a thorough treatment able to cope
with the analysis of dynamical properties of generic membrane systems (with many regions, different communication mechanisms, stochastic evolution strategies, etc.) is still
to be fully developed. Besides, what is still missing in membrane systems are operable
and effective tools which can handle the lack of quantitative data, and the presence of
uncertainties in the current knowledge of biological systems. It is well known that in
theoretical or simulation-based studies of biological systems, several factors – such as
species concentrations or molecule copy numbers, binding constants, transcription and
translation rates, etc. – represent a quantitative, indispensable information for a proper
investigation of the system dynamics. Most of the times, the experimental values of
these factors are not available or else ambiguous, since carrying out their measurements
in vivo or in vitro, at the microscopic levels, can be tangling or impossible [27]. For
instance, the cellular components involved in transcription and translation mechanisms
cannot be isolated and studied separately from the cell, and many other small-scale
processes are accessible only through in situ fluorescence methods (that is, imaging
methods of proteins tagged with fluorescent markers). The lack of these information, or
the inaccuracy about the available data, have a direct effect on the computational study
of biological systems: they result in the challenging problem of assigning biologically
plausible values to all the variables defined within a model.
In some cases, the values of some parameters of a system can be estimated from in
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vitro experiments at the macroscopic level (e.g., by fitting the dynamics derived through
equations of mass-action law against the concentration curves that result from these experiments), or by assuming more or less strict analogies with other processes or organisms for which more data and knowledge are available. In general, anyway, modellists
have to handle the presence of uncertainties at various levels, which are not limited only
to the numerical values associated to molecular species and to reaction kinetics, but
can also pertain to the structure of the system (i.e., to reveal which components are the
most significant, and how they do interact each other). Having to deal with this general scarcity of knowledge, it results very hard to debate for the “validity” of a model
built for a biological system, and indeed it would be more appropriate to propose the
model as a corroboration (or a falsification) of the built-in description of the reality that
it provides.
For this purpose, two parallel and complementary approaches can be undertaken.
On the one hand, several optimization techniques can be used to “calibrate” the model,
that is, to find out the unknown parameter values which allow to reproduce the expected biological dynamics in the best possible way. The parameter estimation methods
usually attack this calibration problem by minimizing a cost function (i.e., a distance
measure) which defines how good is the fitting of the predicted values with respect to
the experimentally measured values of the same factors, or with respect to the expected
biological behaviour of the system (we refer the interested reader to [27, 28, 33, 18] for
some applications in Systems Biology of parameter estimation methods). On the other
hand, sensitivity analysis techniques (see [30, 31] and references therein) can help in
understanding how much the uncertainty in the model outcome is determined by the
uncertainties, or by the variations, of the model factors (components, reactions and respective parameters). Moreover, the analysis of sensitivities of the model output can also
reveal which input factors bring about the most striking effects on the system behaviour,
and can thus be assumed to be good control points of the system dynamics. Traditionally, sensitivity analysis has been diffusely applied to deterministic continuous models,
by means of (derivative-based) local or global methods, though theories and tools for
parametric sensitivity of discrete stochastic systems have recently been defined [26,16].
Taking advantage of these usable theories, it would be surely convenient to develop
similar analysis methodologies within the field of membrane systems, especially when
they are used for the investigation of biological systems.
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Simulating FAS-induced apoptosis by using P systems, Progress in Natural Science, 17, 4, 424–431, 2007.
[14] F. Fontana, V. Manca, Predator-prey dynamics in P systems rules by metabolic
algorithm, BioSystems, 91, 3, 545–557, 2008.
[15] D.T. Gillespie, Exact stochastic simulation of coupled chemical reactions, Journ.
Phys. Chem., 81:2340–2361, 1977.
[16] R. Gunawan, Y. Cao, L. Petzold, F.J. Doyle III, Sensitivity analysis of discrete
stochastic systems, Biophys. J., 88, 2530–2540, 2005.
[17] T.C. Meng, S. Somani, P. Dhar, Modeling and simulation of biological systems
with stochasticity, In Silico Biology, 4:0024, 2004.
[18] C.G. Moles, P. Mendes, J.R. Banga, Parameter estimation in biochemical pathways: a comparison of global optimization methods, Genome Research, 13, 2467–
2474, 2003.
[19] M. Muskulus, D. Besozzi, R. Brijder, P. Cazzaniga, S. Houweling, D. Pescini, G.
Rozenberg, Cycles and communicating classes in membrane systems and molecular dynamics, Theoretical Computer Science, 372 (2-3), 242–266, 2007.
[20] G. Păun, Computing with membranes, Journal of Computer and System Sciences,

8

[21]
[22]

[23]

[24]
[25]

[26]
[27]
[28]

[29]
[30]
[31]
[32]

[33]
[34]

From computing to modelling with membrane systems: a critical view

61(1), 108–143, 2000 (see also Turku Center for Computer Science-TUCS Report
No 208, 1998).
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M.J. Pérez-Jiménez, F.J. Romero-Campero, P systems, a new computational modelling tool for Systems Biology, Transactions on Computational Systems Biology
VI (C. Priami, G. Plotkin Eds.), LNBI 4220, 176–197, 2006.
D. Pescini, D. Besozzi, G. Mauri, Investigating local evolutions in dynamical probabilistic P systems, Seventh International Symposium on Symbolic and Numeric
Algorithms for Scientific Computing (SYNASC’05), IEEE Computer Press, 440–
447, 2005.
D. Pescini, D. Besozzi, G. Mauri, C. Zandron, Dynamical probabilistic P systems.
International Journal of Foundations of Computer Science, 17, 1, 183–204, 2006.
D. Pescini, D. Besozzi, C. Zandron, G. Mauri, Analysis and simulation of dynamics in probabilistic P systems, DNA Computing, 11th International Workshop on
DNA Computing, DNA11 (N. Pierce, A. Carbone, eds.), LNCS 3892, 236–247,
2006.
S. Plyasunov, A.P. Arkin, Efficient stochastic sensitivity analysis of discrete event
systems, J. Comput. Phys., 221, 724–738, 2007.
S. Reinker, R.M. Altman, J. Timmer, Parameter estimation in stochastic biochemical reactions, Systems Biology, IEE Proceedings, 153, 4, 168–178, 2006.
M. Rodriguez-Fernandez, P. Mendes, J.R. Banga, A hybrid approach for efficient
and robust parameter estimation in biochemical pathways, BioSystems, 83, 248–
265, 2006.
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Modelling and analysing the dynamic behaviour
of biochemical networks

———————————————
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University of Glasgow, Bioinformatics Research Centre,
A310, Joseph Black Building, Glasgow G12 8QQ, UK
drg@brc.dcs.gla.ac.uk

Modelling intracellular biochemical networks presents particular challenges
connected with the need to reconcile the difficulty of obtaining experimental
data with the requirements of providing information at a level of detail which
will be useful for biochemists. Such models should be able to both explain and
predict behaviour, and I will illustrate this with research undertaken in Glasgow
in the area of intracellular signalling pathways. Moreover modelling is a key
component in the emerging discipline of Synthetic Biology in which the activity
of design as well as analysis is of prime importance. I will discuss a framework
for modelling and analysing biochemical networks which unifies qualitative and
quantitative approaches, and show how it has been applied in the context of a
Synthetic Biology project. I will also describe a very fast model checker that
has been developed at Glasgow which can be applied to biochemical systems
and discuss how it can be used to drive the design of such systems.

Multilevel modeling of morphogenesis

———————————————
Paulien Hogeweg

Utrecht University, Theoretical Biology and Bioinformatics Group,
Padualaan 8, 3584CH Utrecht, The Netherlands
P.Hogeweg@uu.nl

In order to study the growth and development of cellular systems one needs a
formalism in which on can combine the biophysical properties of cells with the
modulation of these properties by gene regulatory processes. I will argue that
the multisclale CA formalism now known as the Cellular Potts Model (CPM)
provides a simple yet basically sound representation of a biological cell, which
can be interfaced with gene regulatory processes. It represents a cell as highly
deformable object which takes its shape from internal and external forces acting
upon it. I will demonstrate how within this formalism complex large scale morphodynamic processes can result from local regulation of cell, and in particular
membrane, properties. I will explain morphogenetic mechanisms which tend to
evolve in such systems.

1

Introduction

Biological development, in particular morphogenesis, is an pre-eminent example of a
process which bridges mutiple levels of organization.
For modeling these processes we need a multilevel modeling formalism which allows
us to incorporate the following premisses.
• Target morhogenesis ss (not only pattern formation)
• Use cells as basic unit (growth, division, movement, ...)
• Cell is NOT point, bead, homunculus, but deformable highly viscous objects
• Genes act through cells ’with a dynamics of their own”
Moreover, although biological systems are highly complex it should allow is to formulate models which are “simple enough but not too simple” cf Einstein).
For these requirements a simple but basically correct representation of a cell is essential.
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Fig. 3.1 representation of biological cells in CPM

2

Some material properties of biological cells

Properties of cells as material objects which distinguishes them from often used simplified representations are:
• Biological cells are highly dissipative systems:
Viscosity dominates inertia
• forces acting on cells can best be described in Aristotelian regime ( F −̃ v )
• resistance to shape-changes intrinsic to cell (Yield)
• very fast redistribution of intracellular pressure through
osmotic pressure balance due to water flow across membrane ( exp. shown in Paramecium by Iwamoto et al 2005)
• Compressibility under mechanical force exp shown by e.g. Tricky et al 2006: they
measure a Poisson ratio of .36 in chondrocytes. Volume variations upto 20% have
been observed by Iwamoto et al 2005
• ’Spontaneous’ membrane fluctuations driven by cytoskeleton
when inhibited adhesion driven cell sorting is reduced (Mombach et al 1995)
• Cortical tension, and regulation thereof can modify cell shape (see review Lecuit
and Lenne, 2007)

3

Modeling the generic properties of biological cells

A simple model which incorporates these properties is the so called “Cellular Potts
model (CPM)” (Glazier & Graner 1993, Graner and Glazier 1992) It is a 2 scale cellular
automata-like model. The model formulation involves two intrinsic scales, the micro
scale on which the dynamics takes place (the CA scale) and the scale of the represented
biological cell(s), whose (dynamic) properties impact on the micro-scale dynamics. This
is realized as follows:
• The cells are mapped to the cellular automaton as a set of contiguous grid cells with
identical state (see fig 1)
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Fig. 4.2 size differences may lead to movement “against the flow”, (cf Käfer et al 2006)

• Cells have an actual volume v and target volume V (in number of pixels), possibly a
membrane-size m and M, a type τ (and .....)
• Between cells: free energy bond Jij where i and j are the types of the cells
• dynamics: Free energy minimization with volume, membrane conservation:
X Jij X
+
Jim + λ(v − V )2 + α((m − M )2
H=
2
where Ji,j represent surface energy between cells (and Ji , m that between a cell and
the medium).
• Copy state of neighboring cell with probability:
Pi−>j = 1

if f

Pi−>j = e−(∆H+Y )/T

∆H < −Y
if f

∆H ≥ −Y

where Y represents the energy expenditure of deformation (Yeild).
This energy based model automatically integrates multiple local forces on the cell. By
measuring the deformation of cells these forces can be analyzed.

4

From cells to tissue level dynamics

Such a representation of a cell can generate a rich variety of tissue level dynamical
properties which include:
• cell sorting by differential adhesion
• Individual cells ’wiggle’ through cell mass
• Individual cells can ’move against the flow’
e.g. by being smaller/larger; being in the minority or adhesion Käfer, Hogeweg &
Marée 2006
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Interfacing generic and informatic properties of cells

Important as the generic properties of biological cells are, they do not fully describe
a biological cell. Cells are pre-ementenly information rich dynamical entities, which
change there properties continuously, based on intra cellular and extra cellular signals.
Thus to fully describe a cell, one needs to interface the mechanical properties with the
intra cellular gene regulation dynamics.
Such an interface is easily achieved in the CPM formalism, because, although the basic
dynamics is on the subcellular level, the cell exist as an entity in the model definition.
The state of the dynamics of the intracellular dynamics can be mapped to the properties
of the cell, e.g. its target volume (V), its cell surface properties (affecting Ji,j s) etc. By
affecting the target volume (V) rather than the actual volume (v) the cell based dynamics
co-determines if and how this state change will indeed change the cell volume. Likewise
by changing surface receptors, the effect thereof will depend on the expressed receptors
of neighboring cells.
Below is a list of potential ways in which the generic properties of the cells as defined
above can be modified my informatic processes within the cell, together with some
references to studies which have used this type of interfacing,
• Cell differentiation
e.g. governed by gene regulation networks
leading to
.
.
•
•
•
•
•
•
•
•
•

Hogeweg 2000a,b
′
(Jij − > Jij
)
production of morphogens
changes in Y,V,M

Induced growth
(V++ )
cell division
σi − > σi + σj
Squeeze induced Apoptosis
Chen et al 1997 ( λ small )
Stretch induced growth
Chen et al 1997 ( if v > V + τ : V + +)
Savill and Hogeweg 1997
intra and inter cellular reaction/diffusion systems .
.
Marée & Hogeweg 2001
Chemotaxis
(∆H = ∆H + grad)
Polarity: Persistent, adjustable directional motion
Beltman et al 2007
explicit intracellular cytoskelon dynamics
Marée et al 2006
particle based modeling of intracellular reaction dynamics
Hogeweg & Takeuchi
2003

In this way a great variety of developmental processes unfolding at many space and
timescales can be studied by relatively simple models. For example the entire life cycle
the slime mold Dictyostelium discoideum, which includes a single cell stage, a crawling
multicellular slug which orients itself toward light and temperature, and finally settles
down and metamorphoses to a fruiting body has been modeled in this way (Savill and
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Hogeweg 1997, Marée and Hogeweg 1999, 2001). Another interesting example is the
elucidation of the mechanism of the growth of plant roots, in particular Arabidopsis.
It was shown (Grieneisen et al 2007) that the localization of surface receptors (PIN’s)
which pump auxin out of the cell, explains the formation of an auxin maximum near
the tip of the root in a matter of seconds. Through this maximum and the resulting
auxin gradients the cell division and elongation is regulated leading to the characteristic
root growth and morphological changes over a time period of weeks. The shape of the
cells turns out to be very essential for understanding the concentrations of auxin, and
therewith the regulation of growth in the various regions of the root (Grieneisen et al
in prep). Notwithstanding the relative simplicity of the model, the predictions derived
from the in silico root have been successfully tested in the real plant

6

From cells to (evolved) mechanisms of morphogenesis

Not only do we want to understand the developmental mechanisms of particular extant
organisms, but we also want to gain insight in generic mechanisms of morphogenesis
as a result of the interface between mechanical properties of cells and the gene regulation. To this end yet an other timescale can be added to the model, i.e. the evolutionary timescale. Hogeweg (2000a,b) studied the morphogenetic mechanisms which
emerged in a population of “critters” which developed from a single zygote to a multicolor clump of cells. The cells contained an initially random gene regulation network,
which changed its structure over time by mutations, The selection criterion used was
cell differentiation. By using this criterion, rather than morphogenesis itself as for the
selection, “generic” morphogenetic mechanisms could be uncovered, i.e. those which
emerged as side effect of cell differentiation.
Examples of the development of so evolved “critteres” are shown in fig 3. Thus, although the basic CPM formalism is an energy minimization formalism, which therefore
tends to lead to “blobs” of cells, the interface with the dynamics of cell differentiation
can lead to interesting morphologies. This is because the cell different ion process keeps
the system out of equilibrium. The, by this model, uncovered mechanisms of morphogenesis resemble those described in multicolor organisms, both plants and animals. One
interesting mechanism is “convergent extension” in which the polarization and elongation of cells in one direction, leads to tissue growth in the direction perpendicular to it
(see fig 4).

7

Conclusions

Previous models of morphogenesis have often confined themselves to pattern formation
(e.g. Turing patters) (e.g. Meinhardt anf Gierer 2000), or to purely informatic models of
cells whose interactions are solely based on ancestry rather than on a dynamic neighbourhood of other cells (e.g. L systems) (Lindenmayer 1968, Hogeweg & Hesper 1974,
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Fig. 6.3 evolution for cell differentiation leads to morphogenesis ( Hogeweg 2000a,b)

Fig. 6.4 convergent extension in bipolar cells (cf Zajac et al 2003, Hogeweg unpublished)

P. Prusinkiewicz and A. Lindenmayer 1990) The modeling formalism described here
goes an important step beyond those approaches by combining generic (mechanical)
properties of cells with informatic properties. This allows us to study morphogenesis in
the strict sense: the generation of macroscopic shapes from subcellular processes. In the
words of Segel(2001), referring to the Dictyostelium model, it allows us “to compute
an organism”.
We find in the variety of models studied that mesoscopic description of cell is essential,
and that morphogenesis is a sustained out of equilibrium process through the interaction
of processes at multiple space and time scales.
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Cellular Membrane Transport and Reaction Systems
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Markus Kirkilionis
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Based on the development of new experimental techniques, mainly imaging
techniques like FRAP and FRET, cellular transport and reaction processes can
be better understood than ever before. Cell biology in general offers a whole
range of such important applications (in the end all life depends on this complex machinery) which are challenging for mathematical modeling and the performance of existing numerical algorithms. Inside the cell membrane systems
like the ones involved in the secretory pathway are especially important and can
be used to understand the state-of-the-art of modeling and simulation in a wider
area to much advantage.
One specific property of cellular structures are their complicated geometry, here
just called ’Complex Domains’. The complexity of these cellular domains can
now be measured much more accurately with the help of modern imaging and
image analysis techniques. It is tempting to combine methods from image analysis and numerical simulations in order to get a better understanding how different molecules, small to large (ions to protein complexes) distribute and react
inside the cell. Moreover such geometries are typically ’complex’ on every relevant scale. This makes their representation in a simulation typically difficult,
and one must use adequate approximations. This need for averaging nicely explains why (in this case spatial) scales are important (and why all modeling is
relative to a chosen scale), and therefore scale is perhaps the most important
notion in this area, even before considering the appropriate choice of either a
discrete or continuous state space to represent the different components of the
system.
The same is true for the second part of the problem, the action (mostly binding) of macro-molecules with each other or other binding partners. This process
creates events at which the system state changes, and that again needs to be
represented relative to a chosen temporal scale in the model (and finally the
simulation). We discuss this with the help of birth-death processes and the dynamics of Markov chains, and describe the dynamics of ion channels in a typical
membrane with the help of multi-scale analysis.

A Multiscale Modelling Framework Based On
P Systems

———————————————
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Cellular systems present a highly complex organisation at different scales including the molecular, cellular and colony levels. The complexity at each one
of these levels is tighly interrelated to each other. Integrative systems biology
aims to obtain a deeper understanding of cellular systems by focusing on the
systemic integration of the different levels of organisation in cellular systems.
The different approaches in celluar modelling within systems biology have been
classified into mathematical and computational frameworks. Specifically, the
methodology to develop computational models has been recently called executable biology since it produces executable algorithms whose computations
resemble the evolution of cellular systems.
In this work we present P systems as a multiscale modelling framework within
executable biology. P system models explicitly specify the molecular, cellular
and colony levels in cellular systems in a relevant and understandable manner. Molecular species and their structure are represented by objects or strings,
compartmentalisation is described using membrane structures and finally cellular colonies and tissues are modelled as a collection of interacting individual P
systems. The interactions between the components of cellular systems are described using rewriting rules. These rules can in turn be grouped together into
modules to characterise specific cellular processes.
One of our current research lines focuses on the design of cell systems biology models exhibiting a prefixed behaviour by assembling automatically these
cellular modules. Our approach is equally applicable to systems as well as synthetic biology.

Interactive processes in systems based on
facilitation and inhibition
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From a behavioural point of view many systems encountered in nature are based
on interactions between a number (usually a huge number) of basic processes.
Often such interactions are based on two main mechanisms: facilitation and
inhibition. For example, this point of view is well suited for considering systems of biochemical reactions, where individual reactions influence each other
through facilitation/acceleration and inhibition/retardation.
In our talk we discuss reaction systems which constitute a formal framework
for specifying, modeling, and analyzing the kind of systems outlined above.
In particular we will discuss the basic axioms (assumptions) that hold for a
great number of biochemical reactions, and therefore underlie the formal setup
for reaction systems. We point out that these axioms are quite different (often
orthogonal) to the underlying axioms of traditional/typical models considered
in theoretical computer science.
We will present a number of formal properties of reaction systems as well as
a number of research topics/areas, such as modularity and introducing time in
reaction systems. The talk is self-contained; in particular we do not require any
specific knowledge of basic properties of biochemical reactions.

On the Qualitative Analysis of Conformon P-Systems
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We study computational properties of conformon P-systems, an extension of
P-systems in which symbol objects are labelled by their current amount of energy. We focus here our attention to decision problems like reachability and
coverability of a configuration and give positive and negative results for the full
model and for some of its fragments. Furthermore, we investigate the relation
between conformon P-systems and other concurrency models like nested Petri
nets and constrained multiset rewriting systems.

1

Introduction

P-systems [10] are a basic model of the living cell defined by a set of hierarchically
organized membranes and by rules that dynamically distribute elementary objects in
the component membranes. Conformon P-Systems [5] are an extension of P-systems in
which symbol objects (conformons) are labelled with their current amount of energy. In
a conformon P-system membranes are organized into a directed graph. Furthermore, a
symbol object is a pair name-value, where name ranges over a given alphabet, and value
is a natural number. The value associated to a conformon denotes its current amount of
energy. Conformon P-systems provide rules for the exchange of energy from a conformon to another and for passing through membranes. Passage rules are conditioned
by predicates defined over the values of conformons. In [6] Frisco and Corne applied
conformon P-systems to model the dynamics of HIV infection. Concerning the expressive power of conformon P-systems, in [5] Frisco has shown that the model is Turing
equivalent even without the use of priority or maximal parallelism.
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In this paper we investigate restricted fragments of conformon P-systems for which decision problems related to verification of qualitative properties are decidable. We focus
our attention to verification of safety properties and decision problems like coverability
of a configuration [1]. The fragment we consider put some restrictions on the form of
predicates used as conditions of passage rules. Namely, we only admit passage rules
def
with lower bound constraints on the amount of energy as conditions (i.e. p(x) = x ≥ c
for c ∈ N). The resulting fragment, we will refer to as restricted conformon P-systems,
is still interesting as a model of natural processes. Indeed, we can use it to specify systems in which conformons pass through a membrane when a given amount of energy is
reached.
For restricted conformon P-systems, we apply the methodology of [1] to define an algorithm to decide the coverability problem. This algorithm performs a backward reachability analysis through the state space of a system. Since in our model the set of configurations is infinite, the analysis is made symbolic in order to finitely represent infinite
sets of configurations. For this purpose, we use the theory of well-quasi orderings and
its application to verification of concurrent systems [1].
In the paper we also investigate the relation between (restricted) conformon P-systems
and other models used in concurrency like Petri nets [11], nested Petri nets [8], and constrained multiset rewriting systems (CMRS) [2]. Specifically, we show that conformon
P-systems are a special class of nested Petri nets, and restricted P-systems are a special
class of CMRS. This comparison gives us indirect proofs for decidability of coverability
in restricted conformon P-systems that follows from the results obtained for nested nets
and CMRS in [9, 2].
To our knowledge, this is the first work devoted to the analysis of problems like coverability for conformon P-systems, and to the comparison of the same models with other
concurrency models like nested Petri nets and CMRS.
Plan of the paper In Section 2 we introduce the conformon P-systems model. In
Section 3 we study decision problems like reachability and coverability. In Section 4
we compare conformon P-systems with nested Petri nets and CMRS. Finally, in Section
5 we discuss related work and address some conclusions.

2

Conformon P-systems

Let V be a finite alphabet and N the set of natural numbers. A conformon is an element
of V ×N0 where N0 = N∪{0}, denoted by [X, x]. We will refer to X as the name of the
conformon [X, x] and to x as its value. In the rest of the paper we work with multisets of
conformons. We use {{a1 , . . . , an }} to indicate a multiset with elements a1 , . . . , an , and
symbols ⊕ and ⊖ to indicate resp. multiset union and difference. We use CV to denote
the set of conformons defined over alphabet V .
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Conformons are situated inside a finite set of membranes or regions. Let N be the
set of membrane names. A configuration µ is a tuple (indexed on N ) of multisets of
conformons. For simplicity we often assume that membranes are numbered from 1 to n
and that configurations are tupled (ξ1 , . . . , ξn ) where ξi is a multiset of conformons in
CV .
The dynamic behavior of conformons is described via a set of rules of the following
form:
e
• A creation rule has the form ⇀
m A, where A ∈ V , e ∈ N0 , and m ∈ N and defines
the creation of a conformon [A, e] inside membrane m. A creation rule for conformon [A, e] in membrane m corresponds to a conformon [A, e] with cardinality ω
in [5]. The use of creation rules allows us to obtain a better comparison with other
Petri net models as discussed later in the paper.
e
• An internal rule has the form A→
m B, where A, B ∈ V , e ∈ N, m ∈ N and defines
the passage of a quantity e of energy from a conformon of type A to one of type B
inside membrane m.
p
• A passage rule has the form m֒→n where m, n ∈ N and p(x) is a monadic predicate of one of the following forms x = a, x ≥ a, x ≤ b for a ∈ N0 and b ∈ N.
With this rule, a conformon [X, x] inside m can move to membrane n if p(x) is
satisfied by the current value of X.

As in tissue P-systems, the underlying structure of membranes is here a finite graph
whose nodes are the membranes in N and edges are defined by passage rules. We are
ready now for a formal definition of conformon P-systems.
Definition 1. (Conformon P-system) A basic conformon P-system of degree m ≥ 1
with unbounded values (cP-system for short) is a tuple Π = (V, N, R, µ0 ), V is a finite
set of conformon names, N is a finite set of membranes names (we assume that each
membrane has a distinct name), R is a set of rules, µ0 is an initial configuration.
e
Given a configuration µ, we say that an internal rule r = A→
m B is enabled at µ if there
exist a conformon [A, x] ∈ µ(m) and a conformon [B, y] ∈ µ(m) such that x ≥ e;
we say in this case that r operates on conformons [A, x] and [B, y] in µ. A passage rule
p

r = m֒→n is enabled at µ if there exists a conformon [A, x] ∈ µ(m) such that p(x) is
satisfied; we say here that r operates on conformon [A, x] in µ. Notice that creation rules
are always enabled. The evolution of a conformon P-system Π is defined via a transition
relation ⇒ defined on configurations as follows. A configuration µ may evolve to µ′ ,
written µ ⇒ µ′ , if one of the following conditions is satisfied:
e
• There exists a rule r = A→
m B in R which is enabled in µ and operates on conformons [A, x] and [B, y], and the following conditions are satisfied:
∗ µ′ (m) = (µ(m) ⊖ {{[A, x], [B, y]}}) ⊕ {{[A, x − e], [B, y + e]}};
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∗ µ′ (n) = µ(n) for any n 6= m.
p

• There exists a rule r = m֒→n in R which is enabled in µ and operates on conformon [A, x] (i.e. p(x) is true) and the following conditions are satisfied:
∗ µ′ (m) = µ(m) ⊖ {{[A, x]}};
∗ µ′ (n) = µ(n) ⊕ {{[A, x]}};
∗ µ′ (p) = µ(p) for any p 6= m, n.
e
• There exists a rule r = ⇀
m A in R and the following conditions are satisfied:
′
∗ µ (m) = µ(m) ⊕ {{[A, e]}};
∗ µ′ (p) = µ(p) for any p 6= m.
In the rest of the paper we use ⇒∗ to indicate the reflexive and transitive closure of the
transition relation ⇒. Furthermore, we say that µ evolves into µ′ if µ ⇒∗ µ′ , i.e., there
exists a finite sequence of configurations µ1 , . . . , µr such that µ = µ1 ⇒ . . . ⇒ µr =
µ′ . Furthermore, given a set of configurations S, the set of successor configurations is
defined as
def

P ost(S) = {µ′ | µ ⇒ µ′ , µ ∈ S}
and the set of predecessor configurations is defined as
def

P re(S) = {µ′ | µ′ ⇒ µ, µ ∈ S}
Notice that the transition relation ⇒ defines an interleaving semantics for a cP-system
Π, i.e., only a single rule among those enabled can be fired at each evolution step of Π.
This semantics is slightly different from the original semantics in [5] where an arbitrary
subset of all enable rules can be fired at each evolution step. It is important to remark
however that the two semantics are equivalent with respect to the kind of qualitative
properties (reachability problems) we consider in this paper.
As an example, consider the cP-system with two membranes m1 and m2 and N =
p

1
1
{A, B, C}, and with the rules ⇀
m1 A, A→
m1 B, and m1 ֒→m2 where p(x) is defined by
the equality x = 3. In this model the configuration c = ({{[B, 0]}}, ∅) may evolve as
follows:

c ⇒ ({{[A, 1], [B, 0]}}, ∅) ⇒ ({{[A, 1], [A, 1], [B, 0]}}, ∅) ⇒
({{[A, 1], [A, 1], [A, 1], [B, 0]}}, ∅) ⇒ ({{[A, 1], [A, 1], [A, 0], [B, 1]}}, ∅) ⇒
({{[A, 1], [A, 0], [A, 0], [B, 2]}}, ∅) ⇒ ({{[A, 0], [A, 0], [A, 0], [B, 3]}}, ∅) ⇒
({{[A, 0], [A, 0], [A, 0]}}, {{[B, 3]}})
Finally, notice that both our semantics and Frisco’s semantics in [5] do not require all
enabled rules to be fired simultaneously as in the semantics of P-systems (maximal
parallelism). In general, maximal parallelism and interleaving semantics may lead to
models with different computational power.
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Qualitative analysis of cP-systems

In [5] Frisco introduced the class of cP-systems with bounded values in which the only
0
type of admitted creation rules have the form ⇀
m A, i.e., the only type of conformons
for which there is no upper bound on the number of occurrences in reachable configurations (finite but unbounded multiplicity) are of the form [A, 0]. In cP-system with
bounded values the total amount of energy in the system is always constant. Thus, with
this restriction, the only dimension of infiniteness of the state-space is the number of occurrences of conformons. This kind of restricted systems, say cP-systems with bounded
values, can be represented as Petri nets. Thus, several interesting qualitative properties
like reachability and coverability of a configuration can be decided for this fragment of
cP-systems.
In the full model the set of configurations reachable from an initial one may be infinite
in two dimensions, i.e., in the number of conformons occurring in the membrane system
and in the amount of total energy exchanged in the system. In [5] Frisco has proved that
full cP-systems are a Turing equivalent model. Despite of the power of the model, we
prove next that a basic qualitative property called reachability can be decided for full
cP-systems. Let us first define the reachability problem.
Definition 2. (Reachability problem)
The reachability problem is defined as follows: Given a cP-system Π = (V, N, R, µ0 )
and a configuration µ1 , does µ0 ⇒∗ µ1 hold?
The following results then hold.
Theorem 1. (Decidability of reachability for full cP-systems)
The reachability problem (w.r.t. relation ⇒) is decidable for any cP-system.
Proof The proof is based on a reduction of reachability of configuration µ1 in a cPsystem Π to reachability in a finite-state system extracted from Π and µ1 . The reduction is based on the following key observation. For two configurations µ0 and µ1 the
set Q of distinct configurations that may occur in all possible evolutions from µ0 to
µ1 is finite. This property is a consequence of the fact that internal and passage rules
maintain constant the total number of conformons and the total amount of energy of a
system (sum of the values of all conformons) whereas creation rules may only increase
both parameters. Thus, the total amount of conformons and of energy in configuration
µ1 gives us an upper bound UC on the possible number of conformons and an upper
bound UV on their corresponding values in any evolution from µ0 to µ1 . Based on
this observation, it is simple to define a finite-state automaton S with states in Q and
transition relation δ defined by instantiating the rules in R over the elements in Q. As
an example, if V = {A, B}, N = {m, n}, UC = 10 and UV = 4 and R contains
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2
the rule r = A→
m B. Then, we have to consider a finite state automaton in which the
states are all possible configurations containing at most 10 elements taken from the
alphabet Σ = {[X, n] | X ∈ V, 0 ≤ n ≤ 4}. The rule r generates a transition relation δ that put in relations two states µ and µ′ iff µ(m) contains a pair of elements
[A, a], [B, b] ∈ Σ such that a and a + 2 satisfy the condition 2 ≤ a, a + 2 ≤ 4,
µ′ (m) = (µ(m) ⊖ {{[A, a], [B, b]}}) ⊕ {{[A, a − 2], [B, b + 2]}} and µ′ (m′ ) = µ(m′ )
for all the membranes m′ 6= m. The finite automaton S satisfies the property that µ1 is
reachable from µ0 in the cP-system Π if and only if the pair (µ0 , µ1 ) is in the transitive
closure of δ. The thesis then follows from the decidability of configuration reachability
in a finite-automaton.
2

In order to study verification of safety properties, we need to introduce an ordering
between configurations similar to the coverability ordering used for models like Petri
nets. We use here an ordering ⊑ between configurations µ and µ′ such that for each
membrane m, each conformon in µ(m) is mapped to a distinguished conformon in
µ′ (m) that has the same name and greater or equal value. This ordering allows us to
reason about the presence of a conformon with a given name and at least a given amount
of energy inside a configuration.
Example 1 Consider the configurations
µ1 = ({{[A, 2], [A, 4], [B, 3]}}, {{[A, 5]}})
µ2 = ({{[A, 4], [A, 5], [B, 6], [C, 8]}}, {{[A, 7], [B, 5]}})
Then µ1 ⊑ µ2 , since [A, 2], [A, 4] and [B, 3] in membrane 1 of µ can be associated resp.
to the conformons [A, 4], [A, 5] and [B, 6] in membrane 1 of µ2 ; furthermore, [A, 5] in
membrane 2 of µ can be associated to conformon [A, 7] in membrane 2 of µ2 . Consider
now the configurations
µ3 = ({{[A, 4], [A, 5], [B, 1]}}, {{[A, 7], [B, 5]}})
µ4 = ({{[A, 5], [B, 6]}}, {{[A, 7], [B, 5]}})
Then, µ1 6⊑ µ4 since there is no conformon in membrane 1 in µ3 with name B and value
greater or equal than 3. Furthermore, µ1 6⊑ µ4 since we cannot associate two different
conformons, namely [A, 2] and [A, 4] in µ1 , to the same conformon, namely [A, 5],
in µ4 . Finally, notice that the configuration µ = ({{[A, 0]}}, ∅) is such that µ ⊑ µi for
i : 1, . . . , 4. The configuration µ can be used to characterize the presence of a conformon
with name A in membrane 1 no matter of how energy it has.
The ordering ⊑ is formally defined as follows.
Definition 3. (Ordering ⊑) Given two configurations µ and µ′ , µ ⊑ µ′ iff for each
m ∈ N there exists an injective mapping hm from µ(m) to µ′ (m) that satisfies the
following condition: for each [A, x] ∈ µ(m), if hm ([A, x]) = [B, y], then A = B and
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x ≤ y ([A, x] is associated to a conformon with the same name and larger amount of
energy).

A set S of configurations is said upward closed w.r.t. ⊑ if the following condition is
satisfied: for any µ ∈ S, if µ ⊑ µ′ then µ′ ∈ S. In other words if a configuration µ
belongs to an upward closed set S then all the configurations greater than µ w.r.t. ⊑
belong to S either.
Consider now the following decision problem.
Definition 4. (Coverability problem) The coverability problem is defined as follows:
Given a cP-system Π = (V, N, R, µ0 ) and a configuration µ1 , is there a configuration
µ2 such that µ0 ⇒∗ µ2 and µ1 ⊑ µ2 ?
Coverability can be viewed as a weak form of configuration reachability in which we
check whether configurations with certain constraints can be reachable from the initial
configuration. In concurrency theory, the coverability problem is strictly related to the
verification of safety properties. This link can naturally be transferred to qualitative
properties of natural systems. As an example, checking if a configuration in which two
conformons with name A can occur in membrane m during the evolution of a system
amounts to checking the coverability problem for the target configuration µ2 defined as
µ2 (m) = {{[A, 0], [A, 0]}} and µ2 (m′ ) = ∅ for m′ 6= m. The following negative result
then holds.
Proposition 1 The coverability problem is undecidable for full cP-systems.

Proof The encoding of a counter machine M in cP-systems can be adapted to our formulation with creation rules in a direct way: conformons with ω-cardinality are specified here by creation rules. In the encoding in [5] an execution of the counter machine
M leading to location ℓ is simulated by the evolution of a cP-system ΠM that reaches
a configuration containing a conformon [ℓ, 9] in a particular membrane, say m. Notice also that the membrane m cannot contain, by construction, a conformon [ℓ, v] with
v > 9. Thus, coverability of the configuration with [ℓ, 9] inside m in ΠM corresponds
to reachability of location ℓ in M . Since location reachability is undecidable for counter
machines, coverability is undecidable for cP-systems.
2
3.1 A syntactic fragments of cP-systems In this section we show that checking
safety properties can be decided for a fragment of cP-systems with a restricted form of
passage rules in which conditions are only defined by lower bound constraints.
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Definition 5. (Restricted cP-systems) We call restricted the fragment of cP-systems
in which we forbid the use of predicates of the form x = c and x ≤ c as conditions of
passage rules.
Our main result is that, despite of the two dimension of infiniteness, the coverability
problem is decidable for restricted cP-systems with an arbitrary number of conformons.
To prove the result we adopt the methodology proposed in [1], i.e., we first show that
restricted cP-systems are monotonic w.r.t. ⊑. We then show that ⊑ is a well-quasi ordering. This implies that any upward closed set is represented via a finite set of minimal
(w.r.t. ⊑) configurations. Thus, minimal elements can be used to finitely represent infinite (upward closed) sets of configurations. Finally, we prove that, given an upward
closed set S of configurations, it is possible to compute a finite representation of the
set of predecessor configurations of S. Monotonicity ensures us that such a set is still
upward closed. We compute it by operating on the minimal elements of S only.
Lemma 1. (Monotonicity) Restricted cP-systems are monotonic w.r.t. ⊑, i.e., if µ1 ⇒
µ2 and µ1 ⊑ µ′1 , then there exists µ′2 such that µ′1 ⇒ µ′2 and µ2 ⊑ µ′2 .
Proof Let µ1 be a configuration evolving into µ2 , and let µ1 ≤ µ′1 . The proof is by
case analysis on the type of rules applied in the execution step. Notice that the case of
creation rule is trivial. Hence, we concentrate on the two remaining cases.
e
Internal rule. Let us consider a single application of an internal rule A→
m B operating
on conformons [A, x] and [B, y] in membrane m. Since the rule is enabled we have that
x ≥ e. Furthermore, the application of the rule modifies the value of the two conformons
as follows: [A, x − e] and [B, y + e].
Since µ1 ⊑ µ′1 and by definition of ⊑, we have that there exist conformons [A, x′ ] and
[B, y ′ ] in membrane m of µ′1 such that x ≤ x′ and y ≤ y ′ . Thus, the same rule can
be applied to [A, x′ ] and [B, y ′ ] leading to a configuration µ′2 in which the two selected
conformons are updated as follows: [A, x′ − e] and [B, y ′ + e]. Finally, we notice that,
since x′ ≥ x ≥ e, we have that x − e ≤ x′ − e and y + e ≤ y ′ + e. Thus, µ2 ⊑ µ′2 .
p

def

Passage rule. Let us consider a single application of a passage rule m֒→n with p(y) =
y ≥ e and operating on the conformons [A, x] in membrane m. Since the rule is enabled
we have that x ≥ e. Furthermore, the application of the rule moves the conformon to
membrane n in µ2 .
Since µ1 ⊑ µ′1 and by definition of ⊑, we have that there exist conformons [A, x′ ] in
membrane m of µ′1 such that x ≤ x′ . Thus, the same passage rule is enabled in µ′1 and
can be applied to move [A, x′ ] in membrane n in µ′2 .
Thus, we have that µ2 ⊑ µ′2 .
From the monotonicity property, we obtain the following corollary.
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Corollary 1 For any restricted cP-systems and any upward closed set (w.r.t. ⊑) S of
def
configurations, the set of predecessor configurations of S, namely P re(S) = {µ | µ ⇒
µ′ , µ′ ∈ S}, is upward closed.
It is important to notice that the last two properties do not hold for full cP-systems.
As an example, a passage rule from membrane 1 to 2 with predicate x = 0 is not
monotonic w.r.t. to the configurations µ1 = ({{[A, 0]}}, ∅) and µ′1 = ({{[A, 1]}}, ∅).
Indeed, µ1 ⊑ µ′1 and µ1 ⇒ µ2 = (∅, {{[A, 0]}}) but µ′1 has no successors. Furthermore,
the set of predecessors of the upward closed set with minimal element µ3 is the singleton
containing µ1 (clearly not an upward closed set).
Let us now go back to the properties of the ordering ⊑. We first have the following
property.
Lemma 2 Given a cP-system Π and two configurations µ and µ′ , checking if µ ⊑ µ′
holds (i.e. if µ is more general than µ′ ) is a decidable problem.
Indeed, to decide it we have to select an appropriate injective mapping from a a finite
set of mappings from µ to µ′ and, then, to compute a finite set of multiset inclusions.
Let us now recall the notion of well-quasi ordering (see e.g. [7]).
Definition 6. (⊑ is a wqo) A quasi ordering  on a set S is a well-quasi ordering
(wqo) if and only if for any infinite sequence a1 , a2 , . . . of elements in S (i.e. ai ∈ S for
any i ≥ 1) there exist indexes i < j such that ai  aj .
The following important property then holds.
Lemma 3. (⊑ is a wqo) Given a cP-system Π = (V, N, R, µ0 ), the ordering ⊑ defined
on the set of all configuration of Π is a wqo.

Proof Assume N = {1, . . . , m} as the set of membrane names. Let us first notice that
a configuration µ can be viewed as a multiset of multisets of objects over the alphabet
V 1 ∪ . . . ∪ V m , where V i = {v i | v ∈ V }. Indeed, µ can be reformulated as the
multiset union ρ1 ⊕ . . . ⊕ ρm where for each [A, x] ∈ µ(m), ρi contains a multiset with
x occurrences of Am . E.g., µ1 = ({{[A, 2], [B, 3]}}, {{[A, 5]}}) can be reformulated as
the multiset of multisets {{{{A1 , A1 }}, {{B 1 , B 1 , B 1 }}, {{A2 , A2 , A2 , A2 , A2 }}}}.
When considering the aforementioned reformulation of configurations, the ordering ⊑
corresponds to the composition of multiset embedding (the existence of injective mapping h1 , . . . , hm ) and multiset inclusion (the constraint on values). Since multiset in-
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clusion is a well-quasi ordering, we can apply Higman’s Lemma [7] to conclude that ⊑
is a well-quasi ordering.
2
As a consequence of the latter property, we have that every upward closed set S of
configurations is generated by a finite set of minimal elements, i.e., for any upward
closed set S there exists a finite set F of configurations such that S = {µ′ | µ ≤ µ′ , µ ∈
F }. F is called the finite basis of S. As proved in the following lemma, given a finite
basis of a set S, it is possible to effectively compute the finite basis of P re(S).
Lemma 4. (Computing P re) Given a finite basis F of a set S, there exists an algorithm that computes a finite basis F ′ of P re(S).

Proof The algorithm is defined by cases as follows.
e
′
Creation rules Assume ⇀
m A ∈ R and µ ∈ F . Then, µ occurs in F . Furthermore,
suppose that µ(m) contains a conformon [A, e]. Then, F ′ also contains the configurations µ′ that satisfies the following conditions:

• µ′ (m) = µ(m) ⊖ {{[A, e]}};
• µ′ (n) = µ(n) for m 6= n.
Internal rules
consider.

e
Assume a rule r = A→
m B ∈ R and µ ∈ F . We have several cases to

• We first have to consider a possible application of r to two conformons that are
not explicitly mentioned in µ. This leads to a predecessor configuration in which
we require at least the presence of A with at least value e and the presence of B
with any value. Thus, F ′ contains the configurations µ′ that satisfies the following
conditions:
∗ µ′ (m) = µ(m) ⊕ {{[A, e], [B, 0]}};
∗ µ′ (n) = µ(n) for m 6= n.
• We now have to consider the application of r to a conformon A with value x in µ
and to a conformon B not explicitly mentioned in µ. This leads to a predecessor
configuration in which we require at least the presence of A with at least value
x + e and the presence of B with any value. Thus, if [A, x] ∈ µ(m), F ′ contains
the configurations µ′ that satisfies the following conditions:
∗ µ′ (m) = (µ(m) ⊖ {{[A, x]}}) ⊕ {{[A, x + e], [B, 0]}};
∗ µ′ (n) = µ(n) for m 6= n.
• Furthermore, we have to consider the application of r to a conformon B with value
y ≥ e in µ and to a conformon A not explicitly mentioned in µ. This leads to a
predecessor configuration in which we require at least the presence of A with at
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least value e and the presence of B with value y − e. Thus, if [B, y] ∈ µ(m) and
y ≥ e, F ′ contains the configurations µ′ that satisfies the following conditions:
∗ µ′ (m) = (µ(m) ⊖ {{[B, y]}}) ⊕ {{[A, e], [B, y − e]}};
∗ µ′ (n) = µ(n) for m 6= n.
• Finally, we have to consider the application of r to a conformon B with value
y ≥ e and to a conformon A with value x both in µ. This leads to a predecessor
configuration in which we require at least the presence of A with at least value
x + e and the presence of B with value y − e. Thus, if [A, x], [B, y] ∈ µ(m) and
y ≥ e, F ′ contains the configurations µ′ that satisfies the following conditions:
∗ µ′ (m) = (µ(m) ⊖ {{[A, x], [B, y]}}) ⊕ {{[A, x + e], [B, y − e]}};
∗ µ′ (n) = µ(n) for m 6= n.
p

Passage rules Assume m֒→n ∈ R with p(x) defined by x ≥ e and µ ∈ F . We first
have to consider a possible application of r to a conformon that is not explicitly mentioned in µ. This leads to a predecessor configuration in which we require at least the
presence of A with at least value e in membrane m. Thus, F ′ contains the configurations
µ′ that satisfies the following conditions:
• µ′ (m) = µ(m) ⊕ {{[A, e]}};
• µ′ (n) = µ(n) for m 6= n.
Furthermore, suppose that µ(n) contains a conformon [A, x] with x ≥ 0. Then, F ′
contains the configurations µ′ that satisfies the following conditions:
• µ′ (n) = µ(n) ⊖ {{[A, x]}};
• µ′ (m) = µ(m) ⊕ {{[A, v]}};
• µ′ (p) = µ(p) for p 6= m, n.
where v = max(e, x) (the maximum between e and x).
The correctness follows from a case analysis.

2

Theorem 2. (Decidability of Coverability for Restricted cP-systems) The coverability problem is decidable for restricted cP-systems.
Proof The thesis follows from Lemmas 1, 3, 4, and from [1, Theorem 4.1].

4

2

Relation with other models

In this section we compare cP-systems with other models used in the concurrency
field, namely the nested Petri nets of [8] and the constrained multiset rewriting systems
(CMRS) of [2].
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4.2 cP-systems vs nested Petri nets Let us first recall that a Petri net (P/T system) [11] is a tuple (P, T, m0 ) where P is a finite set of places, T is a finite set of
transitions, and m0 is the initial marking. Intuitively, places correspond to location or
states of a given system. Places are populated with tokens, i.e., indistinguishable objects, that can be used e.g. to mark a given set of states to model concurrent processes.
Tokens have no internal structure. This means that we are only interested in the multiplicity of tokens inside a place. Transitions are used to control the flow of tokens in
the net (they define links between different places and regulate the movement of tokens
along the links). More formally, a transition t has a pre-set • t and a post-set t• both
defined by multisets of places in P . A marking is just a multiset with elements in P ,
a mapping from P to non-negative integers. Given a marking m and a place p, we say
that the place p contains m(p) tokens. A transition t is enabled at the marking m if • t
is contained as a sub-multiset in m. If it is the case, firing t produces a marking m′ ,
t
written m → m′ , defined as (m ⊖• t) ⊕ t• .
A Petri net with inhibitor arc is a Petri net in which transitions can be guarded by an
emptyness test on a subset of the places. For instance, a transition with an inhibitor arc
on place p is enabled only when p is empty.

Nested Petri nets Differently from P/T systems, in a nested Petri net tokens have an
internal structure that can be arbitrarily complex (e.g. a token can be a P/T system, or
a P/T system with tokens that are in turn P/T systems, and so on). For instance, a 2level nested Petri net is defined by a P/T system that describes the whole system, called
system net, and by a P/T system that describes the internal structure of tokens, called
element net.
The transitions of the system net can be used to manipulate tokens as black boxes, i.e.
without changing their internal structure. These kind of transitions are called transport
rules (they move complex objects around the places of the system net).
Transitions of the element nets can be used to change the internal structure of a token
without changing the marking of the system net. These kind of transitions are called
autonomous rules.
Finally, we can use synchronization labels (i.e. labels in system/element net transitions)
to enforce the simultaneous execution of two transitions, one with a label a and one
with a label a. Two possibilities are allowed in Nested Petri nets: the synchronization
of a transition of the system net and of an element net (vertical synchronization), or the
simultaneous execution of transitions of two distinct element nets residing in the same
system place (horizontal synchronization). Notice that vertical synchronization modifies
both the marking of the system net and the internal structure of (some) tokens.
cP-systems as nested Petri nets In this section we show that cP-systems can be encoded as 2-level nested Petri nets in which the system net is a P/T system and the
element net is a P/T system with inhibitor arcs.
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Assume a cP-system Π = (V, N, R, µ0 ). We build a 2-level nested Petri nets as follows.
The system net is a P/T system with a places CON F used to contain all conformons
in a current configuration of Π, and a place CREAT Er for each creation rule r ∈ R.
The transitions of the system net are transport rules that model creation rules used to
non-deterministically inject new conformons in the place CON F . Namely, for each
creation rule r ∈ R we add a transport rule tr with pre-set {{CREAT Er }} and post-set
{{CREAT Er , CON F }}. We assume here that CREAT Er is initialized with a single
element net that models the conformon created by rule r. The transition tr makes a copy
of such an element net and puts it in place CON F .
An element net Nc denotes a single conformon c. It is defined by a P/T system with
places P = V ∪ N ∪ {E}. Only one place of those in N and only one place of those
in V can be marked in the same instant. The marked places correspond to the name and
current location of c. Furthermore, the number of tokens in place E denotes the current
amount of energy of c.
e
To model an internal rule r = A→
m B we use a horizontal step between two distinct element nets N1 and N2 , i.e., a pair (tr,1 , tr,2 ) of element net transitions with synchronized
labels r and r such that:

• • tr,1 has one occurrence of A, one of m, and e of E, i.e., it is enabled if N1
represents a conformon with name A in membrane m and at least e units of energy;
those units are subtracted from place E in N1 .
• • tr,2 has one occurrence of B and one of m, i.e., it is enabled if N2 represents a
conformon with name B in membrane m.
• t•r,1 has one occurrence of A and one of m.
• t•r,2 has one occurrence of B, one of m, and e of E, i.e., e units of energy are
transferred to place E in N2 .
p

To model a passage rule r = m֒→n with condition x ≥ e, we use an autonomous step.
Specifically, we define an element net transition tr such that:
• • tr has one occurence of m, and e occurrences of E, i.e., it is enabled if N1 is in
membrane m and at least e units of energy.
• t•r has one occurrences of n, and and e occurrences of E, i.e., N1 represents now
a conformon (with the same name) in membrane n. Its energy is not changed (we
first subtract e tokens to check the condition x ≥ e) and then add e tokens back to
place E in N1 ).
To model a passage rule r with condition x = e, we can add to each transition tr,A with
A ∈ V the test = e on place E. It is easy to define this test by using P/T transitions with
inhibitor arcs. Rules with conditions x ≤ e for e > 0 can be encoded by splitting the
test into x = 0, . . . , x = e.
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ELEMENT NET: CONFORMON [A, 4] IN MEMBRANE M

Fig. 4.1 Example of nested Petri net.

Since each element net maintains information about name, value and location the content of place CON F corresponds to the current configuration of Π.

Example 2 Assume a cP-system Π with V = {A, B}, N = {M, L, P }, the creation
p

4
3
rule r = ⇀
M A, the internal rule IN T = A→
M B, and the passage rule P ASS = L֒→P
def

with p(x) = x = 0. The 2-level nested Petri nets that encodes the cP-systems Π is
shown in Fig. 4.1. We use here circles to denote places, rectangles to denote transitions,
an arrow from a circle to a rectangle to denote places in the pre-set and an arrow from
a rectangle to a circle to denote places in the post-sets of transitions; we label arrows
with numbers to indicate a multiplicity greater than 1 of a place in the pre-/post-set. An
inhibitor arc is represeted by an arrow with a circle. The system net place CREAT Er
is used to keep a copy of the conformon [A, 4] so as to non-deterministically inject new
ones in the current configuration (i.e. the place CON F ). The element net has places
to model names, membranes, and energy. The internal rule is modelled by the pair
of transitions with labels IN T and IN T . When executed simultaneously (within the
place CON F of the system net) by two distinct element net (one executes IN T and
the other executes IN T ) their effect consists in moving 3 tokens from the place E of
an element net with tokens in A, M to the place E of an element net with tokens in
the places B, M . Notice that tokens of the element nets are objects with no structure.
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The passage rule is modelled by the element net transition with label P ASS. It simply
checks that E is empty with an inhibitor arc and then moves a token from the place N
to the place P (it changes the location of the element net). Notice that the system net
place CON F may contain an arbitrary number of element nets (the corresponding P/T
system is unbounded).
It is important to notice that 2-level nested Petri nets in which element nets have inhibitor arcs are Turing equivalent [9]. This result is consistent with the analysis of the
expressive power of full cP-systems [5]. From the previous observations, restricted cPsystems are a subclass of nested Petri nets in which both the system and the element nets
are defined by P/T systems. From the results obtained for well-structured subclasses of
nested Petri nets in [9], we obtain an indirect proof for decidability of coverability of
restricted cP-systems.
The connection between cP-systems and nested nets can be exploit to extend the model
in several ways. As an example, for restricted passage rules, coverability remains decidable when extending cP-systems with: conformons defined by a list of pairs name-value
instead of a single pair; rules that transfer all the energy from A to B; or conformons defined by a state machine (i.e. with an internal state instead of statically assigned type).
4.3 Restricted cP-systems vs CMRS Restricted cP-systems can also be modelled
in CMRS, an extension of Petri nets in which tokens carry natural numbers.
Constrained multiset rewriting systems (CMRS) CMRS [2] are inspired to formulations of colored Petri nets in term rewriting. A token with data d in place p is represented here as a term p(d), a marking as a multiset of terms, and a transition as a
(conditional) multiset rewriting rule. More precisely, let term be an element p(x) where
p belong to a finite set of predicate symbols P (places) and x is a variable ranging over
natural numbers. We often call a term p(t) with p ∈ P a p-term or P -term. A element
p(v) with p ∈ P and v ∈ N0 is called a ground term.
A configuration is a (finite) multiset of ground terms. A CMRS is a set of rewriting rules
with constraints of the form r = L ; R : Ψ that allows to transform (rewrite) multisets
into multisets. More precisely, L and R are multisets of terms (with variables) and Ψ is
a (possibly empty) finite conjunction of gap-order constraints of the form: x + c < y,
x ≤ y, x = y, x < c, x > c, x = c where x, y are variables appearing in L and/or R
and c ∈ N0 is a constant.
A rule r is enabled at a configuration c if there exists a valuation of the variables V al
r
such that V al(Ψ) is satisfied. Firing r at c leads to a new multiset c′ , noted c → c′ , with
c′ = c ⊖ V al(L) ⊕ V al(R) where V al(L), resp. V al(R), is the multiset of ground
terms obtained from L, resp. R, by replacing each variable x by V al(x).
As an example, consider the CMRS rule:
ρ = [p(x) , q(y)] ; [q(z) , r(x) , r(w)] : {x + 2 < y , x + 4 < z , z < w}
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A valuation which satisfies the condition is V al(x) = 1, V al(y) = 4, V al(z) =
8, and V al(w) = 10. A CMRS configuration is a multisets of ground terms, e.g.,
ρ
[p(1), p(3), q(4)]. Therefore, we have that [p(1), p(3), q(4)] → [p(3), q(8), r(1), r(10)].
A CMRS is well-structured with respect to the well-quasi ordering c defined as follows. Given a configuration c, let V (c) = {i ∈ N0 | ∃p(i) ∈ c}, and c=i : P 7→ N0
with i ∈ N0 be the multi set such that c=i (p) = c(pi ) for any p ∈ P. Then, we have
that c c c′ iff there exists an injective function h : V (c) 7→ N0 such that (i) for any
i ∈ V (c) : c=i ≤ c′=h(i) ; (ii) for any i ∈ V (c) s.t. i ≤ cmax : i = h(i); (iii) for any
i, j ∈ V (c) ∪ {0} s.t. i < j and j > cmax : j − i < h(j) − h(i). A symbolic algorithm
to check coverability – w.r.t. c – is described in [2].
Restricted cP-systems as CMRS A cP-configuration µ is mapped to a CMRS configuration as follows. A conformon c = [A, x] in membrane m is represented by means
of a multiset of terms
Mvc,m = [confA,m (v)] ⊕ Ovx

where Oxv is the multiset with x occurrences of the term u(v), i.e.,
Ovx = [u(v), . . . , u(v)]
{z
}
|
x−times

where v is a natural number used as a unique identifier for the conformon c. The uterms with parameter v are used to count the amount of energy of conformon with
identifier v. E.g. if c = [AT P, 4] then M2c,m = [confAT P,m (2), u(2), u(2), u(2), u(2)]
– 4 occurrences of u(2) – where 2 is the unique identifier of conformon c. Furthermore,
if c = [AT P, 0], then M2c,m = [confAT P,m (2)]. Thus, we use [confA,m (v)] to model a
conformon with zero energy and identifier v.
A representation Rep(µ) of a cP-configuration µ is obtained by assigning a distinct indentifier to each conformon and by taking the (multiset) union of the representations of
each conformons in µ. Formally, let µ contains r membranes such that µ(mi ) contains
the conformons c1,i , . . . , ci,ni for i : 1, . . . , r and n1 + . . . + nr = k, then
nr
n1
M
M
v1,j
r,j
Mvcr,j
Mc1,j ,m1 ) ⊕ . . . ⊕ (
Rep(µ) = (
,mr )
V

j=1

j=1

where V = (v1,1 , . . . , v1,n1 , . . . , vr,1 , . . . , vr,nr ) are k distinct natural numbers working
as identifiers of the k conformons in µ. Identifiers of conformons in the initial configuration µ0 are non-deterministically chosen at the beginning of the simulation using the
following rule:
[init] ; [f resh(v)] ⊕ Rep(µ0 )V : {v1,1 < . . . < v1,n1 < vr,1 < vr,nr < v}
where V is a vector of variables that denotes conformon indentifiers (as described in
the def. of Rep(µ)V ). Furthermore, we maintain a fresh identifier v in the f resh-term
(used to dynamically create other conformons).
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The rules of a restricted cP-system are simulated via the following CMRS rules working
on CMRS representations of configurations.
• Creation of c = [A, x] inside m:
[f resh(x)] ; [f resh(y)] ⊕ Mxc,m : {x < y}
We simply inject a new multiset of terms with parameter x stored in the f reshterm and reset the fresh value.
• A and B in membrane m exchange e units of energy:
[confA,m (x), confB,m (y)] ⊕ Oxe ; [confA,m (x), confB,m (y)] ⊕ Oye : true
Notice that, by definition of the CMRS operational semantics, the rule is enabled
only when there are at least e occurrences of u-terms with parameter x (identifier
of A) and where there exists a conformon B with identifier y (x and y are variables
ranging over natural numbers). The passage of energy from A (with identifier x)
to B (with identifier y) is simply defined by changing the parameter x of e occurrences of u-terms into y.
def

• Passage rule from membrane m to n conditioned by the predicate p(x) = x ≥ c:
For each conformon name A:
[confA,m (x)] ⊕ Oxc ; [confA,n (x)] ⊕ Oxc
Notice that, by definition of the CMRS operational semantics, the rule is enabled
only when there are at least c occurrences of u-terms with parameter x (identifier
of A). The current location of A is stored in the term confA,m (x). The passage to
membrane n is defined by changing the term confA,m (x) into confA,n (x). The
u-terms with the same parameter are not consumed (i.e. they occur both in the
left-hand side and in the right-hand side of the rule).
From the results obtained for CMRS [2], we obtain another indirect proof for decidability of coverability of restricted cP-systems. The connection between cP-systems and
CMRS can be used to devise extensions of the conformon model in which, e.g., conformon have different priorities or ordered with respect to some other parameter. This
can be achieved by ordering the parameters of the multiset of terms used to encode
each conformon. CMRS rules can deal with such an ordering by using conditions on
parameters of terms in a rule of the form x < y.

5

Related Work and Conclusions

In the paper we have investigated the decidability of computational properties of conformon P-systems like reachability and coverability. More specifically, we have shown
that, although undecidable for the full model, the coverability problem is decidable for
a fragment with restricted types of predicates in passage rules.
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To our knowledge, this is the first work devoted to the qualitative analysis of conformon
P-systems, and to the comparison with other models like nested Petri nets and CMRS.
The expressiveness of the conformon P-systems is studied in [5] by using a reduction to
counter machines with zero test (Turing equivalent). We use such a result to show that
coverability is undecidable for the full model. The decidability or reachability for the
full model is not in contrast with its great expressive power. Indeed, in the reachability
problem the target configuration contains precise information about the history of the
computation, e.g., the total amount of energy exchanged during the computation. These
information cannot be expressed in the coverability problem, where we can only fix part
of the information of target configurations. In this sense, coverability seems a better
measure for the expressiveness of this kind of computational models.
In the paper we have compared this result with similar results obtained for other models
like nested Petri nets and constrained multiset rewriting systems. The direct proof presented in the paper and the corresponding algorithm can be viewed however as a first
step towards the development of automated verification tools for biologically inspired
models. The kind of qualitative analysis that can be performed using our algorithm is
complementary to the simulation techniques used in quantitative analysis of natural and
biological systems. Indeed, in qualitative analysis we consider all possible executions
with no probability distributions on transitions, whereas in quantitative analysis one
often considers a single simulation by associating probabilities to each single transitions. Unfortunately, the rates of reactions are often unknown and, thus, extrapolated
from known data to make the simulation feasible. Qualitative analysis requires instead
only the knowledge of the dynamics of a given natural model. Automated verification
methods can thus be useful to individuate structural properties of biological models.
Acknowledgements. Research fellow supported by the Belgian National Science Foundation.
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“A.I.Cuza” University of Iaşi, Faculty of Computer Science
Blvd. Carol I no.11, 700506 Iaşi, Romania
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This paper aims to answer the following question: given a P system configuration M , how do we find each configuration N such that N evolves to M in
one step? While easy to state, the problem has not a simple answer. To provide a solution to this problem for a general class of P systems with simple
communication rules and without dissolution, we introduce the dual P systems.
Essentially these systems reverse the rules of the initial P system and find N by
applying reversely valid multisets of rules. We prove that in this way we find
exactly those configurations N which evolve to M in one step.

1

Introduction

Often when solving a (mathematical) problem, one starts from the end and tries to reach
the hypothesis. P systems [4] are often used to solve problems, so finding a method
which allows us to go backwards is of interest. When looking at a cell-like P system
with rules which only involve object rewriting (of type u → v, where u, v are multisets
of objects) in order to reverse a computation it is natural to reverse the rules (u → v
becomes v → u) and find a condition equivalent to maximal parallelism. The dual P syse is the one with the same membranes as Π and the rules of Π reversed. However,
tem Π
when rules of type u → (v, out) or u → (v, inchild ) are used, two ways of reversing
computation appear. The one we focus on is to employ a special type of rule reversal
and to move the rules between membranes: for example, u → (v, out) associated to
the membrane with label i in Π is replaced with v → (u, ini ) associated to the meme This is described in detail in Section 4. Another way
brane with label parent(i) in Π.
of defining the dual P system is by reversing all the rules without moving them between
membranes (and thus allow rules of form (v, out) → u). To capture the backwards computation we have to move objects according to the existence of communicating rules in
the P system. The object movement corresponds to reversing the message sending stage
of the evolution of a membrane. After that the maximally parallel rewriting stage is
reversed. This is only sketched in Section 5 as a starting point for further research.
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The structure µ of a P system is represented by a tree structure (with the skin as its
root), or equivalently, by a string of correctly matching parentheses, placed in a unique
pair of matching parentheses; each pair of matching parentheses corresponds to a membrane. Graphically, a membrane structure is represented by a Venn diagram in which
two sets can be either disjoint, or one a subset of the other. The membranes are labelled
in a one-to-one manner. A membrane without any other membrane inside is said to be
elementary.
A membrane system of degree m is a tuple Π = (O, µ, w1 , . . . wm , R1 , . . . , Rm , io )
where:
• O is an alphabet of objects;
• µ is a membrane structure, with the membranes labelled by natural numbers 1, . . . ,
m, in a one-to-one manner;
• wi are multisets over O associated with the regions 1, . . . , m defined by µ;
• R1 , . . . , Rm are finite sets of rules associated with the membranes with labels
1, . . . , m; the rules have the form u → v, where u is a non-empty multiset of
objects and v a multiset over messages of the form (a, here), (a, out), (a, inj );
The membrane structure µ and the multisets of objects and messages from its compartments define a intermediate configuration of a P system. If the multisets from its
compartments contain only objects, they define a configuration. For a intermediate configuration M we denote by wi (M ) the multiset contained in the inner membrane with
label i. We denote by C # (Π) the set of intermediate configurations and by C(Π) the set
of configurations of the P system Π.
e we use the notation
Since we work with two P systems at once (namely Π and Π),
Π
R1Π , . . . , Rm
for the sets of rules R1 , . . . , Rm of the P system Π.

We consider a multiset w over a set S to be a function w : S → N. When describing a
multiset characterised by, for example, w(s) = 1, w(t) = 2, w(s′ ) = 0, s′ ∈ S\{s, t},
we use its string representation s + 2t, to simplify its description. To each multiset w we
associate its support, denoted by supp(w), which contains those elements of S which
have a non-zero image. A multiset is called non-empty if it has non-empty support. We
denote the empty multiset by 0S . The sum of two multisets w, w′ over S is the multiset
w + w′ : S → N, (w + w′ )(s) = w(s) + w′ (s). For two multisets w, w′ over S we
say that w is contained in w′ if w(s) ≤ w′ (s), ∀s ∈ S. We denote this by w ≤ w′ . If
w ≤ w′ we can define w′ − w by (w′ − w)(s) = w′ (s) − w(s). To work in a uniform
manner, we consider all multisets of objects and messages to be over
Ω = O ∪ O × {out} ∪ O × {inj | j ∈ {1, . . . , m}}
Definition 1 The set M(Π) of membranes in a P system Π together with the membrane
structure are inductively defined as follows:
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• if i is a label and w is a multiset over O ∪ O × {out} then hi|wi ∈ M(Π); hi|wi
is called an elementary membrane, and its structure is hi;
• if i is a label, M1 , . . . , Mn ∈ M(Π), n ≥ 1 have distinct labels i1 , . . . , in , each
Mk has structure µk and w is a multiset over O∪O×{out}∪O×{ini1 , . . . , inin }
then hi|w; M1 , . . . , Mn i ∈ M(Π); hi|w; M1 , . . . , Mn i is called a composite membrane, and its structure is hµ1 . . . µn i.
Note that if i is the label of the skin membrane then hi|w; M1 , . . . , Mn i defines an
intermediate configuration.
We use the notations parent(i) for the label indicating the parent of the membrane
labelled by i (if it exists) and children(i) for the set of labels indicating the children of
the membrane labelled by i, which can be empty.
By simple communication rules we understand that all rules inside membranes are of
the form u → v where u is a multiset of objects (supp(u) ⊆ O) and v is either a multiset
of objects, or a multiset of objects with the message inj (supp(v) ⊆ O × {inj } for a
j ∈ {1, . . . , m}) or a multiset of objects with the message out (supp(v) ⊆ O × {out}).
Moreover we suppose that the skin membrane does not have any rules involving objects
with the message out.
We use multisets of rules R : RiΠ → N to describe maximally parallel application of
rules. For a rule r = u → v we use the notations lhs(r) = u, rhs(r) = v. Similarly,
for a multiset R of rules from RiΠ , we define the following multisets over Ω:
lhs(R)(o) =

X

r∈RΠ
i

R(r) · lhs(r)(o) and rhs(R)(o) =

X

r∈RΠ
i

R(r) · rhs(r)(o)

for each object or message o ∈ Ω. The following definition captures the meaning of
“maximally parallel application of rules”:
Definition 2 We say that a multiset of rules R : RiΠ → N is valid in the multiset w if
lhs(R) ≤ w. The multiset R is called maximally valid in w if it is valid in w and there
is no rule r ∈ RiΠ such that lhs(r) ≤ w − lhs(R).

2

P Systems with One Membrane

Suppose that the P system Π consists only of the skin membrane, labelled by 1. Since
the membrane has no children and we have assumed it has no rules concerning out
messages, all its rules are of form u → v, with supp(u), supp(v) ⊆ O. Given the
configuration M in the system Π = (O, µ, w1 , R1Π ) we want to find all configurations
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N such that N rewrites to M in a single maximally parallel rewriting step. To do this
e
e = (O, µ, w1 , R1Π
we define the dual P system Π
), with evolution rules given by:
e

(u → v) ∈ R1Π if and only if (v → u) ∈ R1Π

f=
For each M = h1|wi ∈ C # (Π), we consider the dual intermediate configuration M
# e
f
h1|wi ∈ C (Π) which has the same content (w = w1 (M ) = w1 (M )) and membrane
f
structure as M . Note that the dual of a configuration is a configuration. The notation M
e
is used to emphasize that it is an intermediate configuration of the system Π.
e under the influence of category theory, where
The name dual is used for the P system Π
the dual category is the one obtained by reversing all arrows.
e
e is appropriate because Π
e = Π.
Remark 1 Note that using the term of dual for Π

When we reverse the rules of a P system, dualising the maximally parallel application
of rules requires a different concept than the maximal validity of a multiset of rules.

Definition 3 The multiset R : RiΠ → N is called reversely valid in the multiset w if it
is valid in w and there is no rule r ∈ RiΠ such that rhs(r) ≤ w − lhs(R).
Note that the difference from maximally valid is that here we use the right-hand side of
a rule r in rhs(r) ≤ w − lhs(R), instead of the left-hand side.
e with O =
Example 1 Consider the configuration M = h1|b + ci, in the P system Π
Π
{a, b, c}, µ = hi and with evolution rules R1 = {r1 , r2 }, where r1 = a → b, r2 =
e
f = h1|b + ci ∈ C(Π),
e with evolution rules RΠ
b → c. Then M
1 = {re1 , re2 }, where
f) = b + c are 0 Πe , re1 , re2
re1 = b → a, re2 = c → b. The valid multisets of rules in w1 (M
R1
e in w(M
f1 ) can be either re1 or re1 + re2 .
and re1 + re2 . The reversely valid multiset of rules R
e = re1 then M
f rewrites to h1|a + ci; if R
e = re1 + re2 then M
f rewrites to h1|a + bi.
If R
These yield the only two configurations that can evolve to M in one maximally parallel
rewriting step (in Π). This example clarifies why reversely valid multisets of rules must
be applied: validity ensures that some objects are consumed by rules re (dually, they were
produced by some rules r) and reverse validity ensures that objects like b (appearing in
both the left and right-hand sides of rules) are always consumed by rules re (dually,
they were surely produced by some rules r, otherwise it would contradict maximal
parallelism for the multiset R).
e valid in
Note that if M ′ = h1 | 2ai in the P system Π, then there is no multiset of rules R
′
′
f ) = 2a for the dual M
f . This happens exactly because there is no configuration
w1 (M
N ′ such that N ′ rewrites to M ′ by applying at least one of the rules r1 , r2 .
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We present the operational semantics for both maximally parallel application of rules
(mpr) and inverse maximally parallel application of rules ( mpr)
g on configurations in a
P system with one membrane.
Definition 4
R

• h1|wi →mpr h1|w − lhs(R) + rhs(R)i if and only if R is maximally valid in w;
R

• h1|wi →mpr
g h1|w − lhs(R) + rhs(R)i if and only if R is reversely valid in w.

The difference between the two semantics is coming from the difference between the
conditions imposed on the multiset R (maximally valid and reversely valid, respectively).
e
e the multiset of rules over RΠ
For a multiset R of rules over R1Π we denote by R
1 for
e → v) = R(v → u). Then lhs(R) = rhs(R)
e and rhs(R) = lhs(R).
e
which R(u
e
R
R
f→
e
Proposition 1 N →mpr M if and only if M
mpr
g N.
R

Proof If N →mpr M then R is maximally valid in w1 (N ) and w1 (M ) = w1 (N ) −
lhs(R) + rhs(R); then w1 (M ) − rhs(R) = w1 (N ) − lhs(R). By duality, we have
f) and rhs(R) = lhs(R);
e it follows that w1 (M
f)−lhs(R)
e = w1 (N )−
w1 (M ) = w1 (M
e
f
e
f
e is not
lhs(R) ≥ 0, therefore lhs(R) ≤ w1 (M ), and so R is valid in M . Suppose R
e
Π
f
f
e
reversely valid in w1 (M ), i.e. there exists re ∈ R1 such that rhs(e
r ) ≤ w1 (M )−lhs(R),
which is equivalent to lhs(r) ≤ w1 (M )−rhs(R). Since w1 (M )−rhs(R) = w1 (N )−
lhs(R) it follows that R is not maximally valid in w1 (N ), which yields a contradiction.
e
R
f→
e
e
f
f
If M
mpr
g N then R is reversely valid in w1 (M ); since w1 (N )−lhs(R) = w1 (M )−
e ≥ 0 it follows that R is valid in w1 (N ). If we suppose that R is not maximally
lhs(R)
e is not reversely valid in
valid in w1 (N ) then, reasoning as above, we obtain that R
f
w1 (M )(contradiction). 2
2

3

P Systems without Communication Rules

If the P system has more than one membrane but it has no communication rules (i.e.
no rules of form u → v, with supp(v) ⊆ O × {out} or supp(v) ⊆ O × {inj }) the
method of reversing the computation is similar to that described in the previous section.
We describe it again but in a different way, since here we introduce the notion of a
(valid) system of multisets of rules for a P system Π. This notion is useful for P systems
without communication rules, and is fundamental in reversing the computation of a P

50

Dual P Systems

system with communication rules. This section provides a technical step from Section
2 to Section 4.
Definition 5 A system of multisets of rules for a P system Π of degree m is a tuple
R = (R1 , R2 , . . . , Rm ), where each Ri is a multiset over RiΠ , i ∈ {1, . . . , m}.
A system of multisets of rules R is called valid, maximally valid or reversely valid
in the configuration M if each Ri is valid, maximally valid or reversely valid in the
multiset wi (M ), which, we recall, is the multiset contained in the inner membrane of
configuration M which has label i.
e dual to the P system Π is defined analogously to the one in Section 2:
The P system Π
e
e
e
Π
e
Π = (O, µ, w1 , . . . wm , R1Π , . . . , Rm
) where (u → v) ∈ R1Π if and only if (v → u) ∈
e
e = Π.
RΠ . Note that Π
1

If R = (R1 , . . . , Rm ) is a system of multisets of rules for a P system Π, we denote by
e the system of multisets of rules for the dual P system Π
e given by R
e = (R
f1 , . . . , R
f2 ).
R
Example 2 Consider the configuration M = h1|b + c; N i, N = h2|2ai of the P system
Π with evolution rules R1Π = {r1 , r2 }, R2Π = {r3 , r4 }, where r1 = a → c, r2 = d → c,
f = h1|b + c; h2|2aii, with evolution rules
r3 = a + b → a, r4 = a → d. Then M
e

e

R1Π = {re1 , re2 }, R2Π = {re3 , re4 }, where re1 = c → a, re2 = c → d, re3 = a → a + b,
re4 = d → a. In order to find all membranes which evolve to M in one step, we look for a
e = (R
f1 , R
f2 ) of multisets of rules, which is reversely valid in the configuration
system R
f2 is 2re3 . We apply
f. Then R
f1 can be either 0 Πe , re1 or re2 and the only possibility for R
M
R1
e to the skin membrane M
f and we obtain three possible configurations Pe such that
R
P ⇒ M ; namely, P can be either h1|b + c; h2|2a + 2bii or h1|b + a; h2|2a + 2bii or
h1|b + d; h2|2a + 2bii.


1

b+c
r1 : a → c
r2 : d → c
2a
r3 : a + b → a
2
r4 : a → d




 
dual

−−−→

1

b+c
re1 : c → a
re2 : c → d
2a
re3 : a → a + b
2
re4 : d → a


 





We give a definition of the operational semantics for both maximally parallel application
of rules (mpr) and inverse maximally parallel application of rules ( mpr)
g in a P system
without communication rules. We use R as label to suggest that rule application is done
simultaneously in all membranes, and thus to prepare the way toward the general case
of P systems with communication rules.
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Definition 6 For M, N ∈ C(Π) we define:
R

• M →mpr N if and only if R = (R1 , . . . , Rm ) is maximally valid in M and
wi (N ) = wi (M ) − lhs(Ri ) + rhs(Ri );
R

• M →mpr
g N if and only if R = (R1 , . . . , Rm ) is reversely valid in M and
wi (N ) = wi (M ) − lhs(Ri ) + rhs(Ri ).

The two operational semantics are similar in their effect on the membranes, but differ
in the conditions required for the multisets of rules R.
Proposition 2 If N ∈ C(Π), then

e
R
R
f→
e
N →mpr M if and only if M
mpr
g N

R

Proof If N →mpr M then R is maximally valid in the configuration N , which means
that Ri is maximally valid in wi (N ), and wi (M ) = wi (N ) − lhs(Ri ) + rhs(Ri ). By
fi is reversely
using the same reasoning as in the proof of Proposition 1 it follows that R
f), for all i ∈ {1, . . . , m}. Therefore R
e is reversely valid in the configuvalid in wi (M
f of the dual P system Π.
e Moreover, we have wi (N
e ) = wi (M
f) − lhs(R
fi ) +
ration M
e
R
fi ), so M
f→
e
rhs(R
mpr
g N.

e
R
f→
e
If M
mpr
g N the proof follows in the same manner. 2

4

2

P Systems with Communication Rules

When the P system has communication rules we no longer can simply reverse the rules
and obtain a reverse computation; we also have to move the rules between membranes.
When saying that we move the rules we understand that the dual system can have rules
re associated to a membrane with label i while r is associated to a membrane with label
j (j is either the parent or the child of i, depending on the form of r). We need a few
notations before we start explaining in detail the movement of rules.
If u is a multiset of objects (supp(u) ⊆ O) we denote by (u, out) the multiset with
supp(u, out) ⊆ O × {out} given by (u, out)(a, out) = u(a), for all a ∈ O. More
explicitly, (u, out) has only messages of form (a, out), and their number is that of the
objects a in u. Given a label j, we define (u, inj ) similarly: supp(u, inj ) ⊆ O × {inj }
and (u, inj )(a, inj ) = u(a), for all a ∈ O.
e dual to the P system Π is defined differently from the case of P systems
The P system Π
e
e
Π
e = (O, µ, w1 , . . . wm , RΠ
without communication rules: Π
1 , . . . , Rm ) such that:
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e

1. re = u → v ∈ RiΠ if and only if r = v → u ∈ RiΠ ;
e

Π
2. re = u → (v, out) ∈ RiΠ if and only if r = v → (u, ini ) ∈ Rparent(i)
;
e

3. re = u → (v, inj ) ∈ RiΠ if and only if r = v → (u, out) ∈ RjΠ , i = parent(j);

where u, v are multisets of objects. Note the difference between rule duality when there
are no communication rules and the current class of P systems with communication
rules.

Proposition 3 The dual of the dual of a P system is the initial P system:
e
e =Π
Π

e
e
e
e
Proof Clearly, u → v ∈ RiΠ iff u → v ∈ RiΠ . Moreover, e
re = u → (v, out) ∈ RiΠ
e
Π
iff re = v → (u, ini ) ∈ Rparent(i)
which happens iff r = u → (v, out) ∈ RiΠ (the
condition related to the parent amounts to parent(i) = parent(i)). Then, e
re = u →
e
e

e

(v, inj ) ∈ RiΠ iff re = v → (u, out) ∈ RjΠ and i = parent(j), which happens iff
Π
.2
2
r = u → (v, inj ) ∈ Rparent(j)=i
If R = (R1 , . . . , Rm ) is a system of multisets of rules for a P system Π we also need a
e the system of multisets of rules for
different dualisation for it. Namely, we denote by R
e
e
f
f
the dual P system Π given by R = (R1 , . . . , R2 ), such that:
e
fi (e
• if re = u → v ∈ RiΠ then R
r ) = Ri (r);
e
Π
fi (e
• if re = u → (v, out) ∈ R then R
r ) = Rparent(i) (r);

• if re = u → (v, inj ) ∈

i
e
Π
Ri

fi (e
then R
r ) = Rj (r).

Example 3 Consider M = h1|d; N i, N = h2|c + e; P i, P = h3|ci in the P system
Π with R1Π = {r1 , r2 }, R2Π = {r3 , r4 } and R3Π = {r5 }, where r1 = a → (c, in2 ),
r2 = a → c, r3 = e → (c, in3 ), r4 = a → (d, out) and r5 = b → (e, out).
e
e
Π
f = h1|d; h2|c + e; h3|ciii in the dual P system Π,
e with RΠ
Then M
1 = {re2 , re4 }, R1 =
e
{re1 , re5 }, R3Π = {re3 }, where re1 = c → (a, out), re2 = c → a, re3 = c → (e, out),
re4 = d → (a, in2 ) and re5 = e → (b, in3 ). For a system of multisets of rules R =
e = (2re4 + re2 , re1 + 3re5 , 0 Πe ).
(r1 + r2 , 2r4 , 3r5 ) in Π the dual is R
R
3

'
M

1

d
r1 : a → (c, in2 )
 r2 : a → c
c+e
r3 : e → (c, in3 )
r4 : a → (d, out)
2
c
3
r5 : b → (e, out)


&

53

Dual P Systems

$'





dual

−−−→

1

d
re2 : c → a
re4 : d → (a, in2 )

c+e
re1 : c → (a, out)
re5 : e → (b, in3 )
2
c
3
re3 : c → (e, out)



%&

$






%

The definitions for validity and maximal validity of a system of multisets of rules are
the same as in Section 3. However, we need to extend the definition of reverse validity
to describe situations arising from a rule being moved.
Definition 7 A system of multisets of rules R = (R1 , . . . , Rn ) for a P system Π is
called reversely valid in the configuration M if:
• R is valid in the configuration M (i.e. lhs(Ri ) ≤ wi (M ));
• ∀i ∈ {1, . . . , m}, there is no rule r = u → v ∈ RiΠ such that rhs(r) = v ≤
wi (M ) − lhs(Ri );
• ∀i ∈ {1, . . . , m} such that there exists parent(i), there is no rule r = u →
Π
(v, ini ) ∈ Rparent(i)
such that v ≤ wi (M ) − lhs(Ri );
• ∀i, j ∈ {1, . . . , m} such that parent(j) = i, there is no rule r = u → (v, out) ∈
RjΠ such that v ≤ wi (M ) − lhs(Ri ).

While this definition is more complicated than the one in Section 3, it can be seen in
the proof of Proposition 4 that it is exactly what is required to reverse a computation in
which a maximally parallel rewriting takes place.
e reversely valid in M
f. Since R
e must be valid, R
f1
Example 3 continued. We look for R
f3 equal to 0 Πe or re3 .
f2 equal to 0 Πe , re1 , re5 or re1 + re5 ; R
can be equal to 0RΠe or re4 ; R
R3
R2
1
According to Definition 7, we can look at any of those possibilities for Ri to see if it
can be a component of a reversely valid system R. In this example the only problem
f2 = 0 Πe or when R
f2 = re1 , since in
(with respect to reverse validity) appears when R
R2
e
f) − lhs(R
f2 ) and rule c → (e, out) ∈ RΠ
both cases we have e ≤ w2 (M
3 . Let us see
f2 = re1 and, for example, R
f1 = re4 ,
why we exclude exactly these two cases. Suppose R
f3 = re3 . If R
e is applied, M
f rewrites to h1|(a, in2 ); h2|(a, out) + e; h3|(e, out)iii; after
R
message sending, we obtain h1|a; h2|a + 2e; h3|0O iii which cannot rewrite to M while
respecting maximal parallelism (otherwise there would appear two c’s in the membrane
f2 = 0 Πe .
P with label 3). The same thing would happen when R
R
2

f
M
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In P systems with communication rules we work with both rewriting and message sending. We have presented two semantics for rewriting in Section 3: →mpr (maximally
parallel rewriting) and →mpr
g (inverse maximally parallel rewriting). They are also used
here, with the remark that the notion of reversely valid system has been extended (see
Definition 7).
Before giving the operational semantics for message sending we present a few more
notations. Given a multiset w : Ω → N we define the multisets obj(w), out(w), inj (w)
which consist only of objects (i.e. supp(obj(w)), supp(out(w)), supp(inj (w)) ⊆ O),
as follows:
• obj(w) contains all the objects from w: obj(w)(a) = w(a), ∀a ∈ O;
• out(w) contains all the objects a which are part of a message (a, out) in w:
out(w)(a) = w(a, out), ∀a ∈ O;
• inj (w) contains all the objects a which are part of a message (a, inj ) in w: inj (w)
(a) = w(a, inj ), ∀a ∈ O, ∀j ∈ {1, . . . , m}.
Definition 8 For a intermediate configuration M , M →msg N if and only if
X
out(wj (M ))
wi (N ) = obj(wi (M )) + ini (wparent(i) (M )) +
j∈children(i)

To elaborate, the message sending stage consists of erasing messages from the multiset
in each inner membrane with label i, adding to each such multiset the objects a corresponding to messages (a, ini ) in the parent membrane (inner membrane with label
parent(i)) and furthermore, adding the objects a corresponding to messages (a, out)
in the children membranes (all inner membranes with label j, j ∈ children(i)).
Proposition 4 If M is a configuration of Π then
e
R
R
f
e→
M →mpr →msg N implies N
mpr
g →msg M .

e is a configuration of Π
e then
If N

e
R
R
f
e→
N
mpr
g →msg M implies M →mpr →msg N.

Proof We begin by describing some new notations. Consider a system of multisets of
Π
rules R = (R1 , . . . , Rm ) for a P system Π with evolution rules R1Π , . . . , Rm
. We define
the following multisets of objects:
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lhsobj (Ri ), rhsobj (Ri ), lhsout (Ri ), rhsout (Ri ), lhsinj (Ri ), rhsinj (Ri )
such that, for u, v multisets of objects:
X
lhsobj (Ri )(a) =
Ri (r)·u(a);

rhsobj (Ri )(a) =

lhsout (Ri )(a) =

rhsout (Ri )(a) =

r=u→v∈RΠ
i

X

Ri (r)·u(a);

X

Ri (r)·v(a)

X

Ri (r)·v(a)

r=u→v∈RΠ
i

r=u→(v,out)∈RΠ
i

lhsinj (Ri )(a) =

X

r=u→(v,out)∈RΠ
i

Ri (r) · u(a);

rhsinj (Ri )(a) =

X

Ri (r) · v(a)

r=u→(v,inj )∈RΠ
i

r=u→(v,inj )∈RΠ
i

We have the following properties:
fi ) and rhsobj (Ri ) = lhsobj (R
fi );
• lhsobj (Ri ) = rhsobj (R
out
out
ini e
e parent(i) );
• lhs (Ri ) = rhs (Rparent(i) ) and rhs (Ri ) = lhsini (R
fj );
fj ) and rhsinj (Ri ) = lhsout (R
• if j ∈ children(i) then lhsinj (Ri ) = rhsout (R
P
inj
obj
out
• lhs(Ri ) = lhs (Ri ) + lhs (Ri ) + j∈children(i) lhs (Ri ).

Now we can prove the statements of this Proposition. We prove only the first one; the
R
proof of the second one is similar. If M →mpr →msg N then there exists an intermeR

diate configuration P such that M →mpr P and P →msg N . Then Ri are maximally valid in wi (M ) and wi (P ) = wi (M ) − lhs(Ri ) + rhs(Ri ). Since wi (M ) is
a multiset of objects, it follows that obj(wi (P )) = wi (M ) − lhs(Ri ) + rhsobj (Ri ).
If j ∈ children(i) we have inj (wi (P )) = rhsinj (Ri ) and moreover, out(wi (P )) =
out
rhs
(Ri ). Since P →msg N we have wi (N ) = obj(wi (P )) + ini (wparent(i) (P )) +
P
j∈children(i) out(wj (P )). Replacing wi (P ), wparent(i) (P ) and wj (P ) we obtain
wi (N ) = wi (M )−lhs(Ri )+rhsobj (Ri )+rhsini (Rparent(i) )+

X

rhsout (Rj )

j∈children(i)

which is equivalent to
e ) = wi (M ) − lhs(Ri ) + lhsobj (R
fi ) + lhsout (R
fi ) +
wi (N

X

j∈children(i)

ei )
lhsinj (R

e ) = wi (M ) − lhs(Ri ) + lhs(R
fi ). Therefore R
fi is valid in wi (N
e ), ∀i ∈
i.e. wi (N
e
e
{1, . . . , m}. Suppose that R is not reversely valid in N . Then we have three possibilie
ties, given by Definition 7. First, if there is i ∈ {1, . . . , m} and re = u → v ∈ RiΠ such
e ) − lhs(R
fi ) it means that lhs(r) ≤ wi (M ) − lhs(Ri ), which contradicts
that v ≤ wi (N
the maximal validity of Ri . Second, if there is i ∈ {1, . . . , m} and re = u → (v, ini ) ∈
e
Π
e ) − lhs(R
fi ) then again lhs(r) ≤ wi (M ) − lhs(Ri )
Rparent(i)
such that v ≤ wi (N
(contradiction). The third situation leads to the same contradiction. Thus, there exists
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e
R
e such that N
e →
an intermediate configuration Q in Π
mpr
g Q. We have to show that
f, i.e. to prove
Q →msg M

f) = obj(wi (Q)) + ini (wparent(i) (Q)) +
wi (M

X

out(wj (Q))

j∈children(i)

e ) − lhs(R
fi ) + rhs(R
fi ) it follows that obj(wi (Q)) = wi (M ) −
Since wi (Q) = wi (N
e parent(i) ) and
fi ). We also have that ini (wparent(i) (Q)) = rhsini (R
lhs(Ri )+rhsobj (R
out f
out(wj (Q)) = rhs (Rj ). So the relation we need to prove is equivalent to
e parent(i) )+
f) = wi (M )−lhs(Ri )+rhsobj (R
fi )+rhsini (R
wi (M
which is true because lhs(Ri ) = lhsobj (Ri )+lhsout (Ri )+
2

5

X

fj )
rhsout (R

j∈children(i)

P

j∈children(i)

lhsinj (Ri ).
2

An Alternative Approach
R

Another way to reverse a computation N →mpr →msg M is to move objects instead of
moving rules. We start by reversing all rules of the P system Π; since these rules can be
communication rules, by their reversal we do not obtain another P system. For example,
a rule a → (b, out) yields (b, out) → a, whose left-hand side contains the message out
and therefore is not a rule. However, we can consider a notion of extended P system in
which we allow rules to also have messages in their left-hand side. We move objects
present in the membranes and transform them from objects to messages according to
the rules of the membrane system. The aim is to achieve a result of form

e

R
e Rg M
f
M →mpr N →msg P if and only if Pe →msg
g N →mpr

An example illustrating the movement of the objects is the following:

Dual P Systems

a
r1 : a → (c, in2 )
 r2 : a → c
a+e
r3 : e → (c, in3 )
r4 : a → (d, out)
2
b
3
r5 : b → (e, out)

1


&

'

1





⇑mpr+dual
g

(c, in2 )
re1 : (c, in2 ) → a
 re2 : c → a
(d, out) + (c, in3 )
re3 : (c, in3 ) → e
re4 : (d, out) → a
2
(e, out)
3
re5 : (e, out) → b


&

'

$

'

→mpr

→msg 1


%



msg
g


%

d
r1 : a → (c, in2 )
 r2 : a → c
c+e
r3 : e → (c, in3 )
r4 : a → (d, out)
2
c
3
r5 : b → (e, out)


&

$
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'

←

1

⇓dual

d
re1 : (c, in2 ) → a
 re2 : c → a
c+e
re3 : (c, in3 ) → e
re4 : (d, out) → a
2
c
3
re5 : (e, out) → b


&

where the “dual” movement →msg
g of objects between membranes is:






%

$






%

called by rule r˜4

• d in membrane 1 −−−−−−−−→ (d, out) in membrane 2;
called by rule r˜1

• c in membrane 2 −−−−−−−−→ (c, in2 ) in membrane 1;
called by rule r˜5

• e in membrane 2 −−−−−−−−→ (e, out) in membrane 3;
called by rule r˜3

• c in membrane 3 −−−−−−−−→ (c, in3 ) in membrane 2.

By applying the dual rules, messages are consumed and turned into objects, thus performing a reversed computation to the initial membrane.

6

$

Conclusion

In this paper, we solve the problem of finding all the configurations N of a P system
which evolve to a given configuration M in a single step by introducing dual P systems. The case of P systems without communication rules is used as a stepping stone
towards the case of P systems with simple communication rules. In the latter case, two
approaches are presented: one where the rules are reversed and moved between membranes, and the other where the rules are only reversed. On dual membranes we employ
a semantics which is surprisingly close to the one giving the maximally parallel rewriting (and message sending, if any).
The dual P systems open new research opportunities. A problem directly related to the
subject of this paper is the predecessor existence problem in dynamical systems [1].
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Dual P systems provide a simple answer, namely that a predecessor for a configuration
exists if and only if there exists a system of multisets of rules which is reversely valid.
Dualising a P system is closely related to reversible computation [3]. Reversible computing systems are those in which every configuration is obtained from at most one previous configuration (predecessor). A paper which concerns itself with reversible computation in energy-based P systems is [2].
Further development will include defining dual P systems for P systems with general
communication rules. Other classes of P systems will also be studied.
Acknowledgements. We thank the anonymous reviewers for their helpful comments.
This research is partially supported by the grants CNCSIS Idei 402/2007 and CEEX
47/2005.
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Membrane computing is a formal framework of distributed parallel multiset
processing. Due to massive parallelism and exponential space some intractable
computational problems can be solved by P systems with active membranes in
polynomial number of steps. In this paper we generalize this approach from
decisional problems to the computational ones, by providing a solution of a
#P-Complete problem, namely to compute the permanent of a binary matrix.

1

Introduction

Membrane systems are a convenient framework of describing polynomial-time solutions to certain intractable problems in a massively parallel way. Division of membranes
makes it possible to create exponential space in linear time, suitable for attacking problems in NP and even in PSPACE. Their solutions by so-called P systems with active
membranes have been investigated in a number of papers since 2001, later focusing on
solutions by restricted systems.
The description of rules in P systems with active membranes involves membranes and
objects; the typical types of rules are (a) object evolution, (b), (c) object communication, (d) membrane dissolution, (e), (f ) membrane division, see Subsection 2.2. Since
membrane systems are an abstraction of living cells, the membranes are arranged hierarchically, yielding a tree structure. A membrane is called elementary if it is a leaf of
this tree, i.e., if it does not contain other membranes.
The first efficient semi–uniform solution to SAT was given by Gh. Păun in [4], using
division for non–elementary membranes and three electrical charges. This result was
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improved by Gh. Păun, Y. Suzuki, H. Tanaka, and T. Yokomori in [5] using only division
for elementary membranes.
Different efficient uniform solutions have been obtained in the framework of recognizer
P systems with active membranes, with polarizations and only using division rules for
elementary membranes ( [7], [6], [3], [9], [1], [8], and [11]).
The goal of this paper is to generalize the approach from decisional problems to the
computational ones, by considering a #P-Complete (pronounced sharp-P complete)
problem of computing the permanent of a binary matrix; see also section 1.3.7 in [13]
for a presentation of Complexity Theory of counting problems.
Let us cite [14] for additional motivation:
While 3SAT and the other problems in NP-Complete are widely assumed to require an effort
at least proportional to 2n , where n is a measure of the size of the input, the problems in #PComplete are harder, being widely assumed to require an effort proportional to n2n .

While attacking NP complexity class by P systems with active membranes have been
?
often motivated by P = NP problem, we recall from [15] the following fact:
If the permanent can be computed in polynomial time by any method, then FP=#P which is an
even stronger statement than P= NP.

Here, by “any method” one understands “... on sequential computers” and FP is the set
of polynomial-computable functions.

2

Definitions

Membrane computing is a recent domain of natural computing started by Gh. Păun in
1998. The components of a membrane system are a cell-like membrane structure, in
the regions of which one places multisets of objects which evolve in a synchronous
maximally parallel manner according to given evolution rules associated with the membranes.
2.1 Computing by P systems Let O be a finite set of elements called objects. In this
paper, like it is standard in membrane systems literature, a multiset of objects is denoted
by a string, so the multiplicity of object is represented by number of its occurrences in
the string. The empty multiset is thus denoted by the empty string, λ.
To speak about the result of the computation of a P system we need the definition of a
P system with output.
Definition 1 A P system with output, Π, is a tuple
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Π = O, T, H, E, µ, w1 , · · · , wp , R, i0 , where:
O is the working alphabet of the system whose elements are called objects.
T ⊆ O is the output alphabet.
H is an alphabet whose elements are called labels.
E is the set of polarizations.
µ is a membrane structure (a rooted tree) consisting of p membranes injectively
labelled by elements of H.
wi is a string representing an initial multiset over O associated with membrane i,
1 ≤ i ≤ p.
R is a finite set of rules defining the behavior of objects from O and membranes
labelled by elements of H.
i0 identifies the output region.

A configuration of a P system is its “snapshot”, i.e., the current membrane structure and
the multisets of objects present in regions of the system. While initial configuration is
C0 = (µ, w1 , · · · , wp ), each subsequent configuration C ′ is obtained from the previous
configuration C by maximally parallel application of rules to objects and membranes,
denoted by C ⇒ C ′ (no further rules are applicable together with the rules that transform C into C ′ ). A computation is thus a sequence of configurations starting from C0 ,
respecting relation ⇒ and ending in a halting configuration (i.e., such one that no rules
are applicable).
The P systems of interest here are those for which all computations give the same result.
This is because it is enough to consider one computation to obtain all information about
the result.
Definition 2 A P system with output is confluent if (a) all computations halt; and (b) at
the end of all computations of the system, region i0 contains the same multiset of objects
from T .

In this case one can say that the multiset mentioned in (b) is the result given by a
P system, so this property is already sufficient for convenient usage of P systems for
computation.
However, one can still speak about a stronger property: a P system is strongly confluent
if not only the result of all computation is the same, but also the halting configuration is
the same. A yet stronger property is determinism: a P system is called deterministic if it
only has one computation.
In what follows we will represent computational problems by triples: domain, range
and the function (from that domain into that range) that needs to be computed. The
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notation PMC∗R of the class of problems that are polynomially computable by semiuniform families of P systems with active membranes has been introduced by M.J.
Pérez Jiménez and his group, see, e.g., [10]. The definition below generalizes it from
decisional problems to the computational ones.
Definition 3 Let X = (IX , F, θX ) be a computational problem: θX : IX → F . We say
that X is solvable in polynomial time by a (countable) family R of confluent P systems
with output Π = (Π(u))u∈IX , and we denote this by X ∈ PMC∗R , if the following are
true.
1 The family Π is polynomially uniform by Turing machines, i.e., there exists a deterministic Turing machine working in polynomial time which constructs the system
Π(u) from the instance u ∈ IX .
2 The family Π is polynomially bounded: for some polynomial function p(n) for
each instance u ∈ IX of the problem, all computations of Π(u) halt in, at most,
p(|u|) steps.
3 There exists a polynomial-time computable function dec such that the family Π
correctly answers X with respect to (X, dec): for each instance of the problem
u ∈ IX , the function dec applied to the result given by Π(u) returns exactly θX (u).
We say that the family Π is a semi–uniform solution of the problem X.
Now we additionally consider input into P systems and we deal with P systems solving computational problems in a uniform way in the following sense: all instances of
the problem with the same size (according to a previously fixed polynomial time computable criterion) are processed by the same system, on which an appropriate input,
representing the specific instance, is supplied.
If w is a multiset over the input alphabet Σ ⊆ O, then the initial configuration of a P
system Π with an input w over alphabet Σ and input region iΠ is
(µ, w1 , · · · , wiΠ −1 , wiΠ ∪ w, wiΠ +1 · · · , wp ).
In the definition below we present the notation PMCR of the class of problems that
are polynomially computable by uniform families of P systems with active membranes
introduced by M.J. Pérez Jiménez and his group, see, e.g., [10], generalized from decisional problems to the computational ones.
Definition 4 Let X = (IX , F, θX ) be a computational problem. We say that X is solvable in polynomial time by a family Π = (Π(n))n∈N of confluent membrane systems
with input, and we denote it by X ∈ PMCR , if
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1 The family Π is polynomially uniform by TM: some deterministic TM constructs
in polynomial time the system Π(n) from n ∈ N.
2 There exists a pair (cod, s) of polynomial-time computable functions whose domain is IX and a polynomial-time computable function dec whose range is F ,
such that for each u ∈ IX , s(u) is a natural number, cod(u) is an input multiset of
the system Π(s(u)), verifying the following:
2a The family Π is polynomially bounded with respect to (X, cod, s); that is, there
exists a polynomial function p(n) such that for each u ∈ IX every computation of
the system Π(s(u)) with input cod(u) halts in at most p(|u|) steps.
2b There exists a polynomial-time computable function dec such that the family Π
correctly answers X with respect to (X, cod, s, dec): for each instance of the problem u ∈ IX , the function dec, being applied to the result given by Π(s(u)) with
input cod(u), returns exactly θX (u).

We say that the family Π is a uniform solution to the problem X.
2.2 P systems with active membranes To speak about P systems with active membranes, we need to specify the rules, i.e., the elements of the set R in the description of
a P system. They can be of the following forms:
e

(a) [ a → v ] h ,
for h ∈ H, e ∈ E, a ∈ O, v ∈ O∗
(object evolution rules, associated with membranes and depending on the label and
the polarization of the membranes, but not directly involving the membranes, in the
sense that the membranes are neither taking part in the application of these rules
nor are they modified by them);
(b) a[ ] eh1 → [ b ] eh2 ,
for h ∈ H, e1 , e2 ∈ E, a, b ∈ O
(communication rules; an object is introduced into the membrane; the object can
be modified during this process, as well as the polarization of the membrane can
be modified, but not its label);
(c) [ a ] eh1 → [ ] eh2 b,
for h ∈ H, e1 , e2 ∈ E, a, b ∈ O
(communication rules; an object is sent out of the membrane; the object can be
modified during this process; also the polarization of the membrane can be modified, but not its label);
(d) [ a ] eh → b,
for h ∈ H, e ∈ E, a, b ∈ O
(dissolving rules; in reaction with an object, a membrane can be dissolved, while
the object specified in the rule can be modified);
e
e
e
(e) [ a ] h1 → [ b ] h2 [ c ] h3 ,
for h ∈ H, e1 , e2 , e3 ∈ E, a, b, c ∈ O
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(division rules for elementary membranes; in reaction with an object, the membrane is divided into two membranes with the same label, possibly of different polarizations; the object specified in the rule is replaced in the two new membranes
by possibly new objects).
(f0 ) [ [ ] h1 [ ] h2 ] h0 → [ [ ] h1 ] h0 [ [ ] h2 ] h0 ,
for h0 , h1 , h2 ∈ H
(polarizationless division rules for non–elementary membranes. If the membrane
with label h0 contains other membranes than those with labels h1 , h2 , these membranes and their contents are duplicated and placed in both new copies of the membrane h0 ; all membranes and objects placed inside membranes h1 , h2 , as well as
the objects from membrane h0 placed outside membranes h1 and h2 , are reproduced in the new copies of membrane h0 ).
In this paper we do not need non–elementary membrane division, dissolution or rules
that bring an object inside a membrane; they are mentioned in the definition for completeness.
The rules of type (a) are considered to only involve objects, while all other rules are
assumed to involve objects and membranes mentioned in their left-hand side. An application of a rule consists in subtracting a multiset described in the left-hand side from
a corresponding region (i.e., associated to a membrane with label h and polarization
e for rules of types (a) and (d), or associated to a membrane with label h and polarization e1 for rules of type (c) and (e), or immediately outer of such a membrane for
rules of type (b) ), adding a multiset described in the right-hand side of the rule to the
corresponding region (that can be the same as the region from where the left-hand side
multiset was subtracted, immediately inner or immediately outer, depending on the rule
type), and updating the membrane structure accordingly if needed (changing membrane
polarization, dividing or dissolving a membrane).
The rules can only be applied simultaneously if they involve different objects and membranes (we repeat that rules of type (a) are not considered to involve a membrane), and
such parallelism is maximal if no further rules are applicable to objects and membranes
that were not involved.
2.3 Permanent of a matrix The complexity class #P, see [16], was first defined
in [12] in a paper on the computation of the permanent.
Definition 5 Let Sn be the set of permutations of integers from 1 to n, i.e., the set of
bijective functions σ : {1, · · · , n} → {1, · · · , n}. The permanent of a matrix A =
(ai,j )1≤i,j≤n is defined as
perm(A) =

n
X Y

σ∈Sn i=1

ai,σ(i) .
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Informally, consider a combination of n matrix elements containing one element from
every row and one element from every column. The permanent is the sum over all such
combinations of the product of the combination’s elements.
A matrix is binary if its elements are either 0 or 1. In this case, the permanent is the
number of combinations of n matrix elements with value 1, containing one element
from each row and one element from each column. For example,


101
perm  0 1 0  = 2.
101
Unlike the determinant of a matrix, the permanent cannot be computed by Gauss elimination.

3

Results

Theorem 1 The problem of computing a permanent of a binary matrix is solvable in
polynomial time by a uniform family of deterministic P systems with active membranes
with two polarizations and rules of types (a), (c), (e).
Proof Let A = (ai,j ) be an n × n matrix. We define N = ⌈log2 (n)⌉, and n′ = 2N <
2n is the least power of two not smaller then n. The input alphabet is Σ(n) = {hi, ji |
1 ≤ i ≤ n, 1 ≤ j ≤ n}, and the matrix A is given as a multiset w(A) containing
for every element ai,j = 1 of the matrix one symbol hi, ji. Let the output alphabet be
T = {o}, we will present a P system Π(n) giving operm(A) as the result when given
input w(A) in region iΠ(n) = 2.

Π(n) = O, T, H, E, µ, w1 , w2 , R, 1 ,
O = Σ(n) ∪ T ∪ {c} ∪ {di , ai | 0 ≤ i ≤ N n} ∪ {Di | 0 ≤ i ≤ n + 1}
∪ {hi, j, k, li | 0 ≤ i ≤ N n − 1, 0 ≤ j ≤ n − 1, 0 ≤ k ≤ N n − 1,
0 ≤ l ≤ n′ − 1},
0 0

µ = [ [ ] 2 ] 1 , H = {1, 2}, E = {0, 1},

w1 = λ, w2 = d0 .

and the rules are presented and explained below.
0

A1 [ hi, ji → hN i − 1, j − 1, N n − 1, 0i ] 2 , 1 ≤ i ≤ n, 1 ≤ j ≤ n
Preparation of the input objects: tuple representation. Informal meaning of the tuple
components is 1) number of steps remaining until row i is processed, 2) column number,
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starting from 0, 3) number of steps remaining until all rows are processed, 4) will be
used for memorizing the chosen column.
A2 [ di ] e2 → [ di+1 ] 02 [ di+1 ] 12 , 0 ≤ i ≤ N n − 1, e ∈ E
Division of the elementary membrane for N n times.
e

A3 [ hi, j, k, li → hi − 1, j, k − 1, 2l + ei ] 2 ,
0 ≤ i ≤ N n − 1, i is not divisible by N ,
0 ≤ j ≤ n − 1, 1 ≤ k ≤ N n − 1, 0 ≤ l ≤ (n − 1 − e)/2, e ∈ E
For i times, during N − 1 steps input objects corresponding to row i memorize the
polarization history. The binary representation of the chosen column for the current row
corresponds to the history of membrane polarizations during N steps.
e

A4 [ hi, j, k, li → λ ] 2 ,
0 ≤ i ≤ N n − 1, 0 ≤ j ≤ n − 1, 1 ≤ k ≤ N n − 1,
(n − 1 − e)/2 ≤ l ≤ n′ /2 − 1, e ∈ E
Erase all input objects if the chosen column is invalid, i.e., its number exceeds n − 1.
e

A5 [ hi, j, k, li → hi − 1, j, k − 1, 0i ] 2 ,
1 ≤ i ≤ N n − 1, 0 ≤ j ≤ n − 1, j 6= 2l + e,
0 ≤ k ≤ N n − 1, 0 ≤ l ≤ (n − 1 − e)/2, e ∈ E
If element’s row is not reached and element’s column is not chosen, proceed to the next
row.
e

A6 [ hi, j, k, li → λ ] 2 ,
1 ≤ i ≤ N n − 1, 0 ≤ j ≤ n − 1, j = 2l + e,
0 ≤ k ≤ N n − 1, 0 ≤ l ≤ (n − 1 − e)/2, e ∈ E
Erase the chosen column, except the chosen element.
e

A7 [ h0, j, k, li → λ ] 2 ,
0 ≤ j ≤ n − 1, j 6= 2l + e,
0 ≤ k ≤ N n − 1, 0 ≤ l ≤ (n − 1 − e)/2, e ∈ E
Erase the chosen row, except the chosen element.
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e

A8 [ h0, j, k, li → ak−1 ] 2 ,
0 ≤ j ≤ n − 1, j = 2l + e,
0 ≤ k ≤ N n − 1, 0 ≤ l ≤ (n − 1 − e)/2, e ∈ E
If chosen element is present (i.e., it has value 1 and its column has not been chosen
before), produce object ak−1 .
A9 [ ak → ak−1 ] e2 , 1 ≤ k ≤ N n − 1, e ∈ E
Objects ak wait until all rows are processed. Then a membrane represents a solution if
n copies of a0 are present.
e

B1 [ dN n → D1−e cn+e ] 2 , e ∈ E
If polarization is 0, produce n copies of object c and a counter D1 . Otherwise, produce
one extra copy of c and set the counter to D0 ; this will reduce to the previous case in
one extra step.
1

0

B2 [ c ] 2 → [ ] 2 c
B3 [ a0 ] 02 → [ ] 12 a0
1

B4 [ Di → Di+1 ] 2 , 0 ≤ i ≤ n
Each object a0 changes polarization to 1, the counter Di counts this, and then object c
resets the polarization to 0.
B5 [ Dn+1 ] 12 → [ ] 02 o
If there are n chosen elements with value 1, send one object o out.
The system is deterministic. Indeed, for any polarization and any object (other than di ,
i < N n, c, a0 or Dn+1 ), there exist at most one rule of type (a) and no other associated
rules. As for the objects in parentheses above, they have no rules of type (a) associated
with them and they cause a well-observed deterministic behavior of the system: division
rules are applied during the first N n steps; then, depending on the polarization, symbols
a0 or c are sent out; finally, wherever Dn+1 is produced, it is sent out.
The system computes the permanent of a matrix in at most n(2 + N ) + 1 = O(n log n)
steps. Indeed, first N n steps correspond to membrane divisions corresponding to finding all permutations of Sn , see Definition 5, while the following steps correspond to
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counting the number of non-zero entries of the matrix associated to these permutations
(there are at most 2n + 1 of them since the system counts to at most n and each count
takes two steps; one extra step may be needed for a techinical reasons: to reset to 0 the
polarization of membranes that had polarization 1 after the first N n steps).
2
It should be noted that requirement that the output region is the environment (typically
done for decisional problem solutions) has been dropped. This makes it possible to
give non-polynomial answers to the permanent problem (which is a number between 0
and n!) in polynomial number of steps without having to recall from [2] rules sending
objects out that work in parallel.

4

Discussion

In this paper we presented a solution to the problem of computing a permanent of a
binary matrix by P systems with active membranes, namely with two polarizations and
rules of object evolution, sending objects out and membrane division. This problem
is known to be #P-Complete. The solution has been preceded by the framework that
generalizes decisional problems to computing functions: now the answer is much more
than one bit. This result suggests that P systems with active membranes without non–
elementary membrane division still compute more than decisions of the problems in
NP.
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We consider the problem of synchronizing the activity of all membranes of a
P system. After pointing at the connection with a similar problem dealt with
in the field of cellular automata where the problem is called the firing squad
synchronization problem, F SSP for short, we provide two algorithms to solve
this problem. One algorithm is non-deterministic and works in 2h + 3, the other
is deterministic and works in 3h + 3, where h is the height of the tree describing
the membrane structure.

1

Introduction

The synchronization problem can be formulated in general terms with a wide scope of
application. We consider a system constituted of explicitly identified elements and we
require that starting from an initial configuration where one element is distinguished,
after a finite time, all the elements which constitute the system reach a common feature,
which we call state, all at the same time and the state was never reached before by any
element.
This problem is well known for cellular automata, where it was intensively studied
under the name of the firing squad synchronization problem (FSSP): a line of soldiers
have to fire at the same time after the appropriate order of a general which stands at
one end of the line, see [2, 5, 4, 9–11]. The first solution of the problem was found by
Goto, see [2]. It works on any cellular automaton on the line with n cells in the minimal
time, 2n−2 steps, and requiring several thousands of states. A bit later, Minsky found
his famous solution which works in 3n, see [5] with a much smaller number of states,
13 states. Then, a race to find a cellular automaton with the smallest number of states
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which synchronizes in 3n started. See the above papers for references and for the best
results and for generalizations to the planar case, see [9] for results and references.
The synchronization problem appears in many different contexts, in particular in biology. As P systems model the work of a living cell constituted of many micro-organisms,
represented by its membranes, it is a natural question to raise the same issue in this
context. Take as an example the meiosis phenomenon, it probably starts with a synchronizing process which initiates the division process. Many studies have been dedicated
to general synchronization principles occurring during the cell cycle; although some
results are still controversial, it is widely recognised that these aspects might lead to
an understanding of general biological principles used to study the normal cell cycle,
see [8].
We may translate FSSP in P systems terms as follows. Starting from the initial configuration where all membranes, except the root, contain same objects the system must reach
a configuration where all membranes contain a distinguished symbol, F . Moreover, this
symbol must appear in all membranes only during at the synchronization time.
The synchronization problem as defined above was studied in [1] for two classes of
P systems: transitional P systems and P systems with priorities and polarizations. In
the first case, a non-deterministic solution to FSSP was presented and for the second
case a deterministic solution was found. These solutions need a time 3h and 4n + 2h
respectively, where n is the number of membranes of a P system and h is the depth of
the membrane tree.
In this article we significantly improve the previous results in the non-deterministic case.
In the deterministic case, another type of P system was considered and this permitted to
improve the parameters. The new algorithms synchronize the corresponding P systems
in 2h + 3 and 3h + 3 respectively.

2

Definitions

In the following we briefly recall the basic notions concerning P systems. For more
details we refer the reader to [6] and [12].
A transitional P system of degree n is a construct
Π = (O, µ, w1 , . . . , wn , R1 , . . . , Rn , i0 ),
where:
1. O is a finite alphabet of symbols called objects,
2. µ is a membrane structure consisting of n membranes labelled in a one-to-one
manner by 1, 2, . . . , n (the outermost membrane is called the skin membrane),
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3. wi ∈ O∗ , for each 1 ≤ i ≤ n is a multiset of objects associated with the region i
(delimited by membrane i),
4. for each 1 ≤ i ≤ n, Ri is a finite set of rules associated with the region i which
have the following form u → v1 , tar1 ; v2 , tar2 ; . . . ; vm , tarm , where u ∈ O+ ,
vi ∈ O and tari ∈ {in, out, here, in!},
5. i0 is the label of an elementary membrane of µ that identifies the output region.
A transitional P system is defined as a computational device consisting of a set of n hierarchically nested membranes that identify n distinct regions (the membrane structure
µ) where, to each region i, a multiset of objects wi and a finite set of evolution rules Ri ,
1 ≤ i ≤ n are assigned.
An evolution rule u → v1 , tar1 ; v2 , tar2 ; . . . ; vm , tarm rewrites u by v1 , . . . , vm and
moves each vj accordingly to the target tarj . If the tarj target is here, then vj remains
in membrane i. Target here can be omitted in the notation. If the target tarj is out, then
vj is sent to the parent membrane of i. If the target tarj is in, then vj is sent to any inner
membrane of i chosen non-deterministically. If the target tarj is equal to in!, then vj is
sent to all inner membranes of i (a necessary number of copies is made).
A computation of the system is obtained by applying the rules in a non-deterministic
maximally parallel manner. Initially, each region i contains the corresponding finite
multiset wi .
A computation is successful if starting from the initial configuration it reaches a configuration where no rule can be applied. The result of a successful computation is the
natural number obtained by counting the objects that are presented in region i0 . Given a
P system Π, the set of natural numbers computed in this way by Π is denoted by N (Π).
In the sequel we shall omit i0 since it is irrelevant for FSSP.
A transitional P system with promoters and inhibitors is a construct
Π = (O, µ, w1 , . . . , wn , R1 , . . . , Rn , i0 ),
defined as in the previous definition, where the set of rules may contain rules of the form
u → v1 , tar1 ; v2 , tar2 ; . . . ; vm , tarm |P,¬Q ,
where P ∈ O is the promoter, Q ∈ O is the inhibitor, tari ∈ {in, out, here, in!},
u ∈ O+ and vi ∈ O. If P and/or Q are absent, we shall omit them. The meaning of
promoter and inhibitor (if present in a rule) is following: the rule is not applicable unless
the promoter object exists in the current membrane, while the rule is applicable unless
the inhibitor object is present in the current membrane.
As above, the target here, which can be omitted in the notation, means that the object
remains in the current membrane and the in! target sends the corresponding object to
all inner membranes at the same time, making the right number of copies.
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Each rule may be applied if and only if the corresponding membrane does contain the
object P and does not contain the object Q. A computational step is obtained by applying the rules in a non-deterministic maximally parallel manner.
In the sequel, we will use transitional P systems without a distinguished compartment
as an output, i0 , as this is not relevant for FSSP.
We translate the FSSP to P systems as follows:
Problem 1 For a class of P systems C find two multisets W, W ′ ∈ O∗ , and two sets of
rules R, R′ such that for any P system Π ∈ C of degree n ≥ 2 having
w1 = W ′ , R1 = R′ , wi = W and Ri = R for all i in {2..n}, assuming that the skin membrane
has the number 1

it holds
• If the skin membrane is not taken into account, then the initial configuration of the
system is stable (cannot evolve by itself).
• If the system halts, then all membranes contain the designated symbol F which
appears only at the last step of the computation.

3

Non-deterministic case

In this section we discuss a non-deterministic solution to the FSSP using transitional P
systems. The main idea of such a synchronization is based on the fact that if a signal is
sent from the root to a leaf then it will take at most 2h steps to reach a leaf and return
back to the root. In the meanwhile, the root may guess the value of h and propagate it
step by step down the tree. This takes also 2h steps: h to guess the root, and h to end the
propagation and synchronize. Hence, if the signal sent to the leaf, having depth d ≤ h,
returns at the same moment that the root ended the propagation, then the root guessed
the value d. Now, in order to finish the construction it is sufficient to cut off cases when
d < h.
In order to implement the above algorithm in transitional P systems we use following
steps.
• Mark leaves and nodes (nodes by S̄ and leaves by S).
• From the root, send a copy of symbol a down. Any inner node must take one a in
order to pass to state S ′ . If some node is not passed to state S ′ then when the signal
c will come inside, it will be transformed to #.
• Then end of the guess is marked by signal c. Symbols S in leaves are transformed
to S ′′′ and those in inner nodes to S ′′ .
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• In the meanwhile the height is computed with the help of C3 . If a smaller height
d ≤ h is obtained at the root node, then either the symbol C3 will arrive to the root
node and it will contain some symbols b – then the symbol # will be introduced at
the root node, or the guessed value will be d and then there will be an inner node
with S̄ or a leaf with S (because we have at most d letters a) which leads to the
introduction of # in corresponding node.
Now let us present the system in details.
Let Π = (O, µ, w1 , . . . , wn , R1 , . . . , Rn ) the P system to be synchronized, where i0 is
not mentioned as it is not relevant for the synchronization. To solve the synchronization
problem, we make the following assumptions on the objects, the membranes and the
rules. We consider that µ is an arbitrary membrane structure and
O = {S, S̄, S1 , S2 , S3 , C1 , C2 , C3 , S ′ , S ′′ , S ′′′ , a, b, c, F, #}.
We also assume that w1 = {S1 }, where w1 is the contents of the skin membrane and
that all other membranes are empty. The sets of rules, R1 , . . ., Rn are all equal and they
are described below.
Start:
S1 → S2 ; C2 ; S, in!; C1 , in

(1)

S → S̄; S, in!

(2)

Propagation of S:

Root counter (guess):
S2 → S2 ; b; a, in!
Propagate a:

Propagate c:

Decrement:

S̄a → S ′

S2 → S3 ; c, in!
a → b; a, in!

cS ′ → S ′′ ; c, in!
S ′′ b → S ′′
′′

S →F

S3 b → S3

cSa → S ′′′
S ′′′ a → S ′′′

S

′′′

→F

(3)

(4)

(5)

(6)
(7)
(8)
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Height computing:

C1 → C1 , in
C1 C2 → C3

C2 → C2 , in
C2 → #

C3 → C3 , out

Root firing:

Traps:

C3 S3 → F
cS̄ → #
aF → #

cS → #
bF → #

(9)
(10)
(11)

(12)

C3 → #
#→#

(13)
(14)

We affirm that the system Π has the desired behavior. Indeed, let us consider the functioning of this system.
Rule (1) produces objects S, C1 , C2 and S2 . Object S will propagate down the tree
structure by rule (2), leaving S̄ in all intermediate nodes and S in the leaves. Objects
C1 and C2 will be used to count the time corresponding to twice the depth d of some
elementary membrane by rules (9)-(11) (trying to guess the maximal depth). Finally,
object S2 will produce objects b in some multiplicity by rules (3).
Together with objects b, objects a are produced by the first rule from (3), and they
propagate down the tree structure by (4), one copy being subtracted at each level.
After the root finishes guessing the depth (second rule of (3)), object c propagates down
the tree structure by (5), producing objects S ′′ at intermediate nodes and objects S ′′′ at
leaves; recall that the root has object S3 . These three objects perform the countdown
(and then the corresponding nodes fire) by rules (6). As for the root, at firing by (12) it
also checks that the timing matches twice the depth of the node visited by C1 and C2 .
The rules (13)-(14) handle possible cases of behavior of the system, not leading to the
synchronization.
Now we shall present a more formal proof of the assertion above. We have the following
claims.
• We claim that the symbol C3 will appear at the root node at the time 2d + 2, d ≤ h,
where h is the height of the membrane structure and d is the depth of the leaf
visited by C1 . Indeed, by rules (9) symbols C1 and C2 , initially created by rule (1),
go down until they reach a leaf. If they do not reach the same leaf, then the symbol
# is introduced by C2 . The symbol C2 reaches the leaf (of depth d) after d + 1
steps. After that C1 and C2 are transformed to the symbol C3 (1 step) which starts
travelling up until it reaches the root node (d steps).
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• We claim that all nodes inner nodes will be marked by S̄ and the leaves will be
marked by S. Indeed, rule (2) permits to implement this behavior.
• Let d + 2, 0 ≤ d ≤ h be the moment when the root stops the guess of the tree
height (the second rule from (3) has been applied). At this moment the contents of
w1 is S3 bd and c starts to be propagated. Now consider any node x except the root.
We claim that:
If x is of depth i then symbol c will reach x at time d + i + 1 and the number of
letters a (respectively letters b) present at x if it is a leaf (respectively inner node)
is ad⊖i (respectively bd⊖(i+1) ), where ⊖ denotes the positive substraction.
The proof of this assertion may be done by induction. Initially, at step d+2, symbol
c is present in all nodes of depth 1. Let x be such a node. If x is a leaf, then it
received d copies of a. Otherwise, if x is an inner node, it must contain d ⊖ 1
letters b (d letters a reached this node and all of them except one were transformed
to b). The induction step is trivial since the letter c propagates each step down the
tree and because the number of letters a reaching a depth i is smaller by one than
the number of a reaching the depth i − 1.
• From the above assertion it is clear that all nodes at time 2d + 2 will reach the
configuration where there are no more letters b and a. Hence, all nodes, including
the root node, up to depth d will synchronize at time 2d + 3.
Now, in order to finish the proof it is sufficient to observe that if d 6= h then either there
will be a symbol S̄ in an inner node or the deepest leaf (having the depth h) will not
contain object a (because only d letters a will be propagated down). Hence, when c will
arrive at this node, it will be transformed to #.
Example 1. We present now an example and discuss the functioning of the system on
it. Consider a system Π having 7 membranes with the following membrane structure:
1
2

@
@
3

4

5

@
@
6
7

Now consider the evolution of the system Π constructed as above. We represent it in a
table format where each cell indicates the contents of the corresponding membrane at
the given time moment. Since the evolution is non-deterministic, we consider firstly the
correct evolution and after that we shall discuss unsuccessful cases.
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Step w1
w2
w3
0
S1
1 S2 C2 S
SC1
2 S2 b Sa S̄aC2
3 S2 bb Saa S ′ a
4 S2 bbb Saaa S ′ ba
5 S3 bbb Saaac S ′ bbc
6 S3 bb S ′′′ aa S ′′ bb
7 S3 b S ′′′ a S ′′ bC3
8 S3 C3 S ′′′
S ′′
9
F
F
F

w4

S
S
Sa
Saa
Saac
S ′′′ a
S ′′′
F

w5

w6

w7

S
SC1
S̄C2
S
SC1
Sa
S̄a SC1 C2
Saa S ′ a
SC3
′
Saac S bcC3 Sa
S ′′′ a S ′′ b
Sac
S ′′′
S ′′
S ′′′
F
F
F

The system will fail in the following cases:
1. Signals C1 and C2 go to different membranes.
2. Some symbol S̄ is not transformed to S ′ (or the deepest leaf does not contain a
letter a).
3. S3 appears in the root membrane after C3 appears in a leaf.
4. The branch chosen by C3 is not the longest (it has the depth d, d < h).
A possible evolution for the first unsuccessful case is represented in the table below:

Step w1
w2 w3 w4 w5 w6 w7
0
S1
1 S2 C2 S SC1
2 S2 b SaC2 S̄a S S SC1
3 S2 bb Saa# S ′ a S S S̄ SC1

A possible evolution for the second unsuccessful case is represented in the table below:
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Step w1
w2
w3
w4
w5
w6
0
S1
1 S2 C2 S
SC1
2 S2 b Sa S̄aC2 S
S
SC1
S̄aC2
3 S2 bb Saa S̄ba Sa
Sa
4 S2 bbb Saaa S̄bba Saa Saa
S ′a
5 S3 bbb Saaac S̄bbbc Saaa Saaa S ′ ab
6 S3 bb S ′′′ aa #bbb Saaac Saaac S ′ bbcC3

w7

SC1
SC1 C2
aSC3
Saa

A possible evolution for the third unsuccessful case is represented in the table below:

Step w1
0
S1
1 S2 C2
2
S2 b
3
S2 bb
4 S2 bbb
5 S2 bbbb
6 S3 bbbb
7 S3 bbb
8 S3 bbC3
9 S3 b#

w2

w3

w4

S
SC1
S̄aC2
Sa
Saa
S ′a
Saaa
S ′ ba
Saaaa S ′ bba
Saaaac S ′ bbbc
S ′′′ aaa S ′′ bbbC3
S ′′′ aa S ′′ bb
S ′′′ a
S ′′ b

S
S
Sa
Saa
Saaa
Saaac
S ′′′ aa
S ′′ a

w5

w6

w7

S
SC1
S
S̄C2
S̄a
Sa
Saa
S ′a
Saaa S ′ baC3
Saaac S ′ bbc
S ′′′ aa S ′′ bb
S ′′′ a S ′′ b

SC1
SC1 C2
aSC3
Sa
Saa
Saac
S ′′′ a

A possible evolution for the fourth unsuccessful case is represented in the table below:

Step w1
0
S1
1 S2 C2
2
S2 b
3
S2 bb
4 S2 bbb
5 S3 bbb
6 S3 bbC3
7 S3 b#

w2

w3

S
Sa
Saa
Saaa
Saaac
S ′′′ aa
S ′′′ a

SC1
S̄aC2
S ′a
S ′ ba
′
S bbcC3
S ′′ bb
S ′′ bC3

w4

w5

S
SC1
S SC1 C2
Sa SaC3
Saa Saa
Saac Saac
S ′′′ a S ′′′ a

w6 w7

S
S̄
S̄a
S ′a
S ′ bc
S ′′ b

S
S
S
Sa
Sac
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Deterministic case

Consider now the deterministic case. We take the class of P systems with promoters and
inhibitors and solve Problem 1 for this class.
The idea of the algorithm is very simple. A symbol C2 is propagated down to the leaves
and at each step, being at a inner node, it sends back a signal C. At the root a counter
starts to compute the height of the tree and it stop if and only if there are no more signals
C. It is easy to compute that the last signal C will arrive at time 2h− 1 (there are h inner
nodes, and the last signal will continue for h − 1 steps). At the same time the height is
propagated down the tree as in the non-deterministic case.
Below is the formal description of the system.
The P system Π = (O, µ, w1 , · · · , wn , R1 , · · · , Rn ) for deterministic synchronization is present below. We consider that µ is an arbitrary membrane structure. The set
of objects is O = {S1 , S2 , S3 , S4 , S, S̄, S ′ , S ′′ , S ′′′ , C1 , C2 , C, a, a′ , b, F }, the initial
contents of the skin is w1 = {S1 }, the other membranes are empty. The set of rules
R1 , . . . , Rn are identical, they are presented below.
Start:

S1 → S2 ; C2′ ; S, in!; C1 , in!

(15)

S → S̄; S, in!

(16)

Propagation of S:

Propagation of C (height computing signal):
C1 → C1 , in!
C1 C2 → ε

C2 → C; C2 , in!; C, out
C2′ → C; C2 , in!

(17)
(18)

S2 → S3

S3 → S3′ ; b; a, in! |C

(20)

S3′ → S3 |C
S3′ → S4 ; a′ , in! |¬C

(21)
(22)

a → b; a, in! |S ′

(23)

C → C, out
Root counter:

C → ε |S3
C → ε |S3′

Propagation of a:

S̄a → S ′

(19)

End propagate of a:
a′ S ′ → S ′′ ; a′ , in!

a′ Sa → S ′′′

(24)
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S ′′ b → S ′′
S ′′ → F |¬b

S ′′′ a → S ′′′
S ′′′ → F |¬a

(25)
(26)

S4 b → S4

S4 → F |¬b

(27)

Root decrement:

We now give a structural explanation of the system. Rule (15) produces four objects.
Similar to the system from the previous section, the propagation of object S by (16)
leads to marking the intermediate nodes by S̄ and the leaves by S. While objects C1 ,
C2 propagate down the tree structure and send a continuous stream of objects C up to
the root by (17)-(19), object S2 counts, producing by rules (20)-(22) an object b every
other step.
When the counting stops, there will be exactly h copies of object b in the root. Similar
to the construction from the previous section, objects a are produced together with objects b by the second rule from (20). Objects a are propagated down the structure and
decremented by one at every level by (23).
After the counting stops in the root (the last rule from (22)), object a′ is produced. It
propagates down the tree structure by (24), leading to the appearance of objects S ′′ in
the intermediate nodes and S ′′′ in the leaves. These two objects perform the countdown
and the corresponding nodes fire by (25). The root behaves in a similar way by (27).
The correctness of the construction can be argued as follows. It takes h + 1 steps for
a symbol C2 to reach all leaves. All this time, symbols C are sent up the tree. It takes
further h − 1 steps for all symbols C to reach the root node, and one more step until
symbols C disappear. Therefore, symbols b appear in the root node every odd step from
step 3 until step 2h + 1, so h copies will be made. Together with the production of bh
in the root node, this number propagates down the tree, being decremented by one at
each level. For the depth i, the number h − i is represented, during propagation, by the
multiplicity of symbols a (one additional copy of a is made) in the leaves and by the
multiplicity of symbols b in non-leaf nodes. After 2h + 2 steps, the root node starts the
propagation of the countdown (i.e., decrement of symbols a or b). For a node of depth i,
it takes i steps for the countdown signal (a′ ) to reach it, another h − i steps to eliminate
symbols a or b, so every node fires after 2h + 2 + i + (h − i) + 1 = 3h + 3 steps after
the synchronization has started.
Example 2. Consider a P system having same membrane structure as the system from
Example 1. We present below the evolution of the system in this case.
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Step w1
0
S1
1 S2 C2′
2 S3 C
3 S3′ bC
4 S3 bC
5 S3′ bbC
6 S3 bbC
7 S3′ bbb
8 S4 bbb
9 S4 bb
10 S4 b
11 S4
12
F

5

w2

w3

w4

SC1 SC1
SC1 C2 S̄C2 SC1
S̄aC SC1 C2
Sa
Sa
S ′C
S
′
Saa S aC
S
′
Saa
Sb
Sa
′
Saaa S ba
Sa
a′ Saaa a′ S ′ bb Saa
S ′′′ aa S ′′ bb a′ Saa
S ′′′ a S ′′ b S ′′′ a
S ′′′
S ′′
S ′′′
F
F
F

w5

SC1
SC1 C2
S
S
Sa
Sa
Saa
a′ Saa
S ′′′ a
S ′′′
F

w6

w7

SC1
S̄C2 SC1
S̄C SC1 C2
S̄
S
S̄a
S
′
S
S
S ′a
S
a′ S ′ b Sa
S ′ b a′ Sa
S′
S ′′′
F
F

Conclusions

In this article we presented two algorithms that synchronize two given classes of P
systems. The first one is non-deterministic and it synchronizes the class of transitional
P systems (with cooperative rules) in time 2h + 3, where h is the depth of the membrane
tree. The second algorithm is deterministic and it synchronizes the class of P systems
with promoters and inhibitors in time 3h + 3.
It is worth to note that the first algorithm has the following interesting property. After
2h steps either the system synchronizes and the object F is introduced, or an object #
will be present in some membrane. This property can be used during an implementation
in order to cut off failure cases.
The results obtained in this article rely on a rather strong target indication, in!, which
sends an object to all inner membranes. It would be interesting to investigate what happens if such target is not permitted. However, we conjecture that a synchronization
would be impossible in this case.
The study of the synchronization algorithms for different classes of P systems is important as it permits to implement different synchronization strategies which are important
for such a parallel device as P systems. In particular, with such approach it is possible to
simulate P systems with multiple global clocks by P systems with one global clock. It is
particulary interesting to investigate the synchronization problem for P systems which
cannot create new objects, for example for P systems with symport/antiport.
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We consider (tissue) P systems using noncooperative rules, but considering
computations without halting conditions. As results of a computation we take
the contents of a specified output membrane/cell in each derivation step, no
matter whether this computation will ever halt or not, eventually taking only results completely consisting of terminal objects only. The computational power
of (tissue) P systems using noncooperative rules turns out to be equivalent to
that of (E)0L systems.

1

Introduction

In contrast to the original model of P systems introduced in [5], in this paper we only
consider noncooperative rules. Moreover, as results of a computation we take the contents of a specified output membrane in each derivation step, no matter whether this
computation will ever halt or not, eventually taking only results completely consisting
of terminal objects. In every derivation step, we apply the traditional maximal parallelism. Other derivation modes could be considered, too, but, for example, applying the
sequential derivation mode would not allow us to go beyond context-free languages.
As the model defined in this paper we shall take the more general one of tissue P
systems (where the communication structure of the system is an arbitrary graph, e.g.,
see [4], [2]), which as a specific subvariant includes the original model of membrane
systems if the communication structure allows for arranging the cells in a hierarchical
tree structure.
The motivation to consider this specific variant of tissue P systems came during the
Sixth Brainstorming Week in Sevilla 2008 when discussing the ideas presented in [3]
with the authors Miguel Gutiérrez-Naranjo and Mario Pérez-Jiménez. They consider
the evolution of deterministic (tissue) P systems with simple (i.e., noncooperative) rules
and aim to find a mathematically sound representation of such systems in order to deduce their behavior and, on the other hand, to find suitable corresponding P systems
for a given mathematical system with specific behavior. Whereas in that paper only deterministic P systems are considered, which allows for a mathematical representation
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like for deterministic 0L systems, and as well real values for the coefficients assigned to
the symbols are allowed, in this paper we restrict ourselves to the non-negative integer
coefficients commonly used in traditional variants of (tissue) P systems.
We shall prove that the computational power of extended tissue P systems using noncooperative rules is equivalent to that of E0L systems when taking all results appearing in
the specified output cell consisting of terminal objects only.
The present paper is organized as follows. Section 2 briefly recalls the notations commonly used in membrane computing and the few notions of formal language theory that
will be used in the rest of the paper; in particular, we report the definition of (extended)
Lindenmayer systems. Section 3 is dedicated to the definition of tissue P systems with
noncooperative rules working in the maximally parallel derivation mode. The computational power of these classes of (extended) tissue P systems is then investigated in
Section 4 in comparison with the power of the corresponding classes of (extended)
Lindenmayer systems. Some further remarks and directions for future research are discussed in the last section.

2

Preliminaries

We here recall some basic notions concerning the notations commonly used in membrane computing (we refer to [6] for further details and to [9] for the actual state of the
art in the area of P systems) and the few notions of formal language theory we need in
the rest of the paper (see, for example, [8] and [1], as well as [7] for the mathematical
theory of L systems).
An alphabet is a finite non-empty set of abstract symbols. Given an alphabet V , by
V ∗ we denote the set of all possible strings over V , including the empty string λ.
The length of a string x ∈ V ∗ is denoted by |x| and, for each a ∈ V , |x|a denotes
the number of occurrences of the symbol a in x. A multiset over V is a mapping
M : V −→ N such that M (a) defines the multiplicity of a in the multiset M (N
denotes the set of non-negative integers). Such a multiset can be represented by a string
M(a ) M(a )
M(a )
a1 1 a2 2 . . . an n ∈ V ∗ and by all its permutations, with aj ∈ V , M (aj ) ≥ 0,
1 ≤ j ≤ n. In other words, we can say that each string x ∈ V ∗ identifies a finite
multiset over V defined by Mx = {(a, |x|a ) | a ∈ V }. Ordering the symbols in V in
a specific way, i.e., (a
 1 , . . . , an ) such that {a1 , . . . , an } = V , we get a Parikh vector |x|a1 , . . . , |x|an associated with x. The set of all multisets over V is denoted by
MV , the set of all Parikh vectors by P s (V ∗ ). In the following, we shall not distinguish
between multisets and the corresponding Parikh vectors. Given two multisets x and y,
with x, y ∈ V ∗ , we say that the multiset x includes the multiset y, or the multiset y is
included in the multiset x, and we write x ⊒ y, or y ⊑ x, if and only if |x|a ≥ |y|a , for
every a ∈ V . The union of two multisets x and y is denoted by x ⊔ y and is defined to
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be the multiset with |x ⊔ y|a = |x|a + |y|a , for every a ∈ V . For m, n ∈ N, by [m..n]
we denote the set {x ∈ N | m ≤ x ≤ n}.
An extended Lindenmayer system (an E0L system for short) is a construct G = (V, T,
P, w), where V is an alphabet, T ⊆ V is the terminal alphabet, w ∈ V ∗ is the axiom,
and P is a finite set of noncooperative rules over V of the form a → x. In a derivation
step, each symbol present in the current sentential form is rewritten using one rule arbitrarily chosen from P . The language generated by G, denoted by L(G), consists of
all the strings over T which can be generated in this way by starting from w. An E0L
system with T = V is called a 0L system. As a technical detail we have to mention that
in the theory of Lindenmayer systems usually it is required that for every symbol a from
V at least one rule a → w in P exists. If for every symbol a from V exactly one rule
a → w in P exists, then this Lindenmayer system is called deterministic, and we use
the notations DE0L and D0L systems. By E0L and 0L (DE0L and D0L) we denote
the families of languages generated by (deterministic) E0L systems and 0L systems,
respectively. It is known from [8] that CF ⊂ E0L ⊂ CS, with CF being the family
of context-free languages and CS beingthe family of context-sensitive languages, and
n
that CF and 0L are incomparable, with a2 | n ≥ 0 ∈ D0L − CF .
As the paper deals with P systems where we consider symbol objects, we will also consider E0L systems as devices that generate sets of (vectors of) non-negative integers; to
this aim, given an E0L system G, we define the set of non-negative integers generated by
G as the length set N (G) = { |x| | x ∈ L(G) } as well as P s (G) to be the set of Parikh
vectors corresponding to the strings in L (G). In the same way, the length sets and the
Parikh sets of the languages generated by context-free and context-sensitive grammars
can be defined. The corresponding families of sets of (vectors of) non-negative integers then are denoted by N X and P sX, for X ∈ {E0L, 0L, DE0L, D0L, CF, CS},
respectively.

3

Tissue P Systems With Noncooperative Rules

Now we formally introduce the notion of tissue P systems with noncooperative rules by
giving the following definition.
Definition 1 An extended tissue P system with noncooperative rules is a construct
Π = (n, V, T, R, C0 , i0 )
where
1. n is the number of cells;
2. V is a finite alphabet of symbols called objects;
3. T ⊆ V is a finite alphabet of terminal symbols (terminal objects);
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4. R is a finite set of multiset rewriting rules of the form
(a, i) → (b1 , h1 ) . . . (bk , hk )
for i ∈ [1..k] , a ∈ V as well as bj ∈ V and hj ∈ [1..n] , j ∈ [1..k];
5. C0 = (w1 , . . . , wn ), where the wi ∈ V ∗ , i ∈ [1..n], are finite multisets of objects
for each i ∈ [1..n],
6. i0 is the output cell.

A rule (a, i) → (b1 , h1 ) . . . (bk , hk ) in Ri indicates that a copy of the symbol a in cell i
is erased and instead, for all j ∈ [1..k], a copy of the symbol bj is added in cell hj .
In any configuration of the tissue P system, a copy of the symbol a in cell i is represented
by (a, i), i.e., (a, i) is an element of V × [1..n].
Π is called deterministic if in every cell for every symbol from V exactly one rule exists.
¿From the initial configuration specified by (w1 , ..., wn ), the system evolves by transitions getting from one configuration to the next one by applying a maximal set of rules
in every cell, i.e., by working in the maximally parallel derivation mode. A computation is a sequence of transitions. In contrast to the common use of P systems to generate
sets of multisets, as a result of the P system we take the contents of cell i0 , provided
it only consists of terminal objects only, at each step of any computation, no matter
whether this computation will ever stop or not, i.e., we do not take into account any
halting condition, which in the following will be denoted by using the subscript u (for
unconditional halting): the set of all multisets generated in that way by Π is denoted
by Lu (Π). If we are only interested in the number of symbols instead of the Parikh
vectors, the corresponding set of numbers generated by Π is denoted by Nu (Π).
The family of sets of multisets generated by tissue P systems with noncooperative
rules with at most n cells in the maximally parallel derivation mode is denoted by
P sEOtPn (ncoo, max, u) (u again stands for unconditional halting). Considering only
the length sets instead of the Parikh vectors of the results obtained in the output cell
during the computations of the tissue P systems, we obtain the family of sets of nonnegative integers generated by tissue P systems with noncooperative rules with at most n
cells in the maximally parallel derivation mode, denoted by N EOtPn (ncoo, max, u).
The corresponding families generated by non-extended tissue P systems – where all
symbols are terminal – are denoted by XOtPn (ncoo, max, u), X ∈ {P s, N }. For all
families generated by (extended) tissue P systems as defined before, we add the symbol
D in front of t if the underlying systems are deterministic. If the number of cells is
allowed to be arbitrarily chosen, we replace n by ∗.
3.1 A well-known example Consider the D0L system with the only rule a → aa,
i.e.,
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G = ({a} , {a} , {a → aa} , a) .
 n
As is well known, the language generated by G is a2 | n ≥ 0 and therefore N (G) =
{2n | n ≥ 0}.
The corresponding deterministic one-cell tissue P system is
Π = ({a} , {a} , {(a, 1) → (a, 1) (a, 1)} , (a)) .
Obviously, we get Lu (Π) = P s (L (G)) and N (G) = Nu (Π).
We should like to point out that in contrast to this tissue P system without imposing
halting, there exists no tissue P system with only one symbol in one cell
Π = ({a} , {a} , R, (w))
that with imposing halting is able to generate {2n | n ≥ 0}, because such systems can
generate only finite sets (singletons or the empty set):
• if w = λ, then Nu (Π) = {0};
• if R is empty, then Nu (Π) = {|w|};
• if w =
6 λ and R contains the rule a → λ, then Nu (Π) = {0}, because no computation can stop as long as the contents of the cell is not empty;
• if w 6= λ and R is not empty, but does not contain the rule a → λ, then R must
contain a rule of the form a → an for some n ≥ 1, yet this means that there exists
no halting computation, i.e., Nu (Π) is empty.

4

The Computational Power of Tissue P Systems With
Noncooperative Rules

In this section we present some results concerning the generative power of (extended)
tissue P systems with noncooperative rules; as we shall show, there is a strong correspondence between these P systems with noncooperative rules and E0L systems.
Theorem 1 For all n ≥ 1,
P sE0L = P sEOtPn (ncoo, max, u)
= P sEOtP∗ (ncoo, max, u) .
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Proof We first show that
P sE0L ⊆ P sEOtP1 (ncoo, max, u) :
Let G = (V, T, P, w) be an E0L system. Then we construct the corresponding extended
one-cell tissue P system
Π = (1, V, T, R, (w) , 1)
with
R = {(a, 1) → (b1 , 1) . . . (bk , 1) | a → b1 . . . bk ∈ P } .

Due to the maximal parallel derivation mode applied in the extended tissue P system
Π, the derivations in Π directly correspond to the derivations in G. Hence, L (Π) =
P s (L (G)).
As for all n ≥ 1, by definition we have
P sEOtP1 (ncoo, max, u) ⊆ P sEOtPn (ncoo, max, u) ,
it only remains to show that
P sEOtP∗ (ncoo, max, u) ⊆ P sE0L :
Let
Π = (n, V, T, R, (w1 , . . . , wn ) , i0 )
be an extended tissue P system. Then we first construct the E0L system
G = (V × [1..n] , T0 , P, w)
with
w = ⊔ni=1 hi (wi )

(⊔ represents the union of multisets) and

T0 = hi0 (T ) ∪ ∪j∈[1..n],j6=i0 hj (V )

where the hi : V → {(a, i) | a ∈ V }∗ are morphisms with hi (a) = (a, i) for a ∈ V
and i ∈ [1..n], as well as
P = R ∪ P′
∗

where P ′ contains the rule (a, i) → (a, i) for a ∈ V and i ∈ [1..n] if and only if R
contains no rule for (a, i) (which guarantees that in P there exists at least one rule for
every b ∈ V × [1..n]).
We now take the projection h : T0∗ → T ∗ with h ((a, i0 )) = a for all a ∈ T and
h ((a, j)) = λ for all a ∈ V and j ∈ [1..n], j 6= i0 . Due to the direct correspondence of
derivations in Π and G, respectively, we immediately obtain P s (h (L (G))) = Lu (Π).

As E0L is closed under morphisms (e.g., see [8], vol. 1, p. 266f.) and therefore Lu (Π) =
P s (L (G′ )) for some E0L system G′ , we finally obtain Lu (Π) ∈ P sE0L.
2
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As an immediate consequence of Theorem 1, we obtain the following results:
Corollary 1 For all n ≥ 1,
N E0L = N EOtPn (ncoo, max, u)
= N EOtP∗ (ncoo, max, u) .

Proof Given an E0L system G, we construct the corresponding extended tissue P system Π as above in Theorem 1; then we immediately infer N (G) = Nu (Π). On the
other hand, given an extended tissue P system Π, by the constructions elaborated in
Theorem 1, we obtain
Nu (Π) = N (G′ ) = {|x| | x ∈ h (L (G))}
and therefore Nu (Π) ∈ N E0L.

2

Corollary 2 For X ∈ {P s, N }, X0L = XOtP1 (ncoo, max, u) .
Proof This result immediately follows from the constructions elaborated in Theorem 1
with the specific restriction that for proving the inclusion
P sOtP1 (ncoo, max, u) ⊆ P s0L
we can directly work with the symbols of V from the given non-extended tissue P system Π for the 0L system G to be constructed (instead of the symbols from V × {1}) and
thus do not need the projection h to get the desired result Lu (Π) = L (G) ∈ P s0L.
Besides this important technical detail, the results of this corollary directly follow from
Theorem 1 and Corollary 1, because any non-extended system corresponds to an extended system where all symbols are terminal.
2

For tissue P systems with only one cell, the noncooperative rules can also be interpreted
as antiport rules in the following sense: an antiport rule of the form a/x in a single-cell
tissue P system means that the symbol a goes out to the environment and from there
(every symbol is assumed to be available in the environment in an unbounded number) the multiset x enters the single cell. The families of Parikh sets and length sets
generated by (extended, non-extended) one-cell tissue P systems using antiport rules of
this specific form working in the maximally parallel derivation mode are denoted by
XEOtP1 (anti1,∗ , max, u) and XOtP1 (anti1,∗ , max, u) for X ∈ {P s, N }, respectively. We then get the following corollary:
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Corollary 3 For X ∈ {P s, N },
XEOtP1 (anti1,∗ , max, u) = XE0L
and
XOtP1 (anti1,∗ , max, u) = X0L.

Proof The results immediately follow from the previous results and the fact that the
application of an antiport rule a/b1 . . . bk has exactly the same effect on the contents of
the single cell as the noncooperative evolution rule (a, 1) → (b1 , 1) . . . (bk , 1).
2

For one-cell tissue P systems, we obtain a characterization of the families generated by
the deterministic variants of these systems by the families generated by the corresponding variants of Lindenmayer systems:
Corollary 4 For X ∈ {P s, N } and Y ∈ {ncoo, anti1,∗ },
XED0L = XEDOtP1 (Y, max)
and
XD0L = XDOtP1 (Y, max) .

Proof As already mentioned in the proof of Corollary 2, the results immediately follow
from the constructions elaborated in Theorem 1 with the specific restriction that for
proving the inclusion P sEDOtP1 (ncoo, max, u) ⊆ P sED0L we can directly work
with the symbols of V from the given (extended) deterministic tissue P system Π for
the ED0L system G to be constructed (instead of the symbols from V × {1}) and thus
do not need the projection h to get the desired result L (Π) = Lu (G) ∈ P sED0L. The
remaining statements follow from these constructions in a similar way as the results
stated in Corollaries 1, 2, and 3.
2

The constructions described in the proofs of Corollary 2 and 4 cannot be extended to
(non-extended, deterministic) tissue P systems with an arbitrary number of cells, because in that case again the application of a projection h would be needed.
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Conclusions and Future Research

In this paper we have shown that the Parikh sets as well as the length sets generated by
(extended) tissue P systems with noncooperative rules (without halting) coincide with
the Parikh sets as well as the length sets generated by (extended) Lindenmayer systems.
In the future, we may also consider other variants of extracting results from computations in (extended) tissue P systems with noncooperative rules, for example, variants of
halting computations or only infinite computations, as well as other derivation modes as
the sequential or the minimally parallel derivation mode. For the extraction of results,
instead of the intersection with a terminal alphabet we may also use other criteria like
the occurrence/absence of a specific symbol.
As inspired by the ideas elaborated in [3], we may investigate in more detail the evolution/behavior of deterministic tissue P systems with noncooperative rules based on the
mathematical theory of Lindenmayer systems: as there is a one-to-one correspondence
between deterministic tissue P systems with noncooperative rules in one cell and D0L
systems, the well-known mathematical theory for D0L systems can directly be used to
describe/ investigate the behavior of the corresponding deterministic tissue P systems
with noncooperative rules.
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with Miguel Gutiérrez-Naranjo and Mario Pérez-Jiménez on the ideas presented in their
paper [3].
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Delfı́ Sanuy3 , Antoni Margalida4
1

University of Lleida, Dpt. of Mathematics,
Av. Alcalde Rovira Roure, 191. 25198 Lleida, Spain
{mcardona,colomer}@matematica.udl.es

2University of Sevilla, Dpt. of Computer Science and Artificial Intelligence,
Avda. Reina Mercedes s/n, 41012 Sevilla, Spain
marper@us.es
3

University of Lleida, Dpt. of Animal Production,
Av. Alcalde Rovira Roure, 191. 25198 Lleida, Spain
dsanuy@prodan.udl.cat
4

Bearded Vulture Study & Protection Group
Adpo. 43 E-25520 El Pont de Suert (Lleida),Spain
margalida@inf.entorno.es

The Bearded Vulture (Gypaetus barbatus) is an endangered species in Europe
that feeds almost exclusively on bone remains provided by wild and domestic
ungulates. In this paper, we present a model of an ecosystem related with the
Bearded Vulture in the Pyrenees (NE Spain), by using P systems. The evolution of six species are studied: the Bearded Vulture and other five subfamilies
of domestic and wild ungulates that provide the bones they feed on. P systems
provide a high level computational modelling framework which integrates the
structural and dynamical aspects of ecosystems in a compressive and relevant
way. P systems explicitly represent the discrete character of the components of
an ecosystem by using rewriting rules on multisets of objects which represent
individuals of the population and bones. The inherent stochasticity and uncertainty in ecosystems is captured by using probabilistic strategies. In order to
give an experimental validation of the P system designed, we have constructed
a simulator that allows us to analyse the evolution of the ecosystem under different initial conditions.

1

Introduction

Animal species are interconnected in a network in which some species depend other
ones in terms of feeding [10], [26]. Variations of different biomass affects the composition of the population structures [24]. In mountain ecosystems, with a traditional
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relationship between wild ungulates and their predators has been disrupted by the presence of domestic animals [6]. Animals located at the top of the ecological pyramid are
susceptible to their presence and number. The abandonment of dead animals on the
mountains is a major source of food for necrophagous species [15]. This is the case
of the Bearded Vulture (Gypaetus barbatus) a threatened species which feeds on bone
remains of domestic and wild ungulates.
The study of population ecology and how the species interact with the environment
[13] is one of the aspects of the conservation biology of more interest for managers
and conservationists [2]. A widespread tool used are the ecological models, which use
mathematical representations of ecological processes [21].
In this study, we design a model that studies the evolution of an ecosystem located
in the Pyrenees, taking advantage of the capacity the P Systems to work in parallel.
P systems provide a high level computational modelling framework which integrates
the structural and dynamical aspects of ecosystems in a compressive and relevant way.
P systems explicitly represent the discrete character of the components of an ecosystem by using rewriting rules on multisets of objects which represent individuals of the
population and biomass available. The inherent stochasticity and uncertainty in ecosystems is captured by using probabilistic strategies. The ecosystem included six species:
Bearded Vulture as scavenger (predator) species and the Pyrenean Chamois (Rupicapra
pyrenaica), Red Deer (Cervus elaphus), Fallow Deer (Dama dama), Roe Deer (Capreolus capreolus) and Sheep (Ovis capra) as carrion (prey) species. In order to give an
experimental validation of the P system, designed we have constructed a simulator that
allows us to analyse the evolution of the ecosystem under different initial conditions.
The Bearded Vulture is an endangered species and so there are many projects that study
its behaviour and how it is affected by its environment. Thanks to these studies there is
a large amount of information available which is required to define the P System and to
validate the results obtained.
The paper is structured as follows. In the next section, basic concepts of the ecosystem
to be modelled are introduced. The most outstanding aspects of each species are detailed
as well as the interactions among them. In Section 3, a dynamical probabilistic P system
to describe the ecosystem is presented. In order to study the dynamics of the ecosystem,
a simulator of that probabilistic P system is designed in Section 4. The following section
is devoted to the analysis of the results produced by the simulator. Finally, conclusions
are presented in the last section.

2

Modelling the Ecosystem

The ecosystem to be modelled is located in the Catalan Pyrenees, in the Northeast of
Spain. This area contains a total of 35 breeding territories that constitutes 34.3% of the
Bearded Vulture Spanish population in 2007 (n = 102). See Figure 1 [15].
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Fig. 2.1 Regional distribution of the Bearded Vulture in the Catalan Pyrenees (NE Spain).
Fig. 1. Regional distribution of the Bearded Vulture in the Catalan Pyrenees

The ecosystem to be modelled is composed of six species: the Bearded Vulture (predator
species) and the Pyrenean Chamois, Red Deer, Fallow Deer, Roe Deer, and Sheep (prey
species). Prey species belong to the bovid family, they are herbivores and their bone
remains form the basic source of nourishment for the Bearded Vulture in the Pyrenees.
The Bearded Vulture is a cliff-nesting and territorial large scavenger distributed in
mountains ranges in Eurasia and Africa. This is one of the rarest raptors in Europe (150
breeding pairs in 2007). This species has a mean lifespan in wild birds of 21.4 years [4].
The mean age of first breeding is 8.1 years, whereas the mean age of first successful
breeding was 11.4 years [1]. Egg-laying take places during December-February and after 52-54 days of incubation and around 120 days of chick-rearing, the chick abandons
the nest between June-August [19]. Clutch size in this species is usually of two eggs,
but only one chick survives as a consequence of sibling aggression [18]. The female’s
annual fertility rate in Catalonia during the last five years is estimated around 38%.
The Bearded Vulture is the only vertebrate that feeds almost exclusively on bone remains. Its main food source is bone remains of dead small and medium-sized animals.
In the Pyrenees, the remains of Pyrenean Chamois, Red Deer, Fallow Deer, Roe Deer,
and Sheep form 67% of the vulture’s food resources, and the rest 33% includes the remains of small size mammals (e.g., dogs, cats), large mammals (cows, horses), medium
size mammals (e.g., wild boars) and birds [15]. A pair of Bearded Vultures needs an
average 341 Kg of bones per year [17], [16].
In the first year, Bearded Vultures remain in the territory where they were born. During
the dispersal period (from fledgling until the bird become territorial at 6–7 years), nonadult Bearded Vultures cover large distances surveying different areas. For example,
the averaged surface covered by four youngs monitored after fledging was 4932 km2
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(range 950-10294 km2 , [23]). Breeding birds are territorial and the approximate home
ranges obtained for eight pairs studied varied between 250 km2 and 650 km2 . The
average annual growth in the population of the Bearded Vultures in the Pyrenees has
been estimated in 4-5%. The floating population principally remains in feeding stations
situated in the central Pyrenees (Aragon).
The natural behaviour of the five bovid species is similar because they are all herbivores
and they all reach the size of the adult animal when they are one year old. In general,
they arrive at the sexual maturity within two years from birth. Pyrenean Chamois and
the Red Deer have a longer life expectancy than Fallow Deer and Roe Deer (for a review
of population parameters see [7], [8], [3], [9] and [20]. The natural mortality rates are
similar in all five species, in the first year of life it is calculated to be 50% and 6% during
there maining years. In spite of the great degree of similarity between these five species,
there are differences between them, some are of natural origin and other are induced by
human action. It is essential to bear them in mind in order to define a P system that can
simulate the ecosystem in a reliable way.
Red Deer are appreciated very much by hunters, not for their meat but as a trophy and
so only the males are hunted. This causes the natural evolution of the population to be
modified. The hunter only takes the head as a trophy leaving the animal’s body on the
field, and so the carcass is eaten by other species and the bones may then be eaten by
the Bearded Vulture.
Fallow Deer and Roe Deer live in areas that are difficult to reach and for this reason, the
Bearded Vulture cannot take advantage of the bones of all of the dead animals.
As sheep [25] are domestic animals, humans exert a high level of control over their
populations. The size and growth of the sheep population is limited by the owners of
the flocks. The natural average life expectancy of sheep is longer that their actual life
expectancy in the field because when its fertility rate decreases at the age of eight, they
are taken out of the habitat. Most of the lambs are sold to market and so they are taken
out of the habitat in the first year of life. Only 20%–30% of the lambs, mostly females,
are left in the field and these are used to replace sheep that have died naturally and the
old ones that have been removed from the flock. The number of animals in the Catalan
Pyrenees the years 1994 and 2008 it is shown in Table 6.1 (see Appendix).
In this study, the feeding of the Bearded Vulture is dependent on the evolution of the P
System. However the P System does not consider that the availability of food limits the
feeding of the herbivorous, and so the growth of the vegetation is not modelled.
Taking all this background information into consideration, the following data was required for each species:
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• I1 : age at which adult size is reached. Age at which the animal eats like the adult
animal does. Moreover, at this age it will have surpassed the critical early phase
during which the mortality rate is high;
• I2 : age at which it start to be fertile;

• I3 : age at which it stops being fertile;
• I4 : average life expectancy;

• I5 : fertility ratio (number of descendants by fertile female);

• I6 : mortality ratio in first years (age < I1 );

• I7 : mortality ratio in adult animals (age ≥ I1 );
• I8 : percentage of females in the population.

The required information about each species is shown in Table 6.2 (see Appendix).
When an animal dies, the weight of bones which it leaves is around 20% of its total
weight. Table 6.3 (see Appendix) shows the average weight of each animal as well as
the weight of bones they leave. In the case of Fallow Deer and Roe Deer, the value of
the weight of bones is then be multiplied by 0,2 (20%) which is the proportion of bones
the Bearded Vulture may profit from.
In the P system, it is only considered the Bearded Vulture older than 8, because the
younger ones are floating birds. There are seven feeding stations in Catalonia which
provide around 10500 kg of bone remains annually. These artificial feeding sites have
not been considered in the study and most of the floating birds feeds at them.

3

A P System Based Model of the Ecosystem

Membrane computing is a branch of Natural Computing that was initiated at the end of
1998 by Gh. Păun (by a paper circulated at that time on web and published in 2000 [22]).
Since then it has received important attention from the scientific community. Details can
be found at the web page http://ppage.psystems.eu/, maintained in Vienna
under the auspices of the European Molecular Computing Consortium, EMCC.
In short, one abstracts computing models from the structure and the functioning of living
cells, as well as from the organization of cell in tissues, organs, and other higher order
structures. The main components of such a model are a cell-like membrane structure ,
in the compartments of which one places multisets of symbol-objects which evolve
in a synchronous maximally parallel manner according to given evolution rules, also
associated with the membranes.
The semantic of the P systems is defined as follows: a configuration of a P system
consists of a membrane structure and a family of multisets of objects associated with

100

Modelling Ecosystems using P Systems: The Bearded Vulture, a case study

each region of the structure. At the beginning, there is a configuration called the initial
configuration of the system.
In each time unit we can transform a given configuration in another one by applying
the evolution rules to the objects placed inside the regions of the configurations, in
a non–deterministic, and maximally parallel manner (the rules are chosen in a non–
deterministic way, and in each region all objects that can evolve must do it). In this way,
we get transitions from one configuration of the system to the next one.
A computation of the system is a (finite or infinite) sequence of configurations such
that each ones is obtained from the previous one by a transition, and shows how the
system is evolving. A computation which reaches a configuration where no more rules
can be applied to the existing objects, is called a halting computation. The result of a
halting computation is usually encoded by the multiset associated with a specific output
membrane (or the environment) in the final configuration.
In this section, we present a model of the ecosystem described in Section 2 by means
of probabilistic P systems. We will study the behaviour of this ecosystem under diverse
initial conditions.
First, we define the P systems based framework (probabilistic P systems), where additional features such as two electrical charges which describe specific properties in a
better way, are used.
Definition 1 A probabilistic P system of degree n is a tuple
Π = (Γ, µ, M1 , . . . , Mn , R, {cr }r∈R )
where:
• Γ is the alphabet (finite and nonempty) of objects (the working alphabet);
• µ is a membrane structure, consisting of n membranes, labeled 1, 2, . . . , n. The
skin membrane is labeled by 0. We also associate electrical charges with membranes from the set {0, +}, neutral and positive;
• M1 , . . . , Mn are strings over Γ, describing the multisets of objects initially placed
in the n regions of µ;
• R is a finite set of evolution rules. An evolution rule associated with the membrane
cr
u′ [ v ′ ]i , where u, v, u′ , v ′ are a multiset
labelled by i is of the form r : u[ v ]i −→
over Γ and cr is a real number between 0 and 1 associated with the rule.

We assume that a global clock exists, marking the time for the whole system (for all
compartments of the system); that is, all membranes and the application of all rules are
synchronized.
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The n-tuple of multisets of objects present at any moment in the n regions of the system
constitutes the configuration of the system at that moment. The tuple (M1 , . . . , Mn ) is
the initial configuration of the system.
The P system can pass from one configuration to another one by using the rules from R
as follows: at each transition step, the rules to be applied are selected according to the
probabilities assigned to them, and all applicable rules are simultaneously applied and
all occurrences of the left–hand side of the rules are consumed, as usual.
3.1 The model Our model consists in the following probabilistic P system of degree
2 with two electrical charges (neutral and positive):
Π = (Γ, µ, M1 , M2 , R, {cr }r∈R )
where:
• In the alphabet Γ, we represent the six species of the ecosystem (index i is associated with the species and index j is associated with their age, and the symbols
X, Y and Z represent the same animal but in different state); it also contains the
auxiliary symbols B, which represents 0.5 kgs of bones, and C, which allows to
change the polarization of membrane labelled by 2 in a specific stage.
Γ = {Xij , Yij , Zij : 1 ≤ i ≤ 7, 0 ≤ j ≤ ki,4 } ∪ { B, C}
• In the membrane structure, we represent two regions, the skin (where animals reproduce) and an inner membrane (where animals feed and die): µ = [ [ ]2 ]1
(neutral polarization will be omitted);
• In M1 and M2 , we specify the initial number of objects present in each regions
(encoding the initial population and the initial food);
q

∗ M1 = {Xijij : 1 ≤ i ≤ 7, 0 ≤ j ≤ ki,4 }, where the multiplicity qij indicates
the number of animals, of species i whose age is j that are initially present in
the ecosystem;
∗ M2 = {C B α }, where α is defined as follows:
α=⌈

21
X
j=1

q1j · 1.10 · 682⌉

Value α represents an external contribution of food which is added during the
first year of study so that the Bearded Vulture survives. In the formula, q1j
represents the number of j years of age Bearded Vultures, constant 1.10 represents 10% of the population growth and constant 682 represents the amount
of food needed per year for a Bearded Vulture pair to survive.
• The set R of evolution rules consists of:
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∗ Reproduction-rules.
Adult males:
◦ r0 ≡ [Xij

(1−ki,14 )·(1−ki,16 )

−−−→

Yij ]1 , 1 ≤ i ≤ 7, ki,2 ≤ j ≤ ki,4 .

Adult females that reproduce:
◦ r1 ≡ [Xij

ki,5 ·ki,14 ·(1−ki,16 )

−−−→

Yij Yi0 ]1 , 1 ≤ i ≤ 7, ki,2 ≤ j < ki,3 .

Adult females that do not reproduce:
◦ r2 ≡ [Xij

(1−ki,5 )·ki,14 ·(1−ki,16 )

−−−→

Yij ]1 , 1 ≤ i ≤ 7, ki,2 ≤ j < ki,3 .

Young animals that do not reproduce:
1−ki,16

◦ r3 ≡ [Xij −−−→ Yij ]1 , 1 ≤ i ≤ 7, 0 ≤ j < ki,2 .
∗ Growth rules.
(ki,6 +ki,9 )·ki,16
◦ r4 ≡ [Xij
−−−→ Yiki,2 Yij ]1 , 1 ≤ i ≤ 7, ki,2 ≤ j < ki,4 .
ki,6 ·ki,16

◦ r5 ≡ [Xij −−−→ Yiki,2 Yij ]1 , 1 ≤ i ≤ 7, j = ki,4 .

◦ r6 ≡ [Xij

(1−ki,6 −ki,9 )·ki,16

−−−→

Yij ]1 , 1 ≤ i ≤ 7, ki,2 ≤ j ≤ ki,4 .

∗ Young animals mortality rules.
Those which survive:
1−ki,7 −ki,8

◦ r7 ≡ Yij [ ]2 −−−→ [Zij ]2 : 1 ≤ i ≤ 7, 0 ≤ j < ki,1 .
Those which die and leaving bones:
ki,8

◦ r8 ≡ Yij [ ]2 −−−→[B ki,12 ]2 : 1 ≤ i ≤ 7, 0 ≤ j < ki,1 .
Those which die and do not leave bones:
ki,7

◦ r9 ≡ Yij [ ]2 −−−→[ ]2 : 1 ≤ i ≤ 7, 0 ≤ j < ki,1 .
∗ Adult animals mortality rules.
Those which survive:
1−ki,9 −ki,10

◦ r10 ≡ Yij [ ]2 −−−→ [Zij ]2 : 1 ≤ i ≤ 7, ki,1 ≤ j < ki,4 .
Those which die leaving bones:
ki,10

◦ r11 ≡ Yij [ ]2 −−−→[B ki,13 ]2 : 1 ≤ i ≤ 7, ki,1 ≤ j < ki,4 .
Those which die and do not leave bones:
ki,9

◦ r12 ≡ Yij [ ]2 −−−→[ ]2 : 1 ≤ i ≤ 7, ki,1 ≤ j < k1,4 .
Animals that die at an average life expectancy:
1−ki,16

◦ r13 ≡ Yij [ ]2 −−−→[B ki,11 ·ki,13 ]2 : 1 ≤ i ≤ 7, j = ki,4 .
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ki,16

◦ r14 ≡ Yij [ ]2 −−−→[Ziki,2 ]2 : 1 ≤ i ≤ 7, j = ki,4 .
∗ Feeding rules.

◦ r15 ≡ [Zij B ki,15 ]2 → Xij+1 [ ]+
2 : 1 ≤ i ≤ 7, 0 ≤ j ≤ ki,4 .

∗ Rules of mortality due to a lack of food, and the elimination of those bones
that are not eaten by the Bearded Vulture from the system.
Elimination of remaining bones:
◦ r16 ≡ [B]+
2 → [ ]2 .

◦ r17 ≡ [C]+
2 → [C]2 .
Adult animals that die because they have not enough food:
ki,11 ·ki,13
]2 : 1 ≤ i ≤ 7, ki,1 ≤ j ≤ ki,4
◦ r18 ≡ [Zij ]+
2 → [B

Young animals that die because they have not enough food:
ki,11 ·ki,12
]2 : 1 ≤ i ≤ 7, j < ki,1
◦ r19 ≡ [Zij ]+
2 → [B

The constants associated with the rules have the following meaning:
• ki,1 : age at which adult size is reached. This is the age at which the animal eats like
the adult does, and at which if the animal dies, the amount of biomass it leaves is
similar to the total one left by an adult. Moreover, at this age it will have surpassed
the critical early phase during which the mortality rate is high.
• ki,2 : age at which it starts to be fertile.

• ki,3 : age at which it stops being fertile.
• ki,4 : average life expectancy.

• ki,5 : fertility ratio (number of descendants by fertile female).

• ki,6 : population growth.

• ki,7 : mortality ratio in first years (age < ki,1 ) in which biomass in the form of
bones is not left on the field.
• ki,8 : mortality ratio in first years (age < ki,1 ) in which biomass in the form of
bones is left on the field.
• ki,9 : mortality ratio in adult animals (age ≥ ki,1 ) in which biomass in the form of
bones is not left on the field.

• ki,10 : mortality ratio in adults animals (age ≥ ki,1 ) in which biomass in the form
of bones is left on the field.
• ki,11 is equal to 1 if the animal dies at the age of ki,4 leaving biomass, and it is
equal to 0 if the animal dies at the age of ki,4 without leaving bones.
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• ki,12 : amount of bones from young animals (age < ki,1 ).
• ki,13 : amount of bones from adult animals (age ≥ ki,1 ).
• ki,14 : percentage of females in the population.

• ki,15 : amount of food necessary per year and breeding pair (1 unit is equal 0.5 kg
of bones).
• ki,16 : it is equal to 0 when the species go through a natural growth (animals which
remain in the same territory throughout their lives) and it is equal to 1 when animals
are nomadic (the Bearded Vulture moves from one place to another until it is 6–7
years old, when it settles down).
Besides, values for each species are shown in Table 6.4 (see Appendix). Most values
in that table are equal to those in Table 6.2 (see Appendix), but it is necessary to make
a remark on values k4,10 and k1,15 . Value k4,10 is obtained by adding 6% of natural
mortality to 30% of animals killed by hunters. Value k1,15 is 67% of 682 units (341 · 2)
which is the feeding the Bearded Vulture obtains from the other five species of ungulates
modellized in the ecosystem.
The P system designed implements a four–stage–running. The first one is devoted to
the reproduction of the diverse species in the ecosystem. Then, the animals mortality is
analyzed according to different criteria. The third stage analyzes the amount of food in
the ecosystem. In the last stage, the removal of animals because of a lack of food takes
place. These stages are depicted in Figure 2.
Fig. 2. Structure of the P system running

4

A Simulator

In order to study the dynamics of the species that belong to the ecosystem, we have
designed a simulator written in C + + language. This program runs on a PC.
In the simulation, the objects that encode the species and the age are represented by two
vectors which are related through the number assigned to each animal of the ecosystem.
The objects of the P system evolve in a random way; this stochasticity is implemented by
generating random numbers between 1 and 100, according to an uniform distribution.
One of the generated numbers is assigned to each animal. Then, the animal evolves
according to the assigned number and the constant probability. For example, when the
probability of surviving is 70%, the animal will die if the assigned number is higher
than 70.
The input of the program consists of the parameters of each species that are considered
in the P system and the number of animals of each species and age that are present
at time zero. The output is the number and age of animals of each species that are
present every year after completing the following processes: reproduction, mortality
and feeding.
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Fig. 3.2 Schema of the P system

In nature, an ecosystem is governed by nondeterminism, and this implies a complex
mathematical model. Nevertheless, all the processes that are carried out have an important degree of randomness. This randomness can be predicted and can be quantified at
every moment and situation of the ecosystem.
The program has been structured in four modules which correspond to each of the stages
in which the P system is implemented.
• Reproduction. The inputs are the age at which each species begins to be fertile, the
age at which it stops being fertile, the fertility rate, and the proportion of females
of the species. This module also requires the total number of existing animals and
the distribution of these animals in terms of species and ages. The output of this
module is the number and age of animals of each species.
The population growth of the Bearded Vulture is not obtained from the natural
reproduction of the animals in the ecosystem but it depends on the floating population and the environment.
The annual growth ratio has been obtained by R. Heredia [11] in a experimental
way. So that, another input of this module is the growth percentage with respect to
the total population, and the output (as in the case of animals natural reproduction)
is the number of animals at each age.
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• Mortality. The inputs are the mortality rate based on the age, the average life expectancy of each species, and finally the weight of bones left by the dead animal
which is dependent on its age. Once again, this module also requires the total
number of animals and their distribution in terms of species and ages. As with
the other modules, the output of this module is the number and age of animals of
each species when the process is completed. Another output of this module is the
amount of food that is generated in terms of the weight of bones produced that
provide the Bearded Vulture’s basic source of nourishment.
• Feeding. The inputs are the amount of food available in the ecosystem and the
annual amount of food that is necessary for the animal to survive under suitable
conditions, in other words, conditions under which the animals are not debilitated
and do not suffer the consequent effects on their capabilities. As was seen in the
previous modules, inputs are generated by the P system itself as it quantifies objects
representing the number of animals of each existing species and age. Once again,
the output of this module is the number and age of animals of each species.
• Elimination of unused leftover food and the animal mortality from insufficient
feeding. The input of this module is part of output of the feeding module. The
aim of this process is to eliminate the number of animals that were not able to find
the necessary amount of food for their survival, and also to consider the amount of
leftover food that is degraded with time and that therefore stops having a role in the
model. The animals that die due to a lack of food are transformed into bones that
can then be eaten by the Bearded Vulture. The output of this module is an amount
of food in form of bones that is available to the Bearded Vulture.
The unit of reference used in this study is the year, that is, the food consumed throughout
an annual period is given at one single point in time, and with one application of each
rule. The mortality of animals in an ecosystem is also a process that is carried out in
a continuous way, throughout the year. However, reproduction is an activity that takes
place at a specific time of the year, and moreover, it takes place at the same time for
all of the species considered in this study. It will be necessary to verify if the one year
unit of time chosen is correct or whether a shorter unit of time should be used in the
P system. It is also necessary to check the robustness of the proposed model and to do
this, it is run a second time with a modified order of application of the four processes
modules. Given independence of the four modules that form the P system, it would be
a simple exercise to run probability experiments with each module.

5

Results and Discussion

We have run our simulations using a program written in C++ language incorporating a
specification of our model. We have considered the year as unit of time, so it has been
necessary to discretize feeding and mortality variables.
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As shown in Table 6.1 (see Appendix), data about the current number of animals in
the Catalan Pyrenees do not specify the ages of animals. An age distribution has been
estimated considering the different constants that affect the animals throughout their
life. These constants are fertility rate, mortality rate and percentage of females in the
population. We have obtained two estimations, one for the year 1994 which has been
used for the experimental validation, shown in Table 6.5 (see Appendix), and another
for the year 2008 which has been used for study the robustness of the P system, shown
in Table 6.6 (see Appendix).
5.2 Robustness First, we have studied the robustness of our P system model with
respect to some parameters.
According to the design of the P system, reproduction rules have a higher priority than
mortality ones. Then, the robustness of the model regarding the change of that priority
is analyzed. For that reason, two variants of the simulator have been studied changing
the order of the corresponding modules. This fact can be implemented in the P system
by changing variable X by variable Y in the initial multiset M1 .
In both cases, the simulator was ran 10 times until it covered a period of 20 years, being
the input the number of animals in 2008.
In Figure 3, solid lines and dashes lines represent the population dynamics when the
simulator modules are applied following the orders reproduction–mortality–feeding and
mortality–feeding–reproduction, respectively. Taking into account that the P system behaviour is similar in both cases, it can be deduced that our model is robust with regard
to the properties considered.
5.3 Experimental Validation Let us suppose that we are studying a phenomenon of
which we have (enough amount of) data experimentally obtained (at laboratory, through
field–work, etc.) from some prefixed conditions. Let us suppose that we design a computational device trying to capture the most relevant facts of it, and we have a program
which allows us to run simulations. We can say the model is experimentally validated if
the results obtained with the simulator (from initial configurations corresponding to the
prefixed conditions) are in agreement with the experimental data.
Bearing in mind that Table 6.1 (see Appendix) shows those data experimentally obtained
corresponding to the years from 1994 to 2008, (being the input the number of animals in
1994) until it covered a period of 14 years. We have run our simulator 10 times, because
it supposes a reduction of 70% of the deviation.
Table 6.7 (see Appendix) and Figure 4 show the difference between the average number
of animals species obtained with the simulator compared with the censures estimate for
2008. In 2004, the Pyrenean Chamois species was affected by a disease which made the
number of animals decrease to 10000. In the third column of that table, the evolution of
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Fig. 5.3 Robustness of the ecosystem

the P system is shown without taking into account this piece of information, while in
the fourth column it has been considered.
The P system proposed can be taken as a good model to study the evolution of an
ecosystem. Variations noticed among the available data about the number of animals
of each species from 1994 to 2008 (see Table 6.1) (see Appendix), are almost of no
importance if we take into account that these data are taken from estimated census and
they are never exact. Under the same conditions as starting point, the ecosystem has
a certain behaviour pattern as it evolves, showing variations inherent to probabilistic
systems.
The very important factor of population density was not considered in the model of
the ecosystem. In this sense, as has been documented in other raptor species, density
dependence and environmental stochasticity are both potentially important processes
influencing population demography and long-term population grow [12]. For this reason why the population of some of the species such as Roe Deer, Fallow Deer and
Chamois may grow in an exponential way reaching values which cannot be obtained
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Fig. 5.4 Average number of animals

in the ecosystem. It is well–known, for example, that when a population of Red Deer
reaches a level of 15000 animals, a regulation process starts that implies a drastic decrease of the population down to 1000 individuals. So that, if these factors are not taken
into account, it may not be suitable for the study of the ecosystem dynamics in the long
term.
Neither ungulates feeding nor the population density have been taken into account. This
implies an exponential growth of ungulate species which constitute the basic source
of feeding for the Bearded Vulture. Consequently, there is a continuous growth in the
number of pairs of Bearded Vultures. According to some researches [14], the estimated
maximum number of pairs of Bearded Vultures within the area under study is about
fifty. Higher numbers of pairs would lead to competition among them and as subsequent
decrease in the population down to values which the ecosystem can accept.

6

Conclusions and Future Work

A probabilistic P System which models an ecosystem related with the Bearded Vulture,
that is located in the Catalan Pyrenees, has been presented.
By using this P System, it has been possible to study the dynamics of the ecosystem
modifying the framework in order to analyze how the ecosystem would evolve if different biological factors were modified either by nature or through human intervention.
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A simulator of the P System has been designed and the robustness of the model with
respect to the order of application of different kinds of rules, has been shown.
Since the P System does not consider levels of population density, an exponential growth
of populations of species is obtained. In a future work, this factor and other parameters
(i.e. the amount of food of the hervibores species, the climatic changes in the ecosystem,
etc.) should be considered.
In order to obtain a model which allow us to study the evolution of an ecosystem in
the long term, it is necessary to take into account certain biological factors such as the
following:
• Maximum population density for each species.
• Available feeding in the area on which the ungulates may feed.
• Amount of food daily eaten by each of the ungulate species regarding their age.
Moreover, under adequate environmental conditions, the especies has a certain behaviour so that some values of the biological parameters can be accepted. When essential environmental conditions such as temperature and rainfall are not the adequate
ones, biological constants change as a reaction to the environment. It can be accepted
a model based on Markov chains in order to model temperature and rainfall. P systems
modelling Markov chains were previously presented in [5] and they should be considered in order to improve some results.
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Appendix
Table 6.1 Number of animals in the Catalan Pyrenees

Specie
Bearded Vulture pairs
Pyrenean Chamois
Red deer
Fallow deer
Roe deer
Sheep

1994
20
9000
1000
600
1000
15000

2008
37
12000
5500
1500
10000
200000

Table 6.2 Natural constants used in the model

Species
Bearded Vulture
Pyrenean Chamois
Red Deer
Fallow Deer
Roe Deer
Sheep

I1
1
1
1
1
1
1

I2
8
2
2
2
1
2

I3
20
18
17
12
10
8

I4
21
18
17-20
12
10
8

I5
38
75
75
55
100
75

I6
6
60
34
50
58
15

I7
12
6
6
6
6
3

I8
50
55
50
75
67
96

Table 6.3 Descriptive variables used to model the ecosystem
Specie

Bearded Vulture
Chamois
Red Deer Female
Red Deer Male
Fallow Deer
Roe Deer
Sheep

Weigh

Weigh

Percentage

Average

Biomass:

Biomass:

Kg accessible

Male

Female

Female

weigh

bone adult

bone young

by B. Vulture

kg

kg

kg

kg

kg

(adult/young)

5
28
120
63
27
42

6.5
32
75
42
23
35

5.75
30
75
120
46
24
35.2

6
15
24
9
5
7

3
7.5
12
4.5
2.5
3.5

6/3
15/7.5
24/12
2/1
1/0.5
7/3.5

60
50
80
66
97

Table 6.4 Constants used in the P system based model

Specie
Bearded Vulture
Pyrenean Chamois
Red Deer Female
Red Deer Male
Fallow Deer
Roe Deer
Sheep

i
1
2
3
4
5
6
7

ki,1
1
1
1
1
1
1
1

ki,2
8
2
2
2
2
1
2

ki,3
20
18
17
12
10
8

ki,4
21
18
17
20
12
10
8

ki,5
75
75
55
100
75

ki,6
4
-

ki,7
6
0
0
0
0
0
57

ki,8
0
60
34
34
50
58
15

ki,9
12
0
0
0
0
0
0

ki,10
0
6
6
36
6
6
3

ki,11
0
1
1
1
1
1
0

ki,12
0
6
15
24
2
1
7

ki,13
0
12
30
48
4
2
14

ki,14
50
55
100
0
75
67
96

ki,15
460
-

ki,16
1
0
0
0
0
0
0

Table 6.5 Estimation of number of animals per age in 1994
Age

Bearded Vulture

Chamois

Red deer female

Red deer male

Fallow deer

Roe deer

Sheep

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

0
0
0
0
0
0
0
2
2
2
2
2
2
1
1
1
1
1
1
1
1

741
740
668
667
667
596
594
518
517
444
444
444
373
373
372
296
296
252
0
0
0

167
133
107
85
68
41
33
26
21
17
13
11
9
7
5
4
3
0
0
0
0

58
44
35
28
23
14
11
9
7
5
5
4
3
2
2
1
1
0
0
0
0

83
73
69
63
59
55
51
47
35
33
30
0
0
0
0
0
0
0
0
0
0

121
121
121
121
109
108
108
96
96
0
0
0
0
0
0
0
0
0
0
0
0

20832
20208
19601
19014
18443
17890
17353
16659
0
0
0
0
0
0
0
0
0
0
0
0
0

Table 6.6 Estimation of number of animals per age in 2008
Age

Bearded Vulture

Chamois

Red deer female

Red deer male

Fallow deer

Roe deer

Sheep

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

0
0
0
0
0
0
0
6
6
6
6
5
5
5
5
5
5
5
5
5
5

988
987
890
889
889
795
792
690
689
592
592
592
497
497
496
395
394
336
0
0
0

978
780
625
500
400
240
195
155
123
97
78
62
50
40
32
25
20
0
0
0
0

254
192
154
124
99
60
48
38
30
24
20
16
12
10
8
6
5
0
0
0
0

125
110
103
95
89
83
77
71
52
50
45
0
0
0
0
0
0
0
0
0
0

1210
1207
1207
1207
1085
1083
1083
959
959
0
0
0
0
0
0
0
0
0
0
0
0

27776
26944
26135
25352
24591
23854
23137
22212
0
0
0
0
0
0
0
0
0
0
0
0
0

Table 6.7 Number of animals produced by the simulator
Year

Bearded Vulture

Pyrenean Chamois

1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008

20
21
21
22
23
24
25
27
28
29
31
33
35
36
38

9000
9541
10023
10590
11121
11718
12366
13032
13767
14597
15488
16468
17508
18647
19866

Pyrenean Chamois

Red deer

Fallow deer

Roe Deer

Sheep

10000
10594
11133
11709
12297

1000
1115
1263
1432
1617
1834
2087
2368
2705
3067
3470
3917
4437
5004
5631

600
667
710
758
808
859
908
967
1032
1111
1202
1297
1399
1495
1602

1000
1213
1371
1568
1812
2106
2469
2906
3459
4132
4969
5883
6974
8272
9774

150000
152074
153951
156183
158571
161318
164391
167914
171940
174713
177973
181300
184790
188357
192097
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In this work the formalism of Metabolic P systems has been employed as a
basis of a new computational plugin-based framework for modeling biological networks. This software architecture supports MP systems dynamics in a
virtual laboratory, called MetaPlab. The Java implementation of the software
is outlined and a specific plugin at work is described to highlight the internal
functioning of the entire architecture.

1

Introduction

Systems biology copes with the quantitative analysis of biological systems by means of
computational and mathematical models which assist biologists in developing experiments and testing hypothesis for complex systems understanding [12, 26]. On the other
hand, new mathematical and computational techniques have been conceived to infer
coherent theories and models from the huge amount of available data.
P systems were introduced by Gh. Păun in [23] as a new computational model inspired by the structure and functioning of the living cell. This approach is rooted in
the context of formal language theory and it is essentially based on multiset rewriting
and membranes. In the P systems theory many computational universality results have
been achieved [24]. P systems seem especially apt to model biological systems, however their original mathematical setting was too abstract for expressing real biological
phenomena.
Metabolic P systems, namely MP systems, are a class of P systems proved to be significant and successful for modeling biological phenomena related to metabolism (matter
transformation, assimilation and expulsion in living organisms). They were conceived
in [19] and subsequently extended in many works [4, 5, 15–18]. MP system dynamics is
computed by a deterministic algorithm based on the mass partition principle which defines the transformation rate of object populations, according to a suitable generalization
of chemical laws. This kind of rewriting-based and bio-inspired modeling overcomes
some drawbacks of traditional Ordinary Differential Equations (ODE) allowing a new

118

MetaPlab: A Computational Framework for Metabolic P Systems

insight about biological processes, which cannot be achieved by using the “glasses” of
classical mathematics [2].
Equivalence results have been proved, in [9] and [7, 8], between MP systems and, respectively, autonomous ODE and Hybrid Functional Petri nets. The dynamics of several
biological processes has been effectively modeled by means of MP systems, among
them: the Belousov-Zhabotinsky reaction (in the Brusselator formulation) [4, 5], the
Lotka-Volterra dynamics [4, 19], the SIR (Susceptible-Infected-Recovered) epidemic
[4], the Protein Kinase C activation [5], the circadian rhythms, the mitotic cycles in
early amphibian embryos [18], a Pseudomonas quorum sensing model [1,6] and the lac
operon gene regulatory mechanism in glycolytic pathway [7]. In order to simulate MP
systems we developed a Java computational tool called MPsim [3]. The current release
of the software, available at [10], is based on the theoretical framework described above,
and it enables the graphical definition of MP models, their simulation and plotting of
dynamics curves.
Recent work aims at deducing MP models, for given metabolic processes, from a suitable macroscopic observation of their behaviors along a certain number of steps. Indeed,
the search of efficient and systematic methods to define MP systems from experimental
data is a crucial point for their use in complex systems modeling. The solution of this
reverse-engineering task is supported, into the MP systems framework, by the Log-gain
theory [14, 15] which roots in allomeric principle [27]. The main result of this theory
is the possibility of computing reaction fluxes at each step by solving a suitable linear equations system which combine stoichiometric information with other regulation
constraints (by means of a sophisticated method for squaring and making univocally
solvable the systems). This means that the knowledge of substances and parameters
at each step provides the evaluation of reaction fluxes at that step. In this way, timeseries of system states generate corresponding flux series, and from them, by standard
regression techniques, the final regulation maps are deduced. This approach turned to
be very effective in many cases and recently [20] it provided a model of a photosyntesis
phenomenon, deduced by experimental time-series.
What seems to be peculiar of Log-gain theory is the strong connection with biological
phenomena and its deep correlation with the allomeric principle, a typical concept of
systems biology. Other general standard heuristics or evolutive techniques, already employed to estimate model structures and parameters [25], could be usefully combined
with Log-gain method, in fact, the biological inspiration of this theory could add particular specificity to the wide spectrum potentiality of heuristics/evolutionary techniques
by imposing constraints able to orientate the search of required solutions.
In this work, we propose a new plugin-based architecture that transforms the software
MPsim from a simple simulator to a proper virtual laboratory which will be called
MetaPlab. It assists biologists to understand internal mechanisms of biological systems
and to forecast, in silico, their response to external stimuli, environmental condition
alterations and structural changes. The Java implementation of MetaPlab ensures the
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cross-platform portability of the software, which will be released under the GPL opensource license.
Several tools for modeling biological pathways are already available on-line. The most
of them are based on ODE, such as COPASI [11], which enables to simulate biochemical networks and to estimate ODE parameters. It is a very powerful tool but its usage requires a deep knowledge of molecular kinetics, because the involved differential
equations have an intrinsically microscopic nature. Petri nets have been employed by
Cell IllustratorT M [22], a software which graphically represents biological pathways
by graphs and computes their temporal dynamics by a specific evolution algorithm [8].
Unfortunately, this tool can be used just to simulate biological behaviors, but it does not
provide any support for the parameter estimation and the analysis of models. The new
computational framework we propose in the following, instead, is based on an extensible set of plugins, namely Java tools for solving specific tasks relevant in the framework
of MP systems, such as parameter estimation for regulative mechanisms of biological
networks, simulation, visualization, graphical and statistical curve analysis, importation
of biological networks from on-line databases, and possibly other aspects which would
result to be relevant for further investigations.
In Section 2 we introduce some basic principles of MP systems and MP graphs, and we
discuss a few biological problems which can be tackled by this modeling framework.
Section 3 describes the new plugin-based architecture for a systematic management of
these problems, and finally, a plugin for computing MP systems dynamics is presented
in Section 4 with a complete description of its functioning.

2

MP systems: model and visualization

MP systems are deterministic P systems developed to model dynamics of biological
phenomena related to metabolism. The notion of MP system we consider here generalizes the one given in [15, 18].
Definition 1. (MP system) An MP system is a discrete dynamical system specified by
a construct [14]:
M = (X, R, V, Q, Φ, ν, µ, τ, q0, δ)
where X, R, V are finite sets of cardinality n, m, k ∈ N (the natural numbers) respectively.
1. X = {x1 , x2 , . . . , xn } is a set of substances (the types of molecules);
2. R = {r1 , r2 , . . . , rm } is a set of reactions over X. A reaction r is represented in
the arrow notation by a rewriting rule αr → βr with αr , βr strings over X. The
stoichiometric matrix A stores reactions stoichiometry, that is, A = (Ax,r | x ∈
X, r ∈ R) where Ax,r = |βr |x − |αr |x , and |γ|x is the number of occurrences of
the symbol x in the string γ;
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3. V = {v1 , v2 , . . . , vk } is a set of parameters (such as pressure, temperature, volume, pH, ...) equipped with a set {hv : N → R | v ∈ V } of parameter evolution
functions, where, for any i ∈ N, hv (i) ∈ R (the real numbers) is the value of
parameter v at the step i;
4. Q is the set of states, seen as functions q : X ∪ V → R from substances and
parameters to real numbers. A general state q can be identified as the vector
q = (q(x1 ), . . . , q(xn ), q(v1 ), . . . , q(vk )) of the values which q associates to the
elements of X ∪ V . We denote by q|X the restriction of q to the substances, and by
q|V its restriction to the parameters;
5. Φ = {ϕr : Q → R | r ∈ R} is a set of flux regulation maps, where for any q ∈ Q,
ϕr (q) states the amount (moles) which is consumed/produced, in the state q, for
every occurrence of a reactant/product of r. We define U (q) = (ϕr (q) | r ∈ R)
the flux vector at state q;
6. ν is a natural number which specifies the number of molecules of a (conventional)
mole of M , as its population unit;
7. µ is a function which assigns to each x ∈ X, the mass µ(x) of a mole of x (with
respect to some measure unit);
8. τ is the temporal interval between two consecutive observation steps;
9. q0 ∈ Q is the initial state;
10. δ : N → Q is the dynamics of the system. It can be identified as the vector δ =
(δ(0), δ(1), δ(2), . . .), where δ(0) = q0 , and δ(i) = (δ(i)|X , δ(i)|V ) is computed
by the following autonomous first order difference equations:
δ(i + 1)|X = A × U (δ(i)) + δ(i)|X
δ(i + 1)|V = (hv (i + 1) | v ∈ V )

(28)
(29)

where A is the stoichiometric matrix of R over X, of dimension n × m, while ×,
+ are the usual matrix product and vector sum. We introduce the symbol δ<i to
identify the finite vector (δ(0), δ(1), . . . , δ(i)).
MP graphs, introduced in [18], are a natural representation of MP systems modeling
biochemical reactions as bipartite graphs with two levels, in which the first level describes the stoichiometry of reactions, while the second level expresses the regulation,
which tunes the flux of every reaction (i.e., the quantity of chemicals transformed at
each step) depending on the state of the system (see for example Figure 2.1).
Given a metabolic process, some elements of a related MP system can be generally
defined from a macroscopic observation of the system, while other elements should be
computed by means of suitable mathematical techniques. For instance, if we deduce by
experimental observations the set of substances (X, item 1 of Definition 1), the chemophysical parameters (V , item 3) and the reactions (R, item 2) involved in the biological
process, and if we know the mathematical laws which regulate these reactions (Φ, item
5), then the system dynamics (δ, item 10) can be computed by the equations (28) and
(29).
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The dynamics computation task, just defined, is only one of several biologically inspired mathematical problems which can be tackled by MP systems. Table 2.1 collects
a few of these tasks focusing on the known and the unknown elements of the related MP
system. The second problem we propose is the flux discovery, which entails the computation of flux time-series U (δ(0)), . . . , U (δ(i − 1)) that yield an observed dynamics δ<i
of substances and parameters. A mathematical theory for solving this problem, called
Log-gain theory, has been proposed in [14, 15], and some computational tools based
on it are currently under construction. A third task is related to regulation discovery. It
is a regression problem which aims at computing functions Φ which better interpolate
a (known) flux time-series U (δ(0)), . . . , U (δ(i)). They could be calculated by traditional regression methods [20] as well as by evolutionary computing techniques, such
as genetic programming [13] and neural networks [21].
Problem

Known elements

Unknown elements

Dynamics computation

X, R, V, Φ, q0

δ

X, R, V, U (δ(0)), δ<i

U (δ(1)), . . . , U (δ(i − 1))

R, U (δ(0)), . . . , U (δ(i)), δ<i

Φ

X, R, V, δ<i

Statistical params, etc.

Fluxes discovery
Regulation discovery
Dynamics analysis

Table 2.1 Some biologically inspired problems which can be tackled within the MP systems
framework. Unknown elements should be computed from known elements by means of suitable
mathematical techniques and computational tools.

The last problem listed in Table 2.1 concerns the dynamics analysis, a data-mining task
which involves the discovery of new biological information from observed dynamics. It
is related to the discovery of statistical parameters (e.g., dynamics and flux correlations),
the clustering of observed time-series to detect the main actors of a biological system,
and the analysis of the dynamical behaviors occurring from different (environmental
and structural) conditions.
Of course, it could be very useful to systematically attack these and further bio-inspired
problems by means of a set of computational tools suitably developed to satisfy biologists’ needs. The software architecture proposed in the next section answers this request
by supporting an extendable set of plugins, each dedicated to a specific task.
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Fig. 2.1 An MP graph visualized by a graphical user interface of MetaPlab. Frame labels point
out MP system elements in the MP graph representation. Substances, reactions and parameters
describe the system stoichiometry, while fluxes express the system regulation.

3

A new plugin-based framework for processing MP systems

Here, we propose a computational structure which enables MetaPlab to systematically
tackle the problems introduced in Table 2.1. Figure 3.2 depicts this framework, which
involves four main layers: the first deals with the model definition and visualization by
MP graphs, the second is dedicated to the representation and storing of MP systems by
a suitable data structure called MP store, the third concerns with the processing of these
data by means of computational units called MP plugins, and finally, the fourth arranges
a set of vistas which support the MP systems analysis.
MetaPlab employs this framework to extend the functionalities and to improve the performances of MPsim 3, which only coped with the MP systems simulation. The new
extendable data processing layer, described below, turns MetaPlab to be a proper “virtual laboratory” wherein MP plugins act as virtual tools for processing MP systems. In
the following we show some implementation details of the new software architecture
depicted in Figure 3.2. A technical description of the whole architecture will be published soon in the MetaPlab User Guide [28].
MP graphs. The leftmost layer of Figure 3.2 contains the MetaPlab input GUI, also
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Fig. 3.2 The MetaPlab framework.

depicted in Figure 2.1. It is an easy-to-use graphical user interface which takes MP systems as inputs and visualizes them by means of MP graphs. The user drags MP graph
elements from the right toolbar of Figure 2.1 to the central white panel. He or she specifies their internal parameters by filling in suitable fields, and connects the nodes by
drawing arcs between them. Importation of observed time-series related to substances,
parameters and fluxes dynamics is supported and a “network-oriented” visualization of
MP system dynamics is provided by pop-up windows attached to each node. MP graphs
loaded by this GUI are stored into MP store objects, which are defined below.
MP store data structure. The second layer of Figure 3.2 consists of an object-oriented
data structure called MP store. It has been designed to store all the elements of an MP
system by suitable Java objects. Each substance x ∈ X is mapped to an object which
stores the substance name x, its molar weight µ(x) and the time-series of its dynamics
((δ(i))(x) | i ∈ N). Each parameter v ∈ V is implemented by an object having two
main fields, the first stores the regulation function hv as a string, while the second holds
the time-series of its dynamics ((δ(i))(v) | i ∈ N) as a vector of real numbers. Flux
objects are very similar to parameters, in fact each flux stores the regulation function
ϕr of a reaction r by a string field, and the related flux time-series (ϕr (δ(i)) | i ∈ N)
by a vector. Finally, each reaction object implements a reaction rule r ∈ R by a vector
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of pointers that address the substances objects involved in r. Each pointer from a reaction r to a substance x has a related multiplicity field which stores the value Ax,r of
the stoichiometric matrix. MP store is a crucial point of the new software architecture.
Indeed, being the standard input of every plugin, it acts as a bridge between the MP
graph visualization and the data processing layer described in the following.
Data processing. The third layer of Figure 3.2 represents the core of the new architecture, in fact, it concerns with a plugin-based module coping with the MP systems
data processing. This layer is composed by i) an extendable set of Java plugins, listed
on the right of the third layer, each equipped with specific input and (auxiliary) output
GUIs, and ii) a Plugin Manager, depicted on the left of the third layer, which automatically loads MP plugins and makes them available to be launched. MP plugins are the
MetaPlab processing units. Each of them is involved in a specific computational task,
such as the dynamics computation of an MP system, the estimation of its regulation
functions, the analysis of its dynamics, or the importation of metabolic pathways from
databases. To accomplish one of these (or further) tasks, a plugin gets two possible inputs: an MP store object, which addresses the model visualized by the input GUI, and
a set of auxiliary data, coming from a plugin-specific input GUI (if the plugin provides
it). The plugin outputs may be saved into one or more MP store objects or they can be
displayed by plugin-specific output GUIs (the MP vistas described below).
A plugin can be implemented by one or more Java classes, having methods for accomplishing some basic functions, such as, to return the plugin name and its description,
to acquire the input, to perform the data processing, and to return the output. Further
Java methods manage the plugin synchronization with the rest of the application. Once
all the required methods have been implemented, the plugin is ready to be launched by
means of MetaPlab. In this way, the compiled (.jar) file of the plugin should be placed
into a specific folder, called plugin directory, in order to be automatically recognized
and loaded by the Plugin Manager.
Figure 3.3 depicts the Plugin Manager GUI which enables the user to choose plugins
from a list and to run them. The upper side of this window displays the available plugins. Each of them can be launched by selecting the related entry in the list and by
clicking the underlying Run button. If a plugin saves its output as an MP store data
structure, then further plugins can work on this output, getting it as an input. Whenever
a plugin computation stops, the Plugin Manager is displayed, in order to give the user
the chance to run another plugin. The lower side of the Plugin Manager is instead dedicated to deliver new plugins. In fact, due to the intrinsic open and easy structure, MP
plugins can be implemented, following a few simple rules, by whoever wants to attack
a specific modeling problem by MP systems. From this perspective, the forthcoming
on-line repositories will enable the exchange of these computational tools among the
MetaPlab users, thus encouraging their reuse. When an on-line repository is selected by
the first text field, the subsequent text box automatically shows the list of plugins which
can be downloaded from the repository. Soon, a web site dedicated to MetaPlab [28]
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will support the download of new plugins and it will provide a complete documentation
of the software.

Fig. 3.3 The MetaPlab Plugin Manager. In the upper side the user can run plugins by choosing
them from a list. The lower side allows the user to download new plugins from forthcoming
on-line repositories.

MP vistas. The fourth level concerns with other ways of representing MP structures
and MP dynamics, which can support the analysis of specific aspects of the modeling
process. Some examples of these vistas are the jointly tracing of substances and parameters curves, the plotting of phase diagrams, and the visualization of statistical indexes.
Auxiliary modules. Two further modules are displayed in the bottom of Figure 3.2:
the MP store validator and the repository manager. The first is a Java library which
assists plugin designers to check the MP store consistency. The second manages the
systematic storage and retrieval of the experiments related to a specific MP system.

4

A plugin for computing MP system dynamics

In this section we propose a plugin example to highlight the mechanisms underlying the
plugin-based framework described above. The plugin we propose is a simulator which
computes the dynamics of an MP system by applying the recurrent equations (28) and
(29) of Definition 1. We remark that the plugin is simply a rearrangement of the standalone software MPsim 3. The main difference between the stand-alone simulator and
the relative plugin version is that, the latter satisfies some structural requirements which
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allow it to be automatically loaded by the Plugin Manager, to communicate with the
MetaPlab input GUI and to exchange data with other plugins. All the details about
these simple requirements will be published in the forthcoming MetaPlab Developer
Guide [28].

Plugin functioning. At the beginning of the modeling process, we define an MP system by dragging substance, parameter and reaction nodes from the right toolbar of the
input GUI (Figure 2.1). Then, we draw stoichiometric arcs, and we state both regulation
functions and initial conditions. For example, let us imagine to define an MP graph for a
typical metabolic process, as the mitotic oscillator already simulated by the stand-alone
tool in [3].
After this input stage we open the Plugin Manager (Figure 3.3) which lists all the available plugins. We select the dynamics computation tool by choosing the related entry
from the upper list, and we click the Run button, in order to start the plugin. The graphical user interface depicted on the left side of Figure 4.4 appears on the screen. By this
window we state the number of steps to perform and then, we launch the dynamics computation process by the start button. When the process finishes, the substance, parameter
and flux time-series, computed by the plugin, are automatically saved by an MP store
which updates the MP graph displayed by the input GUI. Furthermore, the dynamics is
plotted by the plugin output interface, depicted on the right of Figure 4.4, which shows
the typical mitotic oscillations.
We finally remark that the just computed dynamics can be processed again by further
plugins, as in a pipeline, because MP store objects preserve the format compatibility
among all these tools. From this perspective MetaPlab widely increases the computational power of MPsim.

Fig. 4.4 On the left: The input graphical user interface of the dynamics computation plugin. On
the right: the output graphical user interface of the dynamics computation plugin.
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Conclusions and future works

This work has shown that several problems related to the modeling of biological networks can be systematically tackled by means of a set of computational tools integrated
in a virtual laboratory, based on the MP systems theory.
The power of this laboratory tightly depends on the flexibility of the plugins architecture
and will increase as much as we collect new plugins enriching the basic functionalities
of our system. For example, at present we are almost ready to add a new plugin, based
on the Log-gain theory [14], which compute the fluxes of a given MP system, deduced
by a temporal series of observed states. We plan also to develop other plugins based
on traditional regression techniques, neural networks and genetic programming, for obtaining flux maps from fluxes.
Other important functionalities of our virtual laboratory will be topics of further extensions. In particular we want to mention: i) plugins which compute suitable statistic
coefficients and analyze the system stability when biological parameters change, ii)
plugins dedicated to the network importation from the main on-line databases (by the
SBML standard), iii) plugins able to map MP systems to other formalisms, such as ODE
or Petri Nets, and to visualize MP models by means of alternative vistas.
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This paper presents a bio inspired membrane computing simulation for an endto-end, secure mobile ad hoc network (MANET). Mobile ad hoc nodes remain
autonomous and organize themselves in an overall community of network devices to perform coordinated activities. Membrane computing or P systems, as
distributed and parallel computational models, are developed as an abstract biological metaphor for mobile ad hoc network nodes. Mobile ad hoc membrane
networks are modeled using a transitional P system simulation, with migration
components and a guardian membrane that regulates interactions between the
trusted network component and the unknown external environment.

1

Introduction

P systems belong to the class of theoretical natural computing models inspired from
the way the live cells process chemical compounds, energy and information. They are
highly parallel and based on the notion of a membrane structure [12]. Such a structure consists of several cell-like membranes recurrently placed inside a unique skin
membrane. The regions delimited by a membrane structure are placed in multisets of
objects, which evolve according to evolution rules associated with the regions. These
objects placed in the regions delimited by the membranes, can be transformed into
other objects and can pass through a membrane. The goal of this research was to investigate the feasibility of applying P system models as a framework to address an NP
complete problem [10, 12], that of securing mobile ad hoc networks. Two basic classes
of P systems, with symbol-objects and string-objects [8] were considered. Additionally P system models were developed based upon ambient mobile calculus for securing
Mobile Ad hoc Networks [2, 15, 16].
A mobile ad hoc network (MANET) typically consists of a large number, potentially
hundreds or thousands, of highly mobile data sources where users may be scattered over
a wide area with little or no fixed network support. These networks must adapt rapidly
to dynamic changes in network configurations. Mobile ad hoc networks consisting of
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a wide variety of information sources and users require the use of distributed services
and network protocols to solve the problems of mobility, weak signals and intermittent
disconnection, dynamic reconfiguration, and limited power availability. The DasWebPS
(P system) simulator was previously developed as part of the New York Nano-BioMolecular Information Technology (NYNBIT) incubator project. The DasWebPS simulator was used in the present research in order to model the transitional P systems that
would replicate membrane agent behavior in a mobile ad hoc network. Results from
the simulation were then abstracted using the Xholon [17] simulator’s P system model
for validation. The simulation was successfully completed in 10 iterations, terminating
when the mobile ad hoc node exits the trusted environment (e.g. skin membrane).

2

Methodology

Transitional P systems and deterministic P systems with active membranes [13] have
been simulated in various programming languages, and some of them have been used
to solve NP-complete problems as Hamiltonian Path Problem (HPP), SAT, Knapsack,
and partition problems. P systems with active membranes, input membrane and external
output are simulated in CLIPS, and used to solve NP complete problems [14]. A more
complex simulator written in Visual C++ for P systems with active membranes and
catalytic P systems is presented in [3]. It provides a graphical simulator, interactive definition, visualization of a defined membrane system, a scalable graphical representation
of the computation, and step-by-step observations of the membrane system behavior.
The DasWeb PS simulator allows for enhanced application level simulation and offers a
user-friendly interface to the user. In addition it allows for debugging and visualization
features and thus is a flexible P system development tool. In the DasWeb PS simulator
all membrane computing applications are tree structures which become visible in the
GUI once an application has been opened. The application tree contains three sub trees;
Controller, View, and Model. At any time while the program is running, a single click
on the parent Application node will display at the bottom of the GUI the name of the
open model and the current time step.
A comparative analysis was undertaken inspired by [15, 16] applying an expressive
ambient calculus to Membrane Computing, based on a similar structure and common
concepts as a natural extension to the research described in [8,9]. The aim was to classify
mobile network components according to their behavior, and at empowering sites with
control capabilities which allow them to deny access to those agents whose behavior
does not conform to the site’s policy as described in [5]. Every site of a system conforms
to: k[M | > P ] that consists of as an entity named k and structured in two layers: a
communications agent P, possibly accessing local resources offered by the site, and a
guardian membrane M, which regulates the interactions between the communications
agent and the external environment. An agent P wishing to enter a site l must be verified
by the guardian membrane before it is given a chance to enter site l. If the preliminary
check succeeds, the agent is allowed to execute, otherwise it is rejected. In other words,
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a membrane implements the policy each site wishes to enforce locally, by ruling on the
requests of access of the incoming agents. This can be expressed by a migration rule of
the form [6, page 2]:
k[M k | > gol.P |Q]||l[M l| > R] → k[M k | > Q]||l[M l | > P |R] if M l ⊢k P
The relevant parts here are P, the agent wishing to migrate from the original environment, Group A consisting of ambients (here k is the originating site and l being the
receiving site), needs to be satisfied that P’s behavior complies with its local policy. The
latter is expressed by l’s membrane, M l . The judgment M l ⊢k P represents l inspecting
the incoming agent to verify that it upholds M l .
Observe that in the formulation above M l ⊢k P represents a runtime check of all incoming agents. Because of the fundamental assumption of openness, such kind of checks,
undesirable as they might be, cannot be avoided. In order to reduce their impact on systems performance, and to make the runtime simulation as efficient as possible, it was
necessary to adopt a strategy which allows for efficient agent verification. The resulting
elementary notion of trust operates from the point of view that each l, the set of sites, is
consistently partitioned between “trustworthy,” “untrustworthy,” and “unknown” sites.
Then, in a situation like the one depicted in the rule above, it was assumed that l will
be willing to accept a k-certified digest T of P’s behavior from a trusted site k. It is
therefore necessary to modify the primitive rule and the judgment ⊢ k as in the refined
migration rule [6, page 3]
k[M k | > goT l.P |Q]||l[M l | > R] → k[M k | > Q]||l[M l | > P |R] if M l ⊢kT P
As discussed in [6] the difference is expressed in M l ⊢kT P . Here, l verifies the entire
node P against Ml only if it does not trust k, the signer of P’s certificate T, otherwise,
it suffices for l to match Ml against the digest T carried by the primitive “go” together
with P from k, so effectively shifting work from l to the originator of P.

3

Analysis

The novel contribution discussed in this paper is the notion of a “guardian membrane”
used to implement and enforce different types of security related policies [6]. Here the
focus was on the membrane agents’ migration from site x to site y: the main operational
mechanism is “between cells”, rather than intra-site (i.e. local or intra-cellular) communication. Using these basic operations it was possible to develop a working model
and subsequently simulate a transitional Membrane Computing model to verify the notion of policy enforced using membranes. This required a simple policy which only
lists allowed actions and then proceeded to count action occurrences and then to apply
nondeterministic Membrane Computing policies. Policies are the enforcement of rules
concerning the behavior of single agents, and do not take into account “coalitional” behaviors. Here incoming agents, assumed to be benign, join clusters of resident agents

132

Simulation of Membrane Computing for Secure Mobile Ad Hoc Networks

in order to perform cooperatively potentially harmful actions, or at least overrule the
host site’s policy. Those policies intended to be applied to the joint, composite behavior
of the agents contained at a site are referred to as local or resident. Resident policies
were explored as the final application of policy. In all the cases, the simulation adapts
smoothly; one only needs to refine the information stored in the guardian membrane
and their respective inspection mechanisms.

4

Discussion

The results reported in the analysis section reinforces the findings as reported in [1,
2] of an inherent security feature in ambient calculus, namely that the access to an
ambient is authorized using the correct ambient name. The ambient name serves as a
type of password for accessing the ambient. In the P system model considered above,
the membranes from the Group A have the same names as the ambients (eg. nodes) they
are guarding, in this way, when an agent is going to access some node, for example, the
node named n, the corresponding membrane from the group P in the P system sends
some multiset of objects to the membrane with name n. If the ambient with name n
exists, that is the corresponding membrane with the name n, then with respect to the
definition of transitional P systems operating within a dynamic network of membranes,
the multiset of objects will be delivered to the membrane with address n. Otherwise, the
action will be denied access until a membrane with name n appears.
There are several key components necessary to allow for secure mobile networking as
described in [7]. First and foremost it requires a rich policy language, expressive enough
to specify both authorization and information-flow policies as described in [4]. Together,
these policies regulate the use and propagation of information throughout the network.
During development of the Mobile Ad hoc membrane computing model, it was necessary to express constraints on allowable mobile node behaviors that can be checked
statically. Policies appearing in node certificates are verified by hosts to ensure compliance with their own local data policies. Finally, during execution of the simulation,
the policy language provides the vocabulary for authorization checks that are performed
at run time to enforce access control. The Mobile Ad hoc model is based on an open
system and enforces policy rules for specification of information-flow and authorization
policies. The secure membrane networking architecture provides features for describing
the locality of data sources and the security policies that govern them. This information
is expressed as a collection of P system rules. The secure membrane networking architecture provides three services. First, it checks the certificate accompanying a node if it
is asked to execute. This protects the host against malicious or corrupted code by ruling out potential flaws (e.g., buffer overflows, etc.) and ensures that the node complies
with the host’s local information-flow policy. This part of the security enforcement occurs before the node is allowed to enter the network. The certificate verifier is part of
the trusted networking base. Second, the membrane networking system manages digital certificates that represent proof witnesses for the authorization and checks the node
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to make certain it has been authenticated. And third, the membrane networking system
provides secure inter-host communication. When, during the course of execution, a program needs to exchange data with another node in the network, it does so through the
guardian membrane, which applies appropriate authentication and encryption to ensure
that the underlying communication channel is secure.

5

Conclusion

Mobile ad hoc networking is increasingly characterized by the global scale of applications and the ubiquity of interactions between mobile components. Among the main
features of the mobile ad hoc networking include secure information dissemination and
location awareness, whereby nodes located at specific sites acts appropriately to local
parameters and circumstances, that is, they exhibit “context-aware”; mobility, whereby
information is dispatched from site to site to increase flexibility and expressivity; openness, reflecting the nature of global networks and embodying the permeating hypothesis of localized, partial knowledge of the networking environment. Such systems present
enormous difficulties, both technical and conceptual, and are currently more at the stage
of future prospects than that of conventional networking practice. Two concerns, however, appear to clearly be of a far reaching importance: security and mobility control,
arising respectively from openness and from mobile ad hoc node and resource migrations.
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Dealing with distributed implementations of P systems, the bottleneck communication problem has arisen. When the number of membranes grows up, the
network get congested. In agreement with this, several published works have
presented an analysis for different architectures, which implement P systems in
a distributed cluster of processors, allocating several membranes in the same
processor. The purpose of these architectures is to reach a compromise between
the massively parallel character of the system and the needed evolution step
time to transit from one configuration of the system to the next one, solving the
bottleneck communication problem.
The work presented here carries out an analysis of the semantics of the P systems, in several distributed architectures. It will be solved how to restructure P
systems when dissolutions or inhibitions take place in membranes. Moreover,
it will be also determined the extra information necessary at every communication step in order to allow all objects to arrive at their targets without penalizing
the communication cost. This analysis will be performed on the base of usefulness states, which were presented in a previous work. The usefulness states
allow each membrane of the system to know the set of membranes with which
communication is possible at any time.

1

Introduction

Membrane Computing was introduced by Gh. Păun in [6], as a new branch of natural
computing, inspired on living cells. Membrane systems establish a formal framework
in which a simplified model of cells constitutes a computational device. Starting from
a basic model, Transition P systems, many different variants have been considered; and
many of them have been demostrated to be, in computational power, equivalent to the
Turing Machine. Strictly talking from an implementational point of view and considering only the simplest model (Transition P systems), there are several challenges for researchers in order to get real implementatios of such systems. Today, one of the most interesting is to solve the communications bottleneck problem when the number of membranes grows up in the system. Accordingly with this fact, several works [8], [2] and [3]
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present an analysis for distributed architectures based on allocating several membranes
in the same processor, in order to reduce the number of external communications. These
architectures allow certain degree of parallelism in application rules phase, as well as in
the communication phase in a transition step during P System execution.
On the other hand, usefulness states were defined in [5] with two main goals. First and
foremost, a usefulness state in a membrane represents the set of membranes to which
objects can be sent by rules in the current evolution step. This information is essential
to carry out a transition correctly. And second, usefulness states are used to improve
the first phase -evolution rules application inside membranes- getting useful rules in a
faster way. In [8], [2] and [3] the total time for an evolution step is computed, and what
is more important is the fact that reducing the application phase time, the system obtains
an important gain in the evolution step total time.
The goal of this paper is to fit usefulness states into communications architectures presented in [8], [2] and [3], solving the problem of membrane dissolution and membrane
inhibition, not considered in those works. Furthermore, it will also considered the required information for objects to reach their respective target membranes. This information is based on the usefulness state concept.

2

Related works

At this point, several distributed architectures for implementing Transition P systems
are described, and also the usefulness state concept is reviewed.
2.1 Communication architectures In order to face the communication problem in
P System implementations, Tejedor et al. present in [8] an architecture named ”partially
parallel evolution with partially parallel communication”. This architecture is based on
the following pillars:
1. Membrane distribution. Several membranes are placed at each processor which
will evolve, at worst, sequentially. Then, there are two kinds of communications:
• Internal communications between membranes allocated at the same processor, with negligible communication time due to the use of shared memory
techniques.
• External communications between membranes placed in different processors
2. Proxies used to communicate processors. When a membrane wants to communicate with another one allocated at a different processor, uses a proxy. Therefore,
external communications are carried out between proxies, no between membranes.
This implies that each processor has a proxy which gathers objects from all membranes allocated on it, and after that it communicates with suitable proxies.
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3. Tree topology of processors in order to minimize the total number of external communications in the system. Proxies only communicate with their parent and children proxies. Figure 2.1 shows an example of a membrane structure for a transition
P System and its distribution in an architecture with four processors.

Fig. 2.1 Membrane distribution in processors

4. Token passing in the communications to prevent from collisions and network congestion. A communication order is established through a token, and then only one
proxy tries to communicate at any moment. This token travels through a depth
search sequence in the topology of processors tree. In the architecture of figure
2.1, the order in communications would be the following: P1 to P2, P2 to P4, P4
to P2, P2 to P1, P1 to P3 and finally P3 to P1.
More recently, Bravo et al. [2] have proposed a variant of this architecture. Membranes
are placed in slave processors and a new processor is introduced acting as master. Slaves
apply rules and send to the master multisets of objects whose targets are in a different
slave. Master processor redistributes the multisets to its own slaves. This architecture
keeps the parallelization in the application phase obtained in [8], but also it seeks for
parallelizing the rule application phase in some processors with the communication
phase in others. This produces the reduction of the evolution step time in the system.
An evolution of the last architecture was proposed in [3] by Bravo et al. Now, several
master processors in a hierarchical way are used. This fact allows the parallelization of
external communication and drastically increases the parallelization of application rules
and external communication phases. As result, a better evolution step time in the system
is obtained.
2.2 Uselfulness states. The usefulness state concept at membranes of a P System
is introduced in [5]. This state allows to any membrane to know the set of children
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membranes to communicate with (membrane context). This information is necessary to
determine the set of rules to be applied in a evolution step, and it changes dynamically
when membranes are dissolved or inhibited in the P System.
The set of usefulness states for a membrane j in a Transition P System can be obtained statically, that is, at analysis time, as we can see in [5]. One usefulness state in
a membrane represents a valid context for that membrane, that is, a context that can be
reached after an evolution step. As membrane context can change dynamically, transitions among states are also defined in [5].
From a given usefulness state can be obtained the set of useful rules. A rule is useful
in an evolution step if all its targets are adjacent, not dissolved and not inhibited, then
communication is feasible.
Figure 2.2 represents our example of P System. In this case, only rules associated to
membrane 3 are detailed. Symbol δ in membranes 6, 9, 10 and 11 represents the possibility of these membranes to be dissolved by the application of some rules inside them.
The symbol τ represents the possibility of inhibiting for membranes 6, 7 and 11 by the
same cause. Usefulness states for membrane 3 are depicted in table 2.1, together with
their contexts and useful rules associated.

Fig. 2.2 Dissolving and inhibiting capabilities in membranes

Tables defining transition among states are also defined at analysis time. Suitable transitions take place when a child membrane of the current context changes its permeability.
In such a way that, during system execution, membranes will obtain the set of useful
evolution rules directly from their usefulness states, without any computation.
From an implementational point of view, problems arise when membranes have a high
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Usefulness State
q0
q1
q2
q3
q4
q5
q6
q7

Context
{6, 7}
{6}
{8, 9, 7}
{8, 9}
{8, 7}
{9}
{7}
∅
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Useful rules
r1 , r2 , r3 , r5
r3 , r5
r2 , r4 , r5
r4 , r5
r2 , r4 , r5
r5
r2 , r5
r5

Table 2.1 Usefulness states for membrane 3

number of states, which cause transition tables to grow up. That is why in [5] it is
proposed to encode usefulness states in order to avoid transition tables. Each one of
usefulness states is encoded depending on its context, hence transitions are carried out
directly in the code. Accordingly with this idea, two definitions are introduced:
Total Context for membrane j. It is the set made up of all membranes that eventually
can become children of membrane j. Therefore, all contexts are included in the total
context.
T C(j) = Child Of (j)

[

T C(jk )

(30)

jk ∈Child D(j)

where Child Of (j) is the set of all membrane j children in the initial membrane structure; and where Child D(j) is the set of membrane j children that can be dissolved.
Normalized Total Context for membrane j. It is defined as the T C(j) sorted in depth
and in pre-order.
T CN ormal (j) = (j1 , T CN ormal (j1 ), . . . , jn , T CN ormal (jn ))

(31)

where jk ∈ Child Of (j) from left to right in µ, that is, in the initial membrane structure; and T CN ormal (jk ) is considered as null if membrane jk has not dissolving capability. For instance, in our P system, T CN ormal (3) = {6, 8, 9, 7}.
Each one of the usefulness states of a membrane j is encoded by T CN ormal (j) depending on its context, with binary logic. The value 1 represents that the membrane belongs
to the state context. For example, the usefulness state q0 of membrane 3, representing
the context {6, 7}, is encoded as 1001.
If q j (t) = (i1 , . . . , ik , . . . , in ) encoded by T CN ormal (j) is the usefulness state for
membrane j at time t, the transitional logic will be the following:
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1. If membrane ik at time t is inhibited, then: q j (t + 1) = (i1 , . . . , 0, . . . , in )
2. If membrane ik at time t comes back to be permeable, then: q j (t+ 1) = (i1 , . . . , 1,
. . . , in )
3. If membrane ik at time t is dissolved, it has to send its usefulness state q ij (t),
encoded by its normalized total context T CN ormal (ik ), to the membrane j. Considering formula 31, the usefulness state for membrane j can be expressed in a
deeper way as q j (t) = (i1 , . . . ,ik , T CN ormal (ik ), . . . ,in ). Then, the transition
obtained for membrane j is q j (t + 1) = (i1 , . . . ,0, q ij (t), . . . ,in )
In the proposed example, if membrane 3 is in the usefulness state q 3 (t) = 1001, encoded
by T CN ormal (3) = {6, 8, 9, 7} and membrane 6 is dissolved in q 6 (t) = 11 encoded by
T CN ormal (6) = {8, 9}, it is obtained the transition q 3 (t + 1) = 0111

3

Usefulness states updating in membrane dissolution and
inhibition

In order to fit properly usefulness states updating, we will previously describe the sucession of tasks that are carried out in an evolution step before communications initiate,
that is, in the phase of rules application inside a membrane.
1. Active rules are obtained at every membrane of the system.
2. Active rules are applied in a maximal parallel and non deterministic way at every
membrane of the system.
3. Each membrane of the system determines the result of rules application. The following information is obtained:
• Objects which are produced and remain at the same membrane.
• Objects which are produced and have as target an adjacent membrane of the
P System. These objects will be sent to the proxy of the processor in which
the membrane is placed. This proxy will be in charge of collecting objects and
sending them to their respective targets, as will be described in section 5.
• A new permeability state for the membrane, which is computed following
the figure 3.3 automaton. This automaton represents transitions among membranes states based on the resulting dissolution and inhibition in the applied
rules. The membrane will notify its new permeability state to the proxy only
in case of changing.

When a proxy receives the information sent by a membrane -new permeability state and
current usefulness state in case of dissolution- it is necessary to carry out the following
tasks:
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Fig. 3.3 Membrane permeability states

1. The proxy has to find out the father membrane. It is necessary to consider that it
can change dynamically, as membranes are dissolved. Furthermore, the father may
be allocated in another processor.
2. The proxy has to notify the new situation to the father. The latter will update its
usefulness state according to this situation, as it has been shown in section 2.2
In order to achive these goals, the proxy must know the membrane structure, as regards
membranes allocated in the proxy processor. And for each one of them, the proxy must
know the following information:
• j: membrane identifier.
• D(j): Dissolved. The value will be true if membrane j is dissolved.
• TCL(j): Total Context Lenght. This value is computed in analysis time following
the formula:
n
X
T CL(j) =
(1 + T CL′ (jk ))
(32)
k=1

where jk ∈ Child Of (j) and
(
)
T CL(jk ) if jk has dissolving capability
′
T CL (jk ) =
0
otherwise

• PFTC(j): Position at Father Total Context. This value is the membrane j position
at the normalized father total context. This value is computed from the initial structure in analysis time following the formula:
P T CF (ji ) = 1 +

i−1
X

(1 + T CL′ (jk ))

(33)

k=1

where jk ∈ Child Of (j) at the left of ji in µ
For instance, as T CN ORMAL (3) = {6, 8, 9, 7}, values of P F CT for both children
membranes are obtained from this total context. Specifically, P F T C(6) = 1 and
P F T C(7) = 4.
• USM(j): Usefulness State Mask. The membrane j will make use of this mask in
the usefulness state updating process.
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Following with the example in figure 2.1, figure 3.4 represents the stored information in
proxies. The values for T LC(j) and P F T C(j) are worked out from the corresponding
normalized total context, which are obtained taking into account dissolving and inhibiting capabilities of membranes, depicted in figure 2.2.

Fig. 3.4 Information stored in proxies to update usefulness states

The proxy looks for the father of the membrane which has changed the permeability
state, going up in the membrane structure. In this case, it is necessary to use D(j) to
find a not dissolved membrane.
The proxy has also to prepare the suitable information for father membrane in order
to update its usefulness state. The updating process is performed by changing the bit
representing the membrane which has change its permeability state. This operation is
performed through a XOR between the usefulness state and the U SM (j) field. As it is
shown in 2.2, the following cases can be found:
• Inhibition of a child membrane. The position associated to the child membrane in
the usefulness state has to be changed from 1 to 0, which means that communication is not possible for the next evolution step. A XOR operation with a bit 1
reaches this change. For instance, let us suppose that membrane 3 in our P System
has the usefulness state 1001. As T CN ormal (3) = {6, 8, 9, 7}, this state represents
the context {6,7}. Let us also suppose that membrane 7 is inhibited at this time.
The usefulness state for membrane 3 is updated as follows:
U SM (3) = 0001 ( bit 1 for membrane 7)
1001 XOR 0001 = 1000 ( Context(3) = {6} )
• Removing inhibition of a child membrane. The position associated to this membrane has to be changed from 0 to 1. This represents that the child membrane
accepts objects for the next evolution step. Again, a XOR operation with a bit 1
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reaches the change.
• Dissolution of a child membrane. The bit representing the child membrane in the
total context has to be changed from 1 to 0. Moreover, several of the following
positions in the normalized total context represent the context of the dissolved
membrane, as formula 31 shows, and necessarily these bits have to be replaced
with the usefulness state of the dissolved membrane. One more time, these changes
can be done with a XOR operation between the usefulness state and the mask
stored in the U SM (j) field. For instance, let us suppose that the usefulness state of
membrane 3 is 1001, representing context {6, 7}, and membrane 6 is dissolved in
the usefulness state 10. As the T CN ormal (6) = {8, 9}, this state represents context
{8}. The usefulness state of membrane 3 would be updated in the following way:
U SM (3) = 1100 (bit 1 for 6, followed by its usefulness state)
1001 XOR 1100 = 0101 ( Context(3) = {8, 7} )
The main problem now is to exactly determine the position of this information in the binary mask, that is, in the field U SM (j). In order to do this, it is necessary the P F T C(j)
field. The proxy goes up in the membrane structure looking for the father membrane,
and simultaneously performing the addition of P F T C(j) fields for every dissolved
membranes found in the path.
As an example, let us suppose that membrane 9 is dissolved in a evolution step in which
membrane 6 was already dissolved in a previous step, in such a way that membrane 3 is
the membrane 9 father. The U SM (3) field can be obtained in the following way:
Information = 1 (membrane 9, followed by its usefulness state)
Position = P F T C(9) + P F T C(6) = 3
Lenght = T CL(3) = 4
—————————————–
U SM (3) = 0010

(as T CN ormal (3) = {6, 8, 9, 7} ⇒ 9 dissolution)

When a membrane j changes its permeability, the algorithm ChangeUS (Change Usefulness State, figure 3.5) will carry out this process. The operator + represents strings
concatenation and 0n represents a string with n symbols 0.
In an evolution step, it may happen that several children membranes change their permeabilities, involving the same father. Therefore, the usefulness state of a membrane has
to be modified with several masks. No matter the order in which the proxy processes
permeability changes, conmuntative and associative properties of XOR operation allow
to obtain the value for U SM (j) correctly . Let us suppose, in our example, that membranes 6 and 9 are dissolved in the same evolution step. If proxy processes membrane 6
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Fig. 3.5 Algorithm used to obtain the U SM field for membrane j father

before, the resulting U SM (3) is procesed as follows:

Both dissolutions have been considered owing to XOR operation in line 15. On the
other hand, if proxy processes membrane 9 before, the resulting U M S(3) is procesed
as follows:

When membrane 6 is dissolved U M S(6) is inherited by the father membrane, that is
U M S(3), through XOR operation in line 4.
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Finally, it is important to note that the father membrane may be placed in a different
processor; therefore the process is carried out by several processors in a distributed
way. The algorithm of figure 3.5 deals with this situation in lines 8 and 13, in which
OutProcessor checks if the target membrane is allocated in other processor. Section 6
deals with communications in order to reach a distributed process.

4

Encoding targets of evolution rules within total context

Evolution rules in transition P systems have the form u → v, u → v δ or u → v τ ,
with u ∈ O+ and v ∈ (O+ × T AR)∗ , where O is the alphabet of objects, and
T AR = {here, out} ∪ {inj |j is a membrane label}. Symbol δ represents membrane
dissolution, while symbol τ represents membrane inhibition.
Usually, transition P systems implementations up to now [4] [7] require to store a membrane identification for every target inj in every rule in every membrane. In this paper
a compact representation for evolution rules consequent based on the concept of total
context is presented. It allows to represent targets without membranes identifications,
what reduce significantly the necesary space to store rules. Moreover, this representation
allows proxies to find any membrane target in a precise way.
The total context of a membrane is obtained at analysis time, and it encodes any possible
inj target for evolution rules of the membrane. Hence, adding a binary mask of length
equal to membrane total context length, it is possible to control if a rule sends objects
to a determined child membrane with label j. It is expressed setting to 1 the j position
in the binary mask.
In addition, we propose four bits more in order to encode the complete consequent of
a rule rk , two for targets here (bkh ) and out (bko ) respectively and two for representing
membrane dissolution (bkδ ) and inhibition (bkτ ). Figure 4.6 shows the proposed encoding
for a rule consequent. Besides the sequence of bits, each target has a multiset associated,
represented as Mhk Mok M1k . . . Mnk .
On the other hand, the antecedent of a rule rk can be represented with another multiset:
Mak .

Fig. 4.6 Encoding for a rule consequent
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Table 4.2 contains the encoded consequent of membrane 3 rules in our example. Let us
remind that the normalized total context for this membrane is {6,8,9,7}
Rule
r1 : a2 b → (a2 in7 )(b in6 ) τ
r2 : a2 b2 → (a2 in7 )(a2 here)(b2 here)
r3 : a2 b5 → (b2 in6 )(b2 out) δ
r4 : a4 → (a2 here)(b in8 )
r5 : b2 → (a here)(b here)

Encoding
00100110
10000100
01100001
10010000
10000000

Multisets
M11 = b, M41 = a2
Mh2 = a2 b2 , M42 = a2
Mo3 = b2 , M13 = b2
Mh4 = a2 , M24 = b
Mh5 = ab

Table 4.2 Encoding consequent of membrane 3 rules

In section 3 it was enumerated the task list to be performed in evolution rules application phase in membranes. Let us explain how can be used and computed the resulting
evolution rule using this compact representation
of binary mask and multiset of objects.
Pm
nm
Let MR (p) = r1n1 . . . rm
=
n
r
be
the multiset of rules to be applied in
i i
i=1
the evolution step p, where ni means the number of times the rule ri has to be applied.
Then, it is needed to compute:
• C(p), the sequence of bits, encoding targets, for the multiset of evolution rules
consecuent (bh bo b1 . . . bn )
C(p) = OR∀ ri ∈ MR (p) C(ri )

(34)

• Mh (p), Mo (p), M1 (p), . . . , Mn (p), the list of multisets of objects associated to
C(p).
X
ni Mhi
(35)
Mh (p) =
∀ ri ∈ MR (p)

Mo (p) =

X

ni Moi

(36)

X

ni Mji

(37)

∀ ri ∈ MR (p)

Mj (p) =

∀ ri ∈ MR (p)

• And finally, Ma (p) the antecedent of the multiset of evolution rules.
Ma (p) =

X

ni Mai

∀ ri ∈ MR (p)

When this process finishes, membranes proceed to data delivery:

(38)
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• Multisets Mh (p) and Ma (p) will be applied directly to the membrane. Considering
w the multiset of objects placed in the membrane at the beginning of the evolution
step, w is updated by:
w = w − Ma (p) + Mh (p)

(39)

• bo b1 . . . bn , together with Mo (p) M1 (p) . . . Mn (p), will be sent to the proxy
processor.
• bδ bτ will be used to find out changes of permeability, as the automaton in figure
3.3 shows. If bδ is equal to 1, the transition δ is applied; otherwise if bτ is equal to
1, the transition τ is applied; finally, the transition δ τ is applied if both bδ and bτ
are equal to 1. In the case of permeability change, membrane will notify the new
permeability state to the proxy, in order to update the usefulness state of its father,
as it is detailed in section 3.

5

Targets search in proxies

When a membrane has to send objects to its adjacent membranes, it uses the proxy. The
membrane sends to the proxy a pair of data:
(T argets, M S)
Where T argets is a binary sequence encoding labels of target membranes (bo b1 . . . bn )
and MS is the sequence of multisets associated to each one of the target membranes
(Mo (p) M1 (p) . . . Mn (p)). At this moment, the proxy has to perform the following
tasks:
1. Target membrane for Mo (p) is the father membrane. Hence the proxy will go up
in the membrane structure until finding out the first not dissolved membrane.
2. Target membranes for M1 (p) . . . Mn (p) are encoded by b1 . . . bn . Hence, the
proxy needs to analyse the Normalized Total Context of the source membrane.
Considering equation (2) for Normalized Total Context of a given membrane, for
every child membrane the proxy has to keep two important data: the dissolving
capability of this membrane, and the length of its normalized total context.
As consequence, in order to perform targeting search, proxy has to store the following
information related to membranes allocated on its processor:
• D(j): Dissolved. The value will be true if membrane j is dissolved.
• DC(j): Dissolving Capability. Its value will be true if there is any evolution rule
which could dissolve the membrane j. It is obtained at analysis time.
• TCL(j): Total Context Length.
• M(j): Multiset for membrane j. When proxy determines that membrane j is a
target, it stores temporally the suitable multiset in the M (j) field.

148

Usefulness States in New P System Communications Architectures

Moreover, it is also necessary to note that one or more targets could be placed at different
processors. Hence, the proxy has to prepare properly some information to send them,
because search of targets must continue on these processors. So, proxy has to store
some data about membranes placed in other processors with which there are established
connection -virtual connections in figure 2.1-. The needed data for the proxy are:
• DC(j)
• TCL(j)
• M(j)
• Targets(j): To store a sequence of bits encoding a list of targets.
• MS(j): To store a list of multisets associated to the sequence of targets. This field
and the previous one are needed only for membranes with dissolving capability.
Figure 5.7 shows the required information by proxies of the processors depicted in
figure 2.2.

Fig. 5.7 Information stored in proxies to search targets

5.3 Target search for Mo (p) The algorithm presented here (Target Out) looks for
the father of membrane j in order to send it the multiset Mo (p). In line 5, Mo (p) is
assigned to the temporary field M of the father. Line 3 consider the situation in which
search has to be continued in another processor, then the partial result remains in a field
M awaiting to be sent to the appropiate processor. Section 6 of this paper deals with
communications in architectures.
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Fig. 5.8 Target search for multiset Mo (p)

5.4 Targets search for M1 (p) to Mn (p) The proxy has to interpret the normalized
total context of the source membrane. With this aim, the proxy will go down into the
sub-tree of the membrane structure, starting from the source membrane, in depth and in
pre-order. When a membrane j has not dissolving capability (DC(j)) the analysis of
this branch of the sub-tree is finished.
The recursive algorithm in figure 5.9 describes the search of targets from the source
membrane j, the sequence of bits, encoding targets (T argets) and the list of multisets
(M S) associated to targets. The algorithm visits children membranes from left to right.
When the corresponding bit bi is equal to 1, the multiset Mi (p) is associated to the child
membrane (line 7). Otherwise the child membrane is not a target, but if it has dissolving
capability (DC(j)) then the search has to be continued from bi+1 into the normalized
total context of the child membrane, as equation (2) shows. In case of the child membrane were allocated in the same processor, the search continues in the child membrane
by making a recursive call in line 17. Otherwise, the information corresponding to the
normalized total context of the child membrane is stored in T argets(j) and M S(j)
fields in order to continue searching in the appropriate processor (lines 19 and 20)
An additional detail of the algorithm is the following: if bi is equal to 1 and the child
membrane has dissolving capability, it has to skip the total context of the current child
membrane, because these membranes are not possible targets (line 8).
5.5 Membrane dissolution As it has been set before, the proxy has to execute algorithms Target Out and Target In for every membrane placed at the processor which
require sending objects. Moreover, it has to execute the algorithm ChangeUS for every
membrane which notifies a change of permeability.
Nevertheless, membrane dissolution has not been solved yet. Dissolution takes place
when an evolution step finishes. Then, objects remaining inside the membrane have to
pass to its father. In this way, when membrane j is going to be dissolved, we have to
bear in mind the following:
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Fig. 5.9 Searching targets for multisets M1 (p) to Mn (p)

1. Self processing in membrane: Objects remaining inside membrane after evolution
rules application will be sent to the father membrane together with Mo (p)
Mo (p) ← Mo (p) + w − Ma (p) + Mh (p)
where w is the multiset of objects in the membrane at the beginning of the evolution
step
2. Objects coming from other membranes in the current evolution step. In this case,
it is needed to distinguish two possibilities depending on whether objects are processed by proxy: before or after proxy set the membrane as dissolved (field D(j)).
.
(a) M (j) stores objects arriving the proxy before it has marked the membrane
j as dissolved. At the moment the proxy marks membrane j as dissolved, it
sends M (j) to membrane j father using Target Out algorithm. This behaviour
is reached by adding lines 5 to 9 to the ChangeUS algorithm, as figure 5.10
shows.
(b) In case of objects for membrane j arriving proxy after membrane j has been
marked as dissolved and before the current evolution step has finished, the
Targets In algorithm will send them to membrane j father -lines 5 and 6 of
figure 5.9-.
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Fig. 5.10 In case of dissolution, M (j) is sent to membrane j father

6

Results distribution

At this moment, when system proxies finish all the tasks explained above with algorithms ChangeUS, Target Out and Targets In, their results are stored in U SM (j),
M (j), T argets(j) and M S(j) fields, where membrane j may be allocated in other
processor. In order to deliver these results, the distributed architecture in which the
membrane system is implemented is very important. This is because of external communications are implemented by distributed architectures in different ways.
6.6 Architecture proposed by Tejedor et al. in [8] The external communications
are established in depth in the processors tree. Therefore, after receiving information
coming from the upper level, a processor P communicates with each descendant processor in both directions and from left to right; and finally, P sends data to its ascendant
processor. Taking this order into account, the sequence of tasks to be carried out by
processor P proxy is the following:
1. P proxy gets all data contained in M (j), T argets(j) and M S(j) coming from
ascendant processor proxy.
2. P proxy processes the arrived data using Targets In algorithm for T argets(j) and
M S(j) fields. Multisets received in M (j) are placed in the corresponding M (j)
field, but if membrane j has been marked as dissolved in the current evolution step,
then M (j) has to be sent to membrane j father with Target Out algorithm. In this
case, M (j) will come back to the ascendant processor in step 4.
3. for each descendant processor of P from left to right:
(a) P proxy sends the corresponding information (M (j), T argets(j) and M S(j))
to the descendant processor.
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(b) P proxy waits until the descendant processor replies with data composed of
fields M (j) and U SM (j).
(c) P proxy continues searching targets upwards from membrane j related to
fields M (j) and U SM (j) by using Target Out and ChangeUS algorithms.
4. Once P proxy has processed all data from all its descendant processors, it sends to
its ascendant processor the corresponding fields M (j) and U SM (j).
5. Finally and through internal communications, P proxy delivers the definitive fields
M (j) and U SM (j) associated to inner membranes processor. The evolution step
finishes when every membrane j updates its multiset and its usefulness state with
this information, as follows:
w ← w + M (j)

U sef ulness State ← U sef ulness State XOR U SM (j)
6.7 Architectures proposed by Bravo et al. in [2] and [3] These architectures
make use of one [2] or several [3] master processors. Master processors are in charge of
controlling communications among slaves processors, while membranes of the P system are placed on slaves processors. Hence, a master processor has to store and process
M (j), U SM (j), T CL(j), P F T C(j), CD(j) and D(j) fields, for all membranes belonging to slaves controlled by the master. As it was said above, D(j) is a dynamic field
and it is changed during execution by membranes. Therefore, a problem arises with the
D(j) field updating. Proxies associated to slave processors have to notify membranes
dissolutions to master proxy.
The sequence of tasks in these architectures is the following:
1. Every slave processor proxy sends data to the suitable master in its corresponding
turn. In particular, it sends fields M (j), U SM (j), T argets(j) and M S(j) to its
master, regardless of the target processor. Additionally, it has to send the list of
dissolved membranes in the current evolution step.
2. Master proxy processes the incomming information as follows: T arget(j) and
M S(j) with Targets In algorithm, M (j) with Target Out algorithm and U SM (j)
with ChangeUS algorithm. Furthermore, master proxy updates D(j) field for all
dissolved membranes, taking into account the same questions as in section 5.3.
3. Master proxy sends the corresponding M (j) and U SM (j) fields to each one of
the slaves processors.
4. Finally, slave proxy sends to each one of its inner membranes their corresponding
M (j) and U SM (j) fields. Then, evolution step finishes.

7

Conclusion

Membranes make use of usefulness state to determine the set of membranes with which
they can communicate. Moreover, when dissolutions or inhibitions are produced in the
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system, it is only needed usefulness states changes in father membranes in order to
reconfigure the membrane structure of P systems.
The work presented here shows that usefulness states can be implemented in several
distributed architectures for membrane systems implementations [8], [2] and [3]. In
addition, usefulness states solve permeability changes in membrane systems for the
referred architectures.
In [5], membrane total context concept was defined. This paper shows how to use it in a
very useful manner to encode targets in evolution rules, avoiding labels in membranes.
This encoding method allows to find any target membrane in a precise way. Moreover, it
can be used in several distributed architectures for membrane systems implementation
[8], [2] and [3].
It is also presented here a semantic analysis of P systems for determining what kind
of information is relevant in the phase of communications among membranes. In this
sense, it was necessary to determine how to solve the targeting problem without producing an overload in the system communication; and how to update and communicate
new membranes states all over the systems. The presented solution based on usefulness states has been proved to be useful at least in distributed architectures presented
in [8], [2] and [3].
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Agustı́n Riscos–Núñez.
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A new programming language for membrane computing, P-Lingua, is developed in this paper. This language is not designed for a specific simulator software. On the contrary, its purpose is to offer a general syntactic framework that
could define a unified standard for membrane computing, covering a broad variety of models. At the present stage, P-Lingua can only handle P systems with
active membranes, although the authors intend to extend it to other models in
the near future.
P-Lingua allows to write programs in a friendly way, as its syntax is very close
to standard scientific notation, and parameterized expressions can be used as
shorthand for sets of rules. There is a built-in compiler that parses these humanstyle programs and generates XML documents that can be given as input to
simulation tools, different plugins can be designed to produce specific adequate
outputs for existing simulators.
Furthermore, we present in this paper an integrated development environment
that plays the role of interface where P-lingua programs can be written and
compiled. We also present a simulator for the class of recognizer P systems
with active membranes, and we illustrate it by following the writing, compiling
and simulating processes with a family of P systems solving the SAT problem.

1

Introduction

Membrane computing (or cellular computing) is an emerging branch of Natural Computing that was introduced by Gh. Păun [5]. The main idea is to consider biochemical
processes taking place inside living cells from a computational point of view, in a way
that provides a new nondeterministic model of computation.
The initial definition of this computing paradigm is very flexible, and many different
models have been defined and investigated in the area: P systems with symport/antiport
rules, with active membranes, with catalysts, with promoters/inhibitors, etc. There were
some attempts to establish a common formalization covering most of the existing models (see e.g. [2]), but the membrane computing community is still using specific syntax
and semantics depending on the model they work with.
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This diversification also exists in what concerns the development of software applications for the simulation of P systems (see [3], [11]), as such applications are usually
focused on, and adapted for, particular cases, making it difficult to work on generalizations.
It is convenient to unify standards (specifications that regulate the performance of specific processes in order to guarantee their interoperability) and to implement the necessary tools and libraries in order to give the first steps towards a next generation of
applications.
When designing software for membrane computing, one has to precisely describe the
variant specification that is to be simulated. This task is hard if we need to handle families of P systems where the set of rules, the alphabet, the initial contents and even the
membrane structure depend on the value assigned to some initial parameters. In existing software, several options have been implemented: plain text files with a determined
format, XML documents, graphical user interfaces, etc. As mentioned above, most of
these solutions are adapted to specific models or to the specific purpose of the software.
In this paper we propose a programming language, called P-Lingua, whose programs
define P systems in a parametric and modular way. After assigning values to the initial
parameters, the compilation tool generates an XML document associated with the corresponding P system from the family, and furthermore it checks possible programming
errors (both lexical/syntactical and semantical). Such documents can be integrated into
other applications, thus guaranteeing interoperability. More precisely, in the simulators
framework, the XML specification of a P system can be translated into an executable
representation.
We present a practical application of P-Lingua giving a simulator for recognizer P systems with active membranes that receives as input an XML document generated by the
compiler and that allows us to simulate a computation, obtaining the correct answer of
the system (due to the confluence of it), and a text file with a detailed step-by-step report
of the computation. We also show an integrated development environment that plays the
role of interface where P-Lingua programs can be written and compiled.
The paper is structured as follows. In Section 2 several definitions and concepts are
given for the sake of selfcontainment of the paper. The next section introduces the PLingua programming language, and the syntax for P systems with active membranes is
specified. A solution to the SAT problem using P-Lingua is implemented in Section 4.
The compilation tool for the language is presented in the next section. In Section 6
we present an integrated development environment for P-Lingua. Section 7 presents a
simulator for recognizer P systems with active membranes. Finally, some conclusions
and ideas for future work are presented.
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Preliminaries

Polynomial time solutions to computationally hard problems in membrane computing
are achieved by trading time for space. This is inspired by the capability of cells to produce an exponential number of new membranes in linear time. There are many ways a
living cell can produce new membranes: mitosis (cell division), autopoiesis (membrane
creation), gemmation, etc. Following these inspirations a number of different variants
of P systems has arisen, and many of them proved to be computationally universal.
For the sake of simplicity, we shall focus in this paper on a model, P systems with
active membranes. It is a construct of the form Π = (O, H, µ, ω1 , . . . , ωm , R), where
m ≥ 1 is the initial degree of the system; O is the alphabet of objects, H is a finite
set of labels for membranes; µ is a membrane structure, consisting of m membranes
injectively labelled with elements of H, ω1 , . . . , ωm are strings over O, describing the
multisets of objects placed in the m regions of µ; and R is a finite set of rules, where
each rule is of one of the following forms:
(a) [a → v]α
h where h ∈ H, α ∈ {+, −, 0} (electrical charges), a ∈ O and v is a string
over O describing a multiset of objects associated with membranes and depending
on the label and the charge of the membranes (object evolution rules);
β
(b) a [ ]α
h → [b]h where h ∈ H, α, β ∈ {+, −, 0}, a, b ∈ O (send-in communication
rules). An object is introduced in the membrane, possibly modified, and the initial
charge α is changed to β;
β
(c) [a]α
h → [ ]h b where h ∈ H, α, β ∈ {+, −, 0}, a, b ∈ O (send-out communication
rules). An object is sent out of the membrane, possibly modified, and the initial
charge α is changed to β;
(d) [a]α
h → b where h ∈ H, α ∈ {+, −, 0}, a, b ∈ O (dissolution rules). A membrane
with a specific charge is dissolved in reaction with a (possibly modified) object;
β
γ
(e) [a]α
h → [b]h [c]h where h ∈ H, α, β, γ ∈ {+, −, 0}, a, b, c ∈ O (division rules).
A membrane is divided into two membranes. The objects inside the membrane are
replicated, except for a, that may be modified in each membrane.
Rules are applied according to the following principles:
• All the elements which are not involved in any of the operations to be applied
remain unchanged.
• Rules associated with label h are used for all membranes with this label, no matter
whether the membrane is an initial one or whether it was generated by division
during the computation.
• Rules from (a) to (e) are used as usual in the framework of membrane computing,
i.e. in a maximal parallel way. In one step, each object in a membrane can only be
used by at most one rule (non-deterministically chosen), but any object which can
evolve by a rule must do it (with the restrictions indicated below).
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• Rules (b) to (e) cannot be applied simultaneously in a membrane in one computation step.
• An object a in a membrane labelled with h and with charge α can trigger a division,
yielding two membranes with label h, one of them having charge β and the other
one having charge γ. Note that all the contents present before the division, except
for object a, can be the subject of rules in parallel with the division. In this case
we consider that in a single step two processes take place: “first” the contents are
affected by the rules applied to them, and “after that” the results are replicated into
the two new membranes.
• If a membrane is dissolved, its content (multiset and interior membranes) becomes
part of the immediately external one. The skin is never dissolved.
The so-called recognizer P systems were introduced in [6], and constitute the natural
framework to study the solvability of decision problems, since deciding whether an instance has an affirmative or negative answer is equivalent to deciding if a string belongs
or not to the language associated with the problem.
In the literature, recognizer P systems are associated in a natural way with P systems
with input. The data related to an instance of the decision problem has to be provided to
the P system in order for it to compute the appropriate answer. This is done by codifying
each instance as a multiset placed in an input membrane. The output of the computation,
yes or no, is sent to the environment.
A P system with input is a tuple (Π, Σ, iΠ ), where: (a) Π is a P system, with working
alphabet Γ, with p membranes labelled by 1, . . . , p, and initial multisets ω1 , . . . , ωp
associated with them; (b) Σ is an (input) alphabet strictly contained in Γ; the initial
multisets are over Γ \ Σ; and (c) iΠ is the label of a distinguished (input) membrane.
For each multiset, m, over Σ, the initial configuration of (Π, Σ, iΠ ) with input m is
(µ, ω1 , . . . , ωiΠ + m, . . . , ωp ).
A recognizer P system is a P system with input, (Π, Σ, iΠ ), and with external output
such that:
(a) The working alphabet contains two distinguished elements, yes and no.
(b) All computations halts.
(c) If C is a computation of Π, then either the object yes or the object no (but no
both) must have been released into the environment, and only in the last step of the
computation.
We say that C is an accepting computation (respectively, rejecting computation) if the
object yes (respectively, no) appears in the external environment associated with the
corresponding halting configuration of C.
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The P-Lingua programming language

A programming language is an artificial language that can be used to control the behavior of a machine, particularly a computer, but it can be used also to define a model of a
machine that can be translated into an executable representation by a simulation tool.
Programming languages are defined by syntactic and semantic rules which describe
their structure and their meaning, respectively.
The P-Lingua programming language intends to define a broad variety of P system models. At the present stage, P-Lingua can only define P systems with active membranes,
but other models will be added to the language specification in future works.
What follows is the syntax of the language for P systems with active membranes (originally presented at [1]).
3.1 Valid identifiers We say that a sequence of characters forms a valid iden
tifier if it does not begin with a numeric character and it is composed by characters
from the following:
a b c d e f g h i j k l m n o p q r s t u v w x y z
A B C D E F G H I J K L M N O P Q R S T U V W X Y Z
0 1 2 3 4 5 6 7 8 9

Valid identifiers are widely used in the language: to define module names, parameters,
indexes, membrane labels and alphabet objects.
The following text strings are reserved words in the language: def, call, @mu,
@ms, main, -->, # and they cannot be used as valid identifiers.
3.2 Identifiers for electrical charges In P-Lingua, we can consider electrical charges
by using the + and - symbols for positive and negative charges, respectively, and no one
for neutral charge. It is worth mentioning that polarizationless P systems are included.
3.3 Variables Two kind of variables are permitted in P-Lingua:
• indexes
• Parameters
Variables are used to store numeric values and their names are valid identifiers. We use
32 bits (signed), this allows a range from −231 to 231 − 1.
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3.4 Numeric expressions Numeric expressions can be written by using the * (multiplication), / (division), % (modulo), + (addition), - (subtraction) operators with integer
numbers or variables, along with the use of parentheses.
3.5 Objects The objects of the alphabet of a P system are written using valid identifiers, and the inclusion of sub-indexes is permitted. For example, xi,2n+1 and Y es are
written as x{i,2*n+1} and Yes, respectively.
The multiplicity of an object is represented by using the * operator. For example, x2n+1
i
is written as x{i}*(2*n+1).
3.6 Modules definition Similarities between various solutions to NP-complete numerical problems by using families of recognizer P systems are discussed in [4]. Also,
a cellular programming language is proposed based on libraries of subroutines. Using
these ideas, a P-Lingua program consists of a set of programming modules that can be
used more times by the same, or other, programs.
The syntax to define a module is the following.
def module_name(param1,..., paramN)
{
sentence0;
sentence1;
...
sentenceM;
}

The name of a module, module name, must be a valid and unique identifier. The
parameters must be valid identifiers and cannot appear repeated. It is possible to define
a module without parameters. Parameters have a numerical value that is assigned at the
module call (see below).
All programs written in P-Lingua must contain a main module without parameters.
The compiler will look for it when generating the XML file.
In P-Lingua there are sentences to define the membranes configuration of a P system,
to specify multisets, to define rules and to make calls to other modules. Next, let us see
how such sentences are written.
3.7 Module calls In P-Lingua, modules are executed by using calls. The format of
a sentence that calls a module for some specific values of its parameters is given next:
call module name(value1, ..., valueN);
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where valuei is an integer number or a variable.
3.8 Definition of the initial membrane structure of a P system In order to define
the initial membrane structure of a P system, the following sentence must be written:
@mu = expr;

where expr is a sequence of matching square brackets representing the membrane
structure, including some identifiers that specify the label and the electrical charge of
each membrane.
Examples:
1. [[ ]02 ]01 ≡ @mu = [[]’2]’1
+
2. [[ ]0b [ ]−
c ]a ≡ @mu = +[[]’b, -[]’c]’a

3.9 Definition of multisets The next sentence defines the initial multiset associated
to the membrane labelled by label.
@ms(label) = list of objects;

where label is a valid identifier or a natural number that represents a label of the
structure of membranes and list of objects is a comma-separated list of objects.
The character # is used to represent the empty multiset.
3.10 Union of multisets P-Lingua allows to define the union of two multisets (recall
that the input multiset is added to the initial multiset of the input membrane) by using a
sentence with the following format.
@ms(label) += list of objects;

3.11 Definition of rules
1. The format to define evolution rules of type [a → v]α
h is given next:
α[a --> v]’h

β
2. The format to define send-in communication rules of type a [ ]α
h → [b]h is given
next:

aα[]’h -->β[b]
β
3. The format to define send-out communication rules of type [a]α
h → b[ ]h is given
next:
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α[a]’h --> β[]b

β
γ
4. The format to define division rules of type [a ]α
h → [b]h [c]h is given next:

α[a]’h -->β[b]γ[c]

5. The format to define dissolution rules of type [a]α
h → b is given next:
α[a]’h --> b

where:
•
•
•
•

α, β and γ are identifiers for electrical charges;
a, b and c are objects of the alphabet;
v is a comma-separated list of objects that represents a multiset;
h is a label (the symbol ’ always precedes a label name).

Some examples:
4 +
• [xi,1 → ri,1
]2 ≡ +[x{i,1} --> r{i,1}*4]’2

• dk [ ]02 → [dk+1 ]02 ≡ d{k}[]’2 --> [d{k+1}]
0
• [dk ]+
2 → []2 dk ≡ +[d{k}]’2 --> []d{k}

−
• [dk ]02 → [dk ]+
2 [dk ]2 ≡ [d{k}]’2 --> +[d{k}]-[d{k}]

• [a]−
2 → b ≡ -[a]’2 --> b

3.12 Parametric sentences In P-Lingua, it is possible to define parametric sentences by using the next format:
sentence : range1, ..., rangeN;

where sentence is a sentence of the language, or a sequence of sentences in brackets,
and range1, ..., rangeN is a comma-separated list of ranges with the format:
min value <= index <= max value

where min value and max value are numeric expressions, integer numbers or variables, and index is a variable that can be used in the context of the sentence. It is
possible to use the operator < instead of <=.
The sentence will be repeated for each possible values of each index.
Some examples of parametric sentences:
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−
1. [dk ]02 → [dk ]+
2 [dk ]2 : 1 ≤ k ≤ n ≡
[d{k}]’2 --> +[d{k}]-[d{k}] : 1<= k <= n;
2. [xi,j → xi,j−1 ]+
2 : 1 ≤ i ≤ m, 2 ≤ j ≤ n ≡
+[x{i,j} --> x{i,j-1}]’2 : 1<=i<=m,2<=j<=n;

3.13 Inclusion of comments The programs in P-Lingua can be commented by writing phrases into the text strings /* and */.

4

Implementation of a solution to SAT

In this section, we present a solution to the SAT problem using recognizer P systems
with active membranes, given by M.J. Pérez–Jiménez et al. [7].
For each (m, n) ∈ N2 , we consider the P system (Π(hm, ni), Σ(m, n), i(m, n)), where
• Σ(m, n) = {xi,j , x̄i,j : 1 ≤ i ≤ m, 1 ≤ j ≤ n}
• i(m, n) = 2

• Π(hm, ni) = (Γ(m, n), {1, 2}, [ [ ]2 ]1 , w1 , w2 , R), is defined as follows:
∗ Γ(m, n) = Σ(m, n) ∪ {ck : 1 ≤ k ≤ m + 2} ∪
{dk : 1 ≤ k ≤ 3n + 2m + 3} ∪
{ri,k : 0 ≤ i ≤ m, 1 ≤ k ≤ m + 2} ∪ {e, t} ∪ {Y es, N o}
∗ w1 = ∅

∗ w2 = {d1 }

∗ The set of rules, R, is given by:

−
{[dk ]02 → [dk ]+
2 [dk ]2 : 1 ≤ k ≤ n}

−
{[xi,1 → ri,1 ]+
2 , [x̄i,1 → ri,1 ]2 : 1 ≤ i ≤ m}
+
{[xi,1 → λ]−
2 , [x̄i,1 → λ]2 : 1 ≤ i ≤ m}

−
{[xi,j → xi,j−1 ]+
2 , [xi,j → xi,j−1 ]2 : 1 ≤ i ≤ m, 2 ≤ j ≤ n}

−
{[x̄i,j → x̄i,j−1 ]+
2 , [x̄i,j → x̄i,j−1 ]2 : 1 ≤ i ≤ m, 2 ≤ j ≤ n}
−
0
0
{[dk ]+
2 → [ ]2 dk , [dk ]2 → [ ]2 dk : 1 ≤ k ≤ n}

{dk [ ]02 → [dk+1 ]02 : 1 ≤ k ≤ n − 1}

{[ri,k → ri,k+1 ]02 : 1 ≤ i ≤ m, 1 ≤ k ≤ 2n − 1}

{[dk → dk+1 ]01 : n ≤ k ≤ 3n − 3}; [d3n−2 → d3n−1 e]01
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0
e[ ]02 → [c1 ]+
2 ; [d3n−1 → d3n ]1

{[dk → dk+1 ]01 : 3n ≤ k ≤ 3n + 2m + 2}

−
−
[r1,2n ]+
2 → [ ]2 r1,2n ; {[ri,2n → ri−1,2n ]2 : 1 ≤ i ≤ m}
+
r1,2n [ ]−
2 → [r0,2n ]2

{[ck → ck+1 ]−
2 : 1 ≤ k ≤ m}

+
0
[cm+1 ]+
2 → [ ]2 cm+1 ; [cm+1 → cm+2 t]1

+
−
+
0
[t]01 → [ ]+
1 t ; [cm+2 ]1 → [ ]1 Y es ; [d3n+2m+3 ]1 → [ ]1 N o

4.14 Implementation The following is the code of the program written in P-Lingua
that specifies a family of P systems solving the SAT problem.
Objects of the form x̄i,j are written as nx{i,j}.
/* Module that defines a family of recognizer P systems
to solve the SAT problem */
def Sat(m,n)
{
/* Initial configuration */
@mu = [[]’2]’1;
/* Initial multisets */
@ms(2) = d{1};
/* Set of rules */
[d{k}]’2 --> +[d{k}]-[d{k}] : 1 <= k <= n;
{
+[x{i,1} --> r{i,1}]’2;
-[nx{i,1} --> r{i,1}]’2;
-[x{i,1} --> #]’2;
+[nx{i,1} --> #]’2;
} : 1 <= i <= m;
{
+[x{i,j} --> x{i,j-1}]’2;
-[x{i,j} --> x{i,j-1}]’2;
+[nx{i,j} --> nx{i,j-1}]’2;
-[nx{i,j} --> nx{i,j-1}]’2;
} : 1<=i<=m, 2<=j<=n;
{
+[d{k}]’2 --> []d{k};
-[d{k}]’2 --> []d{k};
} : 1<=k<=n;
d{k}[]’2 --> [d{k+1}] : 1<=k<=n-1;
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[r{i,k} --> r{i,k+1}]’2 : 1<=i<=m, 1<=k<=2*n-1;
[d{k} --> d{k+1}]’1 : n <= k<= 3*n-3;
[d{3*n-2} --> d{3*n-1},e]’1;
e[]’2 --> +[c{1}];
[d{3*n-1} --> d{3*n}]’1;
[d{k} --> d{k+1}]’1 : 3*n <= k <= 3*n+2*m+2;
+[r{1,2*n}]’2 --> -[]r{1,2*n};
-[r{i,2*n} --> r{i-1,2*n}]’2 : 1<= i <= m;
r{1,2*n}-[]’2 --> +[r{0,2*n}];
-[c{k} --> c{k+1}]’2 : 1<=k<=m;
+[c{m+1}]’2 --> +[]c{m+1};
[c{m+1} --> c{m+2},t]’1;
[t]’1 --> +[]t;
+[c{m+2}]’1 --> -[]Yes;
[d{3*n+2*m+3}]’1 --> +[]No;
} /* End of Sat module */
/* Main module */
def main()
{
/* Call to Sat module for m=4 and n=6 */
call Sat(4,6);
/* Expansion of the input multiset */
@ms(2) += x{1,1}, nx{1,2}, nx{2,2}, x{2,3},
nx{2,4}, x{3,5}, nx{4,6};
} /* End of main module */

The module main is instantiated with the formula
ϕ ≡ (x1 + x2 )(x2 + x3 + x4 ) x5 x6
where n = 6, m = 4 and the input multiset: x1,1 , x1,2 , x2,2 , x2,3 , x2,4 , x3,5 , x4,6 .

5

The compilation tool

Programming languages are associated with compilation tools, which are computer programs that translate text written in a programming language into another language. The
original text is usually called the source code whereas the output is called the object
code. Commonly the output has a form suitable for being processed by other programs
or for being executed by the computer, but it may as well be a human-readable text file.
We have developed a compilation tool that is able to translate programs written in Plingua into XML documents, after having assigned values to some initial parameters.
Moreover, plugins can be designed and added to produce object code with different
formats.
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Recall that a P-lingua program can encode a family of P systems (with the help of some
parameters) in a flexible manner, whereas the object code generated by the compilation
tool specifies only a single P system of the family. In this way, the applications that
accept that object code do not need to process parametric systems, and hence their
implementation is much easier.
The eXtensible Markup Language (XML) is a general-purpose specification for creating custom markup languages. It is classified as an extensible metalanguage because
it allows the users to define their own elements. Its primary purpose is to facilitate the
sharing of structured data across different information systems. It is worth mentioning
that the SBML (Systems Biology Markup Language) is a XML language encoding the
main components of biochemical networks. It is used by several existing simulators for
P systems (see the software link at [11]).
The complete syntax of the XML language generated by the compilation tool for P
systems with active membranes can be found at [1].
The tool may be executed from the command line as follows:
plingua input file -xml output file [-v verbosity level] [-h]

The text file input file contains the program (written in P-lingua) that we want to be
compiled, and output file is the name of the XML file that is generated. Optional
arguments are in brackets: the option -v verbosity level is a number between
0 and 5 indicating the level of detail of the messages shown during the compilation
process, and the option -h displays some help information.

6

An integrated development environment

An integrated development environment (IDE) is a software application that provides
comprehensive facilities to computer programmers for software development. Usually,
an IDE consists of a source code editor, a compiler and/or interpreter, a debugger, and
other useful tools.
Typically an IDE is devoted to a specific programming language, so as to provide a
feature set which most closely matches the programming paradigms of the language. In
this sense, we have developed an IDE for P-Lingua by using the Java language. This
application provides an environment to write and debug programs in P-Lingua for P
systems with active membranes, and it can be updated by adding plugins to accept future
versions of the language. The IDE can also be used as a simulation tool for P-Lingua
programs.
This application includes a source code editor with syntax highlighting which is a feature that displays text source code in different colors and fonts, as both structures and
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syntax errors are visually distinct. With this editor, it is also possible to generate PLingua programs composed of several single files.
A compilation tool is included to check possible programming errors and to generate
XML files that can be used in third-part applications.
A simulation tool for debugging is included in order to aid the researcher in the task of
designing new P systems. This tool provides simulations by using an interactive stepby-step mode. The user can choose between simulation of one or several steps, or let
the simulation run until a halting state. A lot of information is given in each step of
the simulation: a tree-view of the membranes structure, complete information of the
multisets and the set of rules selected to be executed. The user can also choose between
different non-deterministic ways of computation, or let the software select one.

7

A simulator for recognizer P systems with active
membranes

The act of simulating generally entails representing certain key characteristics or behaviors of some physical, or abstract, system. We must distinguish a simulation tool
from an emulation tool: this duplicates the functions of one system by using a different
system, so that the second system behaves like (and appears to be) the emulated system.
With the current technology, we cannot emulate the functionality of a cellular machine
(a membrane system) by using a conventional computer to solve instances of NP-hard
problems in a polynomial time, but we can simulate these cellular machines for research
purposes, even if the simulation is not done in a polynomial time.
The P system computations are massively parallel. One of the most common programming methods to simulate real parallelism in a conventional computer with a single processor is to use multithreading. A thread in this sense is a thread of execution. Threads
are a way for a program to fork (or split) itself into two or more simultaneously (or
pseudo-simultaneously) running tasks. Multiple threads can be executed in parallel on
a single computer. This multithreading generally occurs by time-division multiplexing
where the processor switches between different threads. This context switching can
happen so fast as to give the illusion of parallelism to an end-user. On a multiprocessor
or multi-core system, threading can be achieved via multiprocessing, wherein different
threads can literally run simultaneously on different processors or cores.
As a first practical application of the P-lingua programming language, we have implemented a simulator for recognizer P systems with active membranes that takes as input
an XML document generated by the P-lingua compiler and runs one of the possible
computations that the P system may follow, obtaining the answer that the system outputs
to its environment, and a text file with a detailed step-by-step report of the computation.
The system requirements are the same as in the case of the P-lingua compiler.
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The simulator is launched from the command line as follows:
plingua sim input xml [-o output file]

where input xml is an XML document formatted as discussed in this paper, and
output file is the name of the file where the report about the simulated computation
will be saved.
7.15 Simulation of a solution to the SAT problem We now show an execution
of the simulator running on the XML document obtained after compiling the P-lingua
program described in Section 4.14. The results have been obtained on an AMD Sempron
machine, at 2.8 Ghz and with 512Mb of RAM memory.
The command used to execute the simulation is:
plingua sim sat.xml -o info.txt

The simulation ends when no more rules can be applied, and then the following information is displayed:
Environment multiset: t, Yes
Steps: 41
Time: 1.971 s.
Halting configuration (No rule can be selected to be executed
in the next step)

Thus, the computation of the P system spend 41 transition steps, and it took 1.971 seconds to simulate it until reaching a halting configuration (recall that we are simulating
a parallel device on a sequential computer).
The file info.txt keeps detailed information about each configuration of the simulated computation. More precisely, the multisets and polarizations of all the membranes
are listed, as well as the rules selected for execution at each transition step. The configurations are numbered (starting at 0), to keep track of the step of the computation that is
being simulated. Some information about the CPU time is shown for each step, and the
number of rules of each type that is executed. As an example, we give the information
generated for the first two configurations.

### MEMBRANE ID: 1, Label: 2, Charge: 0
Multiset: nx{1, 2}, d{1}, x{3, 5}, nx{2, 4}, nx{2, 2},
nx{4, 6}, x{2, 3}, x{1, 1}
Parent Membrane ID: 0
Rules Selected:
1*DIVISION RULE: [d{1}]’2 --> +[d{1}] -[d{1}]
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@@@ SKIN MEMBRANE ID: 0, Label: 1, Charge: 0
Multiset: #
Internal membranes count: 1
Configuration: 0
Time: 0.0 s.
1 division rule(s) selected to be executed in the step 1
************************************************
### MEMBRANE ID: 1, Label: 2, Charge: +
Multiset: nx{1, 2}, d{1}, x{3, 5}, nx{2, 4}, nx{2, 2},
nx{4, 6}, x{2, 3}, x{1, 1}
Parent Membrane ID: 0
Rules Selected:
1*EVOLUTION RULE: +[nx{2, 2} --> nx{2, 1}]’2
1*EVOLUTION RULE: +[nx{1, 2} --> nx{1, 1}]’2
1*EVOLUTION RULE: +[x{3, 5} --> x{3, 4}]’2
1*EVOLUTION RULE: +[x{1, 1} --> r{1, 1}]’2
1*EVOLUTION RULE: +[nx{2, 4} --> nx{2, 3}]’2
1*EVOLUTION RULE: +[nx{4, 6} --> nx{4, 5}]’2
1*EVOLUTION RULE: +[x{2, 3} --> x{2, 2}]’2
1*SEND-OUT RULE: +[d{1}]’2 --> []d{1}
### MEMBRANE ID: 2, Label: 2, Charge: Multiset: nx{1, 2}, d{1}, nx{2, 4}, x{3, 5}, nx{2, 2},
x{2, 3}, nx{4, 6}, x{1, 1}
Parent Membrane ID: 0
Rules Selected:
1*EVOLUTION RULE: -[nx{2, 4} --> nx{2, 3}]’2
1*EVOLUTION RULE: -[nx{2, 2} --> nx{2, 1}]’2
1*EVOLUTION RULE: -[nx{4, 6} --> nx{4, 5}]’2
1*EVOLUTION RULE: -[x{1, 1} --> #]’2
1*EVOLUTION RULE: -[x{2, 3} --> x{2, 2}]’2
1*EVOLUTION RULE: -[nx{1, 2} --> nx{1, 1}]’2
1*EVOLUTION RULE: -[x{3, 5} --> x{3, 4}]’2
1*SEND-OUT RULE: -[d{1}]’2 --> []d{1}
@@@ SKIN MEMBRANE ID: 0, Label: 1, Charge: 0
Multiset: #
Internal membranes count: 2
Configuration: 1
Time: 0.025 s.
14 evolution rule(s) selected to be executed in the step 2
2 send-out rule(s) selected to be executed in the step 2
************************************************

After simulating 41 transition steps, the halting configuration is described as follows:
### MEMBRANE ID: 1, Label: 2, Charge: +
Multiset: r{0, 12}*3, c{4}
Parent Membrane ID: 0
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### MEMBRANE ID: 2, Label: 2, Charge: +
Multiset: c{1}, r{2, 12}, r{3, 12}
Parent Membrane ID: 0
### MEMBRANE ID: 3, Label: 2, Charge: +
Multiset: r{0, 12}*5, c{4}
Parent Membrane ID: 0
### MEMBRANE ID: 4, Label: 2, Charge: +
Multiset: r{0, 12}*4, c{4}
Parent Membrane ID: 0
### MEMBRANE ID: 5, Label: 2, Charge: +
Multiset: r{0, 12}, r{2, 12}, c{2}
Parent Membrane ID: 0
### MEMBRANE ID: 6, Label: 2, Charge: +
Multiset: c{1}, r{3, 12}
Parent Membrane ID: 0
### MEMBRANE ID: 7, Label: 2, Charge: +
Multiset: 4*r{0, 12}, c{4}
Parent Membrane ID: 0

..
.
@@@ SKIN MEMBRANE ID: 0, Label: 1, Charge: Multiset: t*10, d{29}*64, c{6}*10
Internal membranes count: 64
˜˜˜ENVIRONMENT: t, Yes
Configuration 41
Time: 1.971 s.
Halt configuration (No rule can be selected to be
executed in the next step)
************************************************

Note that there are 64 different membranes labelled by 2 in this configuration, although
for the sake of simplicity we show only seven of them.

8

Conclusions and future work

In this paper we have presented a programming language for membrane computing,
P-Lingua, together with a compiler that generates XML documents, an integrated development environment and a simulator for a class of P systems, namely recognizer P
systems with active membranes.
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Using a programming language to define cellular machines is a concept in the development of applications for membrane computing that leads to a standardization with the
following advantages:
• Users can define cellular machines in a modular and parametric way by using an
easy-to-learn programming language.
• It is possible to define libraries of modules that can be shared among users to
facilitate the design of new programs.
• This method to define P systems is decoupled from its applications and the same
P-Lingua programs can be used in different software environments.
• By using compiling tools, the P-Lingua programs are translated to other file formats that can be interpreted by a large number of different applications.
The first version of P-Lingua is presented for P systems with active membranes. In forthcoming versions, we will try to generalize the language so that other types of cellular
devices can be also defined, for instance transition P systems and tissue P systems. In
this sense, necessary plugins (software modules) for the IDE and the compilation tool
must be developed also.
We have chosen an XML language as the output format because of the reasons exposed
above. However, we are aware that for some applications it is not the most suitable
format, due to the fact that XML does not include any method for compressing data, and
therefore the text files can eventually become too large, which is a clear disadvantage
for applications running on networks of processors. It would be convenient to improve
the compiler (by adding plugins) so that it generates a larger variety of output formats,
of special interest are compressed binary files or executable code (either in C or Java).
It is important to recall that the simulator presented here is designed to run in a conventional computer, having limited resources (RAM, CPU), and this leads to a bound on the
size of the instances of computationally hard problems whose solutions can be successfully simulated. Moreover, conventional computers are not massively parallel devices,
and therefore it seems that the inherent parallelism of P systems must be simulated by
means of multithreading techniques. It would be interesting to design heuristics which
help us to find good (short) computations.
These shortcomings lead us to the possibility of implementing a distributed simulator
running on a network or cluster of processors, where the need of resources arising during
the computation could be solved by adding further nodes to the network, thus moving
towards massive parallelism.
The sofware presented in this paper and its source code can be freely downloaded from
the software section on the website [12]. This software is under the GNU General Public
License (GNU GPL) [8] and it is written in Java [9] using the lexical and syntactical
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analyzers provided by JavaCC [10]. The minimum system requirements are having a
Java virtual machine (JVM) version 1.6.0 running in a Pentium III computer.
Acknowledgments. The authors acknowledge the support of the project TIN200613425 of the Ministerio de Educación y Ciencia of Spain, cofinanced by FEDER funds,
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This paper presents a basic framework to define testing strategies for some
classes of P systems. Techniques based on grammars and finite state machines
are developed and some testing criteria are identified and illustrated through
simple examples.

1

Introduction

In 1998, Gheorghe Păun initiated the field of research called membrane computing with
a paper firstly available on the web [16]. Membrane computing, a new computational
paradigm, aims at defining computational models which are inspired by the functioning and structure of the living cell. In particular, membrane computing starts from the
observation that compartmentalisation through membranes is one of the essential features of (eucaryotic) cells. Unlike bacterium, which generally consists of a single intracellular compartment, an eucaryotic cell is sub-divided into distinct compartments
with well-defined structures and functions. Further on have been considered other biological phenomena like tissues, colonies of different organisms, various bio-chemical
entities with dynamic structure in time and space. Membrane systems, also called P
systems, consist now of different computational models addressing multiple levels of
bio-complexity. There are cell-like P systems, relying on the hierarchical structure of
the living cells, tissue-like models, reflecting the network structure of neurons and other
bio-units arranged in tissues or more complex organs, P colonies and population P systems, drawing inspiration from the organisation and behaviour of bacterium colonies,
social insects and other organisms living together in larger communities (see [18], [19]).
The most basic model and the first introduced, [17], the cell-like paradigm has three
essential features: (i) a membrane structure consisting of a hierarchical arrangement of
several compartments, called regions, delimited by membranes; (ii) objects occurring
inside these regions, coding for various simple or more complex chemical molecules
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or compounds; and (iii) rules assigned to the regions of the membrane structure, acting
upon the objects inside. In particular, each region is supposed to contain a finite set of
rules and a finite multiset (or set) of objects. Rules encode for generic transformation
processes involving objects and for transporting them, through membranes, from one region to an adjacent one. The application of the rules is performed in a non-deterministic
maximally parallel manner: all the applicable rules that can be used to modify or transport existing objects, must be applied, and this is done in parallel for all membranes.
This process abstracts the inherent parallelism that occurs at the cellular level.
Since this model has been introduced for the first time in 1998, many variants of membrane systems have been proposed, a research monograph [18] has been published and
regular collective volumes are annually edited – a comprehensive bibliography of P
systems can be found at [19]. The most investigated membrane computing topics are
related to the computational power of different variants, their capabilities to solve hard
problems, like NP-complete ones, decidability, complexity aspects and hierarchies of
classes of languages produced by these devices. In the last years there have been significant developments in using the P systems paradigm to model, simulate and formally
verify various systems [7]. For some of these applications suitable classes of P systems
have been associated with and software packages developed. For these models corresponding formal semantics [1] and verification mechanisms [2] have been produced.
There are well-established application areas where the software specifications developed are also delivered together with a model and associated formal verification procedures. All software applications, irrespective of their use and purpose, are tested before
being released, installed and used. Testing is not a replacement for a formal verification procedure, when the former is also present, but a necessary mechanism to increase
the confidence in software correctness and ultimately a well-known and very wellestablished stage in any software engineering project [10]. Although formal verification
has been applied for different models based on P systems, testing has been completely
neglected so far in this context. In this paper we suggest some initial steps towards
building a testing framework and its underpinning theory, based on formal grammars
and finite state machines, that is associated to software applications derived from P
systems specifications. We develop this testing theory based on formal grammars and
finite state machines as they are the closest formalisms to P systems and the testing
mechanisms for them are well-investigated. Of course other testing approaches can be
considered in this context as well, but all of them require a bigger effort of translation
and inevitably difficulties in checking the correctnes of this process and in mapping it
back to P systems.
The paper is organised as follows: in section 2 there are introduced basic concepts and
definitions; a testing framework based on context-free grammars and finite state machines is built and some examples presented in sections 3 and 4, respectively; conclusions are drawn in section 5.
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Basic Concepts and Notations

For an alphabet V = {a1 , ..., ap }, V ∗ denotes the set of all strings over V . λ denotes
the empty string. For a string u ∈ V ∗ , |u|ai denotes the number of ai occurrences in u.
For a string u we associate a vector of non-negative integer values (|u|a1 , ..., |u|ap ). We
denote this by ΨV (u).
A basic cell-like P system is defined as a hierarchical arrangement of membranes identifying corresponding regions of the system. With each region there are associated a
finite multiset of objects and a finite set of rules; both may be empty. A multiset is either denoted by a string u ∈ V ∗ , where the order is not considered, or by ΨV (u). The
following definition refers to one of the many variants of P systems, namely cell-like P
system, which uses non-cooperative transformation and communication rules [18]. We
will call these processing rules. Since now onwards we will call this model simply P
system.
Definition 1 A P system is a tuple Π = (V, µ, w1 , ..., wn , R1 , ..., Rn ), where
• V is a finite set, called alphabet;
• µ defines the membrane structure; a hierarchical arrangement of n compartments
called regions delimited by membranes; these membranes and regions are identified by integers 1 to n;
• wi , 1 ≤ i ≤ n, represents the initial multiset occurring in region i;
• Ri , 1 ≤ i ≤ n, denotes the set of rules applied in region i.
The rules in each region have the form a → (a1 , t1 )...(am , tm ), where a, ai ∈ V ,
ti ∈ {in, out, here}, 1 ≤ i ≤ m. When such a rule is applied to a symbol a in the
current region, the symbol a is replaced by the symbols ai with ti = here; symbols
ai with ti = out are sent to the outer region and symbols ai with ti = in are sent
into one of the regions contained in the current one, arbitrarily chosen. In the following
definitions and examples all the symbols (ai , here) are used as ai . The rules are applied
in maximally parallel mode which means that they are used in all the regions in the
same time and in each region all symbols that may be processed, must be.
A configuration of the P system Π is a tuple c = (u1 , ..., un ), ui ∈ V ∗ , 1 ≤ i ≤ n. A
derivation of a configuration c1 to c2 using the maximal parallelism mode is denoted by
c1 =⇒ c2 . In the set of all configurations we will distinguish terminal configurations;
c = (u1 , ..., un ) is a terminal configuration if there is no region i such that ui can be
further processed.
The set of all halting configurations is denoted by L(Π), whereas the set of all configurations reachable from the initial one (including the initial configuration) is denoted by
S(Π).
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Definition 2 A deterministic finite automaton (abbreviated DFA), M , is a tuple (A, Q,
q0 , F, h), where:
•
•
•
•
•

A is the finite input alphabet;
Q is the finite set of states;
q0 ∈ Q is the initial state;
F ⊆ Q is the set of final states;
h : Q × A −→ Q is the next-state function.

The next-state function h can be extended to a function h : Q × A∗ −→ Q defined by:
• h(q, ǫ) = q, q ∈ Q;
• h(q, sa) = h(h(q, s), a), q ∈ Q, s ∈ A∗ , a ∈ A.
For simplicity the same name h is used for the next-state function and for the extended
function.
Given q ∈ Q, a sequence of input symbols s ∈ A∗ is said to be accepted by M in q if
h(q, s) ∈ F . The set of all input sequences accepted by M in q0 is called the language
defined (accepted) by M , denoted L(M ).

3

Grammar-like Testing

Based on testing principles developed for context-free grammars [13], [14], some testing strategies aiming to achieve rule coverage for a P system will be defined and analysed in this section.
In grammar engineering, formal grammars are used to specify complex software systems, like compilers, debuggers, documentation tools, code pre-processing tools etc.
One of the areas of grammar engineering is grammar testing which covers the development of various testing strategies for software based on grammar specifications. One
of the main testing methods developed in this context refers to rule coverage, i.e., the
testing procedure tries to cover all the rules of a specification.
In the context of grammar testing it is assumed that for a given specification defined as
a grammar, an implementation of it, like a parser, exists and will be tested. The aim is
to build a test set, a finite set of sequences, that reveals potential errors in the implementation. As opposed to testing based on finite state machines, where it is possible to
(dis)prove the equivalent behaviour of the specification and implementation, in the case
of general context-free grammars this is no longer possible as it reduces to the equivalence of two such devices, which is not decidable. Of course, for specific restricted
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classes of context-free grammars there are decidability procedures regarding the equivalence problem and these may be considered for testing purposes as well, but we are
interested here in the general case. The best we can get is to cover as much as possible
from the languages associated to the two mechanisms, specification and implementation
grammars, and this is the role of a test set. We will define such test sets for P systems.
Given a specification G and an implementation G′ , a test set aims to reveal inconsistencies, like
• incorrectness of the implementation G′ with respect to the specification language
L = L(G), if L(G′ ) 6⊂ L and L 6= L(G′ );
• incompleteness of the implementation G′ with respect to the specification language
L = L(G), if L 6⊂ L(G′ ) and L 6= L(G′ ).
We start to develop a similar method in the context of P systems. Although there are a
number of similarities between context-free grammars utilised in grammar testing and
basic P systems, like those considered in this paper, there are also major differences that
pose new problems in defining suitable testing methods. Some of the difficulties that we
encounter in introducing some grammar-like testing procedures are related to the main
features that define such systems: hierarchical compartmentalisation of the entire model,
parallel behaviour, communication mechanisms, the lack of a non-terminal alphabet.
We define some rule coverage criteria by firstly starting with one compartment P system,
i.e., Π = (V, µ, w, R), where µ = [1 ]1 . The rule coverage criteria are adapted from [13],
[14]. In the sequel, if not otherwise stated, we will consider that the specification and
the implementation are given by the P systems Π and Π′ , respectively. For such a P
system Π, we define the following concepts.
Definition 3 A multiset denoted by u ∈ V ∗ , covers a rule r : a → v ∈ R, if there is a
derivation w =⇒∗ xay =⇒ x′ vy ′ =⇒∗ u; w, x, y, v, u ∈ V ∗ , a ∈ V .
If there is no further derivation from u, then this is called a terminal coverage.
Definition 4 A set T ⊆ V ∗ , is called a test set that satisfies the rule coverage (RC)
criterion if for each rule r ∈ R there is u ∈ T which covers r.
If every u ∈ T provides a terminal coverage then T is called a test set that satisfies the
rule terminal coverage (RTC) criterion.
The following one compartment P systems are considered, Πi , 1 ≤ i ≤ 4, having the
same alphabet and initial multiset:
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Πi = (Vi , µi , wi , Ri )
where
•
•
•
•
•
•
•

V1 = V2 = V3 = V4 = {s, a, b, c};
µ1 = µ2 = µ3 = µ4 = [1 ]1 - i.e., one compartment, denoted by 1;
w1 = w2 = w3 = w4 = s;
R1 = {r1 : s → ab, r2 : a → c, r3 : b → bc, r4 : b → c};
R2 = {r1 : s → ab, r2 : a → λ, r3 : b → c};
R3 = {r1 : s → ab, r2 : a → bcc, r3 : b → λ};
R4 = {r1 : s → ab, r2 : a → bc, r3 : a → c, r4 : b → c}.

In the sequel for each multiset w, we will use the following vector of non-negative
integer numbers (|w|s , |w|a , |w|b , |w|c ).
The sets of all configurations expressed as vectors of non-negative integer numbers,
computed by the P systems Πi , 1 ≤ i ≤ 4 are:
•
•
•
•

S(Π1 ) = {(1, 0, 0, 0), (0, 1, 1, 0)} ∪ {(0, 0, k, n)|k = 0, 1; n ≥ 2};
S(Π2 ) = {(1, 0, 0, 0), (0, 1, 1, 0), (0, 0, 0, 1)};
S(Π3 ) = {(1, 0, 0, 0), (0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2)};
S(Π4 ) = {(1, 0, 0, 0), (0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2), (0, 0, 0, 3)}.

Test sets for Π1 satisfying the RC criterion are
• T1,1 = {(0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2)} and
• T1,2 = {(0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 3)},
′
′
whereas T1,1
= {(0, 1, 1, 0), (0, 0, 0, 2)} and T1,2
= {(0, 1, 1, 0), (0, 0, 1, 2)} are not,
as they do not cover the rules r3 and r4 , respectively. Both T1,1 and T1,2 show the
incompleteness of Π2 with respect to S(Π1 ) (Π2 is also incorrect). T1,1 does not show
the incompleteness of Π3 with respect to S(Π1 ), but T1,2 does. None of these test sets
does show the incompleteness of Π4 .

The sets of terminal configurations expressed as vectors of non-negative integer numbers, computed by the P systems Πi , 1 ≤ i ≤ 4 are:
•
•
•
•

L(Π1 ) = {(0, 0, 0, n)|n ≥ 2};
L(Π2 ) = {(0, 0, 0, 1)};
L(Π3 ) = {(0, 0, 0, 2)};
L(Π4 ) = {(0, 0, 0, 2), (0, 0, 0, 3)}.
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A test set for Π1 satisfying the RTC criterion is T = {(0, 0, 0, 3)}. As (0, 0, 0, 3) is
not in L(Π2 ) and L(Π3 ), it follows that Π2 and Π3 are incomplete with respect to
L = L(Π1 ). However, the test set does not prove the incompleteness of Π4 .
The examples above show that none of the test sets provided is powerful enough to
prove the incompleteness of Π4 , although S(Π4 ) ⊂ S(Π1 ), and L(Π4 ) ⊂ L(Π1 ).
A more powerful testing set is computed by considering a generalisation of the RC
criterion, called context-dependent rule coverage (CDRC) criterion.
Definition 5 A rule r ∈ R, r : b → uav, u, v ∈ V ∗ , a, b ∈ V , is called a direct
occurrence of a. For every symbol a ∈ V , we denote by Occs(Π, a), the set of all direct
occurrences of a.
For the P system Π1 , the following sets of direct occurrences are computed:
•
•
•
•

Occs(Π1 , s) = ∅;
Occs(Π1 , a) = {r1 : s → ab};
Occs(Π1 , b) = {r1 : s → ab, r3 : b → bc};
Occs(Π1 , c) = {r2 : a → c, r3 : b → bc, r4 : b → c}.

Definition 6 A multiset denoted by u ∈ L(Π) covers the rule r : b → y ∈ R for
the direct occurrence of b, a → ubv ∈ R if there is a derivation w =⇒∗ u1 av1 =⇒
u1 ubvv1 =⇒ u1 uyvv1 =⇒∗ z; z, u1 , v1 , u, v, y ∈ V ∗ , a, b ∈ V. A set Tr is said to
cover r : a → x for all direct occurrences of a if for any occurrence o ∈ Occs(Π, a)
there is t ∈ Tr such that t covers r for o. A set T is said to achieve CDRC for Π if it
covers all r ∈ R for all their direct occurrences.
Clearly, Tr covers r in the sense of Definition 3. Similar to the coverage rule criterion
introduced by Definition 4 where a terminal coverage criterion (RTC) has been given,
we can also extend CDRC by considering only terminal derivations for all z in Definition 6 and obtain the CDRTC criterion. Obviously, any test set that satisfies CDRC
(CDRTC) criterion will also satisfies RC (RTC) criterion, as well.
For Π1 the set
• T ′ = {(0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2), (0, 0, 1, 3), (0, 0, 0, 3))} satisfies the
CDRC criterion and
• T ′′ = {(0, 0, 0, 2), (0, 0, 0, 3), (0, 0, 0, 4)} satisfies the CDRTC criterion.
These sets show the incompleteness of Π4 as well as the incompleteness of the other
two P systems.
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In all the above considerations we have considered maximal parallelism. If we consider
sequential P systems, only one rule is used at a moment, then all the above considerations and the same sets remain valid.
Now we consider general P systems, as introduced by Definition 1, and reformulate the
concepts introduced above for one compartment P systems:
• RC criterion becomes: the configuration (u1 , ..., ui , ..., un ) covers a rule ri : ai →
vi ∈ Ri if there is a derivation
(w1 , ..., wi ..., wn ) =⇒∗ (x1 , ..., xi ai yi , ..., xn ) =⇒ (x′1 , ..., x′i vi yi′ , ..., x′n ) =⇒∗
(u1 , ..., ui , ..., un );
• a test set T ⊆ (V ∗ )n is defined similar to Definition 4.
In a P system with more than one compartment, two adjacent regions can exchange
symbols. If the region i is contained in j and ri : a → x(b, out)y ∈ Ri or rj : c →
u(d, in)v ∈ Rj then ri , rj are called communication rules between regions i and j.
Now Definition 5 can be rewritten as follows
Definition 7 A rule r : b → uav ∈ Ri or a communication rule between i and j,
r′ : b′ → u′ (a, t)v ′ ∈ Rj , where i and j are two adjacent regions and t ∈ {in, out},
is called a direct occurrence of a. The set of all direct occurrences of a in region i
is denoted by Occsi (Π, a) and consists of the set of all direct occurrences of a from
i, denoted by Si and the sets of communication rules, r′ , from the adjacent regions
j1 , ..., jq , denoted by Sj1 , ..., Sjq .
Let the two compartment P systems:
Π′i = (Vi , µi , w1,i , w2,i , R1,i , R2,i )
where
•
•
•
•
•
•
•

V1 = V2 = {s, a, b, c};
µ1 = µ2 = [1 [2 ]2 ]1 - i.e., two compartments; region 1 contains 2;
w1,1 = s, w2,1 = λ; w1,2 = s, w2,2 = λ;
R1,1 = {r1 : s → sa(b, in), r2 : s → ab, r3 : b → a, r4 : a → c};
R2,1 = {r1 : b → bc, r2 : b → c};
R1,2 = {r1 : s → sa(b, in), r2 : s → ab(b, in)(c, in), r3 : b → a, r4 : a → c};
R2,2 = {r1 : b → λ, r2 : b → c}.

For the P system Π′1 , the following sets of direct occurrences are computed:
• Occs1 (Π1 , a) = S1 ∪ S2 , where S1 = {r1 : s → sa(b, out), r2 : s → ab, r3 :
b → a} and S2 = ∅;
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• Occs2 (Π′1 , b) = S1 ∪ S2 , where S1 = {r1 : s → sa(b, out)} and S2 = {r1 : b →
bc}.
A test set T that satisfies the CDRC criterion is:
{((1, 1, 0, 0), (0, 0, 1, 0)), ((0, 1, 1, 1), (0, 0, 1, 1)), ((0, 1, 0, 2), (0, 0, 0, 2)),
((0, 0, 0, 3), (0, 0, 0, 2))},
which is obtained from the derivation
(s, λ) =⇒ (sa, b) =⇒ (bac, bc) =⇒ (acc, cc) =⇒ (ccc, cc).
The P system Π′2 is incomplete as it does not contain configurations (ck , ch ) with h > k,
but T above, fails to show this fact.
We can consider the CDRTC criterion to check whether it distinguishes between Π′1 and
Π′2 . It is left to the reader to verify this fact.

4

Finite State Machine based Testing

In this section we apply concepts and techniques from finite state based testing. In order
to do this, we construct a finite automaton on the basis of the derivation tree of a P
system.
We first present the process of constructing a DFA for a one compartment P system
Π = (V, µ, w, R), where µ = [1 ]1 . In this case, the configuration of Π can change as a
result of the application of some rule in R or of a number of rules, in parallel. In order
to guarantee the finiteness of this process, for a given integer k, only computations of
maximum k steps will be considered. For example, for k = 4, the tree in Figure 4.1
depicts all derivations in Π1 of length less than or equal to k. The terminal nodes are in
bold.
As only sequences of maximum k steps are considered, for every rule ri ∈ R there will
be some Ni such that, in any step, ri can be applied at most Ni times. Thus, the tree that
depicts all the derivations of a P system Π with rules R = {r1 , . . . , rm } can be described
im
by a DFA Dt over the alphabet A = {r1i1 . . . rm
| 0 ≤ i1 ≤ N1 , . . . , 0 ≤ im ≤ Nm },
i1
im
where r1 . . . rm describes the multiset with ij occurrences of rj , 1 ≤ j ≤ m.
As Dt is a DFA over A, one can construct the minimal DFA that accepts precisely the
language L(Dt) defined by Dt. However, as only sequences of at most k transitions
are considered, it is irrelevant how the constructed automaton will behave for longer
sequences. Thus, a finite cover automaton can be constructed instead.
A deterministic finite cover automaton (DFCA) of a finite language U is a DFA that accepts all sequences in U and possibly other sequences that are longer than any sequence
in U.
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r1

ab
r2 r3

r2 r4
c2

bc2
r3

r4

c3

bc3
r3

bc4

r4

c4
Fig. 4.1 Derivation tree for Π1 and k = 4

Definition 8 Let M = (A, Q, q0 , F, h) be a DFA, U ⊆ A∗ a finite language and l the
length of the longest sequence(s) in U . Then M is called aSdeterministic finite cover
automaton (DFCA) of U if L(A) ∩ A[l] = U, where A[l] = 0≤i≤l U i denotes the sets
of sequences of length less than or equal to l with members in the alphabet A.
A minimal DFCA of U is a DFCA of U having the least number of states. Unlike the
case in which the acceptance of the precise language is required, the minimal DFCA is
not necessarily unique (up to a renaming of the state space) [5], [6].
The concept of DFCA was introduced by Câmpeanu et al. [5], [6] and several algorithms
for constructing a minimal DFCA of a finite language have been devised since [5], [6],
[4], [3], [11], [12], [16]. The time complexity of these algorithms is polynomial in the
number of states of the minimal DFCA. Interestingly, Garcı́a and Ruiz [8] note that the
minimization of DFCA can be approached as an inference problem, which had been
solved several years earlier.
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Any DFA that accepts U is also a DFCA of U and so the size (number of states) of a
minimal DFCA of U cannot exceed the size of the minimal DFA that accepts U . On
the other hand, as shown by examples in this paper, a minimal DFCA of U may have
considerably fewer states than the minimal DFA that accepts U.
A minimal DFCA of the language L(Dt) defined by the previous derivation tree is
represented in Figure 4.2; q3 in Figure 4.2 is final state. It is implicitly assumed that
a non-final “sink” state, denoted qS , also exists, that receives all “rejected” transitions.
For testing purposes we will consider all the states as final.
q0

r1

q1
r2 r3

r2 r4
r4

q2

q3

r3
Fig. 4.2 Minimal DFCA for Π1 and k = 4

Not only the minimal DFCA of L(Dt) may have (significantly) less states than the
minimal DFA that accepts L(Dt), but it also provides the right approximation for the
computation of a P system. Consider u1 , u2 ∈ V ∗ , w =⇒∗ u1 , w =⇒∗ u2 , such that
the derivation from u1 is identical to the derivation from u2 , i.e., any sequence s ∈ A∗
that can be applied to u1 can also be applied to u2 and vice versa (e.g., u1 = bc2 and
u2 = bc3 in Figure 4.1). Naturally, as the derivation from u1 is identical to the derivation
from u2 , u1 and u2 should be represented by the same state of a DFA that models the
computation of the P system. This is the case when the DFA model considered is a
minimal DFCA of L(Dt); on the other hand, u1 and u2 will be associated with distinct
states in the minimal DFA that accepts L(Dt), unless they appear at the same level in the
derivation tree Dt. For example, in Figure 4.1, bc2 and bc3 appear at different levels in
the derivation tree and so they will be associated with distinct states in the minimal DFA
that accepts L(Dt); on the other hand, bc2 and bc3 are mapped onto the same state (q2 )
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of the minimal DFCA represented in Figure 4.2. Furthermore, if the entire computation
of the P system (i.e. for derivation sequences of any length) can be described by a DFA
over some alphabet A, then this DFA model will be obtained as a DFCA of L(Dt) for
k sufficiently large.
Once the minimal DFCA M = (A, Q, q0 , F, h) has been constructed, various specific
coverage levels can be used to measure the effectiveness of a test set. In this paper we
use two of the most widely known coverage levels for finite automata: state coverage
and transition coverage.
Definition 9 A set T ⊆ V ∗ , is called a test set that satisfies the state coverage (SC)
criterion if for each state q of M there exists u ∈ T and a path s ∈ A∗ that reaches q
(h(q0 , s) = q) such that u is derived from w through the computation defined by s.
Definition 10 A set T ⊆ V ∗ , is called a test set that satisfies the transition coverage
(TC) criterion if for each state q of M and each a ∈ A such that a labels a valid
transition from q (h(q, a) 6= qS ), there exist u, u′ ∈ T and a path s ∈ A∗ that reaches
q such that u and u′ are derived from w through the computation defined by s and sa,
respectively.
Clearly, if a test set satisfies TC, it also satisfies SC. A test set for Π1 satisfying the SC
criterion is
T1,1 = {(1, 0, 0, 0), (0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2)},
whereas a test set satisfying the TC criterion is
T1,s = {(1, 0, 0, 0), (0, 1, 1, 0), (0, 0, 1, 2), (0, 0, 0, 2), (0, 0, 1, 3), (0, 0, 0, 3)}.
The TC coverage criterion defined above is, in principle, analogous to the RC criterion
given in the previous section. The TC criterion, however, does not only depend on the
rules applied, but also on the state reached by the system when a given rule has been
applied. Test suites that meet the RC and TC criteria can be efficiently calculated using
automata inference techniques [9], [15]. A stronger criterion, in which all feasible transition sequences of length less than or equal to 2 must be triggered in any state can also
be defined - this will correspond to the CDRC criterion defined in the previous section.
Of course, a more careful analysis of the relationships between criteria used in testing
based on grammars and those applied in the context of finite state machines, considered
for P systems testing, needs to be conducted in order to identify the most suitable testing
procedures for these systems.
The construction of a minimal DFCA and the coverage criteria defined above can be
generalized for a multiple compartment P system
Π = (V, µ, w1 , ..., wn , R1 , ..., Rn ).
In this case, the input alphabet will be defined as
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i1,m

i

i

i

n
A = {(r11,1 . . . rm1 1 , . . . , r1n,1 . . . rmn,m
) | 0 ≤ ij,p ≤ Nj,p , 1 ≤ j ≤ mp ,
n

1 ≤ p ≤ n},
where Nj,p is the maximum number of times rule rj , 1 ≤ j ≤ mp from compartment
p can be applied in one derivation step, 1 ≤ p ≤ n. Analogously to one compartment P
systems, only computations of maximum k steps are considered.
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Fig. 4.3 Derivation tree for Π′1 and k = 3

For k = 3, the derivation tree of Π′1 defined above is as represented in Figure 4.3. For
clarity, in Figure 4.3 if the derivation from some node u (not found at the bottom level in
the hierarchy) is the same as the derivation from some previous node u′ at a higher level
or at the same level in the hierarchy, then u is not expanded any further; we denote u ∼
u′ . Such nodes are (sac, bc) and (abc, c), (sac, bc) ∼ (sa, b) and (abc, c) ∼ (ab, λ);
they are given in italics. A minimal DFCA of the language defined by the derivation
tree is represented in Figure 4.4.
Similar to one compartment case, test sets for considered criteria, state and transition
cover, can be defined in this more general context.
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Fig. 4.4 Minimal DFCA for Π′1 and k = 3

5

Conclusions and Future Work

In this paper we have discussed how P systems are tested by introducing grammar and
finite state machine based strategies. The approach is focussing on cell-like P systems,
but the same methodology can be used for tissue-like P systems. Simple examples illustrate the approach and show their testing power as well as current limitations. This
very initial research reveal a number of interesting preliminary problems regarding the
construction of relevant test sets that point out faulty implementations.
This paper has focused on coverage criteria for P system testing. In grammar based testing, coverage is the most widely used test generation criteria. For finite state based testing we have considered some simple state and transition coverage criteria, but criteria
for conformance testing (based on equivalence proofs) can also be used; this approach
is the subject of a paper in progress. Future research is also intended to cover relationships between components and the whole systems with respect to testing, other testing
principles based on the same criteria and strategies, as well as new strategies and different testing methods. Relationships between testing criteria based on grammars and
those used in the case of finite state machine based specifications remain to be further
investigated in a more general context.
Acknowledgements. The authors of the paper are grateful to the anonymous referees
for their comments and suggestions.
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Spiking neural P systems and artificial neural networks are computational devices which share a biological inspiration based on the flow of information
among neurons. In this paper we present a first model for Hebbian learning in
the framework of Spiking Neural P systems by using concepts borrowed from
neuroscience and artificial neural network theory.

1

Introduction
When an axon of cell A is near enough to excite cell B or repeatedly or persistently takes part in firing it, some growth process or metabolic change takes
place in one or both cells such that A’s efficiency, as one of the cells firing B ,
is increased.
D. O. Hebb (1949) [14]

Neuroscience has been a fruitful research area since the pioneering work of Ramón y
Cajal in 1909 [23] and after a century full of results on the man and the mind, many interesting questions are still unanswered. Two of such problems of current neuroscience
are the understanding of neural plasticity and the neural coding.
The first one, the understanding of neural plasticity, is related to the changes in the
amplitude of the postsynaptic response to an incoming action potential. Electrophysiological experiments show that the response amplitude is not fixed over time. Since
the 1970’s a large body of experimental results on synaptic plasticity has been accumulated. Many of these experiments are inspired by Hebb’s postulate (see above). In
the integrate-and-fire formal spiking neuron model [9] and also in artificial neural networks [13], it is usual to consider a factor w as a measure of the efficacy of the synapse
from a neuron to another.
The second one, the neural coding, is related to the way in which one neuron sends
information to other ones. It is interested in the information contained in the spatiotemporal pattern of pulses and on the code used by the neurons to transmit information.
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This research area wonders how other neurons decode the signal or whether the code
can be read by external observers and understand the message. At present, a definite
answer to these questions is not known.
The elementary processing units in the central nervous system are neurons which are
connected to each other in an intricate pattern. Cortical neurons and their connections
are packed into a dense network with more than 104 cell bodies per cubic millimeter.
A single neuron in a vertebrate cortex often connects to more than 104 postsynaptic
neurons.
The neuronal signals consist of short electrical pulses (also called action potentials or
spikes) and can be observed by placing a fine electrode close to the soma or axon of
a neuron. The link between two neurons is a synapse and it is common to refer to the
sending neuron as a presynaptic cell and to the receiving neuron as the postsynaptic cell.
Since all spikes of a given neuron look alike, the form of the action potential does not
carry any information. Rather, it is the number and the timing of spikes what matters.
Traditionally, it has been thought that most, if not all, of the relevant information was
contained in the mean firing rate of the neuron. The concept of mean firing rates has
been successfully applied during the last decades (see, e.g., [19] or [15]) from the pioneering work of Adrian [1, 2]. Nonetheless, more and more experimental evidence has
been accumulated during recent years which suggests that a straightforward firing rate
concept based on temporal averaging may be too simplistic to describe brain activity.
One of the main arguments is that reaction times in behavioral experiment are often
too short to allow long temporal averages. Humans can recognize and respond to visual
scenes in less than 400ms [25]. Recognition and reaction involve several processing step
from the retinal input to the finger movement at the output. If at each processing steps,
neurons had to wait and perform a temporal average in order to read the message of the
presynaptic neurons, the reaction time would be much longer. Many other studies show
the evidence of precise temporal correlations between pulses of different neurons and
stimulus-dependent synchronization of the activity in populations of neurons (see, for
example, [5, 11, 10, 6, 24]). Most of these data are inconsistent with a concept of coding
by mean firing rates where the exact timing of spikes should play no role.
Instead of considering mean firing rates, we consider the realistic situation in which a
neuron abruptly receives an input and for each neuron the timing of the first spike after
the reference signal contains all the information about the new stimulus.

Spiking neural P systems (SN P systems, for short) were introduced in [16] with the aim
of incorporating in membrane computing 1 ideas specific to spike-based neuron models.
The intuitive goal was to have a directed graph were the nodes represent the neurons
and the edges represent the synaptic connections among the neurons. The flow of information is carried on the action potentials, which are encoded by objects of the same
1 The

foundations of membrane computing can be found in [21] and updated bibliography at [26].
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type, the spikes, which are placed inside the neurons and can be sent from presynaptic to
postsynaptic neurons according to specific rules and making use of the time as a support
of information.
This paper is a first answer to the question proposed by Gh. Păun in [22] (question A)
about the way to link the study of SN P systems with neural computing and as he suggests, the starting point has been not only neural computing, but also recent discoveries
in neurology.
The paper is organized as follows: first we discuss about SN P systems with input and
delay and a new computational device called Hebbian SN P system unit is presented. In
Section 3 we present our model of learning with SN P systems based on Hebb’s postulate. An illustrative experiment carried out with the corresponding software is shown in
Section 4. Finally, some conclusions and further discussion on some topics of the paper
are given in the last section.

2

SN P Systems with Input and Decay

An SN P system consists of a set of neurons placed in the nodes of a directed graph and
capable of sending signals (called spikes) along the arcs of the graph (called synapses)
according to specific rules. The objects evolve according to a set of rules (called spiking
rules). The idea is that a neuron containing a certain amount of spikes can consume
some of them and produce other ones. The produced spikes are sent (maybe with a delay
of some steps) to all adjacent neurons from the neuron where the rule was applied. A
global clock is assumed and in each time unit, each neuron which can use a rule should
do it, but only (at most) one rule is used in each neuron. One distinguished neuron is
considered to be the output neuron, and its spikes are also sent to the environment (a
detailed description of SN P systems can be found in [22] and the references therein).
In this section we introduce the Hebbian SN P system unit which is an SN P system with
m + 1 neurons (m presynaptic neurons linked to one postsynaptic neuron) endowed
with input and decay. At the starting point all the neurons are inactive. At rest, the
membrane of biological neurons has a negative polarization of about −65mV , but we
will consider the inactivity by considering the number of spikes inside the neuron is
zero. The dynamics of a Hebbian SN P system unit is quite natural. At the starting
point, all neurons are at rest and in a certain moment the presynaptic neurons receive
spikes enough to activate some rules. The instant of the arrival of the spikes can be
different for each presynaptic neuron. These spikes activate one rule inside the neurons
and the presynaptic neurons send spikes to the postsynaptic neuron. In the postsynaptic
neuron a new rule can be triggered or not, depending on the arrival of spikes and it may
send a spike to the environment.
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Fig. 2.1 Dynamics of one spike

2.1 The Input The basic idea in SN P systems taken from biological spiking neuron
models is that the information is encoded in time. The information in a Hebbian SN P
system unit is also encoded in the time in which the spikes arrive to the neuron and
the time in which the new spikes are emitted. The input will be also encoded in time.
The idea behind this codification is that the presynaptic neurons may not be activated at
the same moment. If we consider a Hebbian SN P system unit as part of a wide neural
network, it is quite natural to think that the spikes will not arrive to the presynaptic
neurons (and consequently, their rules are not activated) at the same time. In this way,
if we consider a Hebbian SN P system unit with m presynaptic neurons {u1 , . . . , um },
an input will consist of a vector ~x = (x1 , . . . , xm ) of non-negative integers where xi
represents the time unit of the global clock in which the neuron ui is activated2 .
2.2 The Decay The effect of a spike on the postsynaptic neuron can be recorded
with an intracellular electrode which measures the potential difference between the interior of the cell and its surroundings. Without any spike input, the neuron is at rest
corresponding to a constant membrane potential. After the arrival of the spike, the potential changes and finally decays back to the resting potential. The spikes, have an
amplitude of about 100mV and typically a duration of 1-2 ms. This means that if the
total change of the potential due to the arrival of spikes is not enough to activate the
postsynaptic neuron, it decays after some milliseconds and the neuron comes back to its
resting potential (see Fig. 2.1).
This biological fact is not implemented in current SN P systems, where the spikes can
be inside the neuron for a long time if they are not consumed by any rule. In the Hebbian
SN P system unit, we introduce the decay in the action potential of the neurons. When
the impulse sent by a presynaptic neuron arrives to the postsynaptic neuron, if it is not
2 In

Section 5 we discuss about other codings for the input.

A Spiking Neural P System Based Model for Hebbian Learning

193

Fig. 2.2 Two presynaptic and one postsynaptic neuron

consumed for triggering any rule in the postsynaptic neuron it decays and its contribution to the total change of potential in the postsynaptic neuron decreases with time. This
decayed potential is still able to contribute to the activation of the postsynaptic rule if
other spikes arrive to the neuron and the addition of all the spikes trigger any rule. If this
one does not occur, the potential decays and after a short time the neuron reaches the
potential at rest. Figure 2.2 shows a scheme in which two presynaptic neurons send two
spikes each of them at different moments to a postsynaptic neuron. Figure 2.3 shows
the changes of potential in the postsynaptic neuron till reaching the threshold for firing
a response.
In order to formalize the idea of decay in the framework of SN P systems we introduce
a new type of extended rules: the rules with decay. They are rules of the form
E/ak → (ap , S); d
where, E is a regular expression over {a}, k and p are natural numbers with k ≥ p ≥ 0,
d ≥ 0 and S = (s1 , s2 , . . . , sr ) is a finite non-increasing sequence of natural numbers
called the decaying sequence where s1 = k and sr = 0 . If E = ak , we will write
ak → (ap , S); d instead of ak /ak → (ap , S); d.
The idea behind the decaying sequence is the following. When the rule E/ak →
(ap , S); d is triggered at t0 we look in S = (s1 , . . . , sr ) for the least l such that p ≥ sl .
Such sl spikes are sent to the postsynaptic neurons according with the delay d in the
usual way. Notice that sl can be equal to p, so at this point this new type of rule is a
generalization of the usual extended rules.
This definition of decay3 can be seen as a generalization of the decaying spikes presented in [7], where a decaying spike a is written in the form (a, e), where e ≥ 1 is the
period. From the moment a pair (a, e) arrives in a neuron, e is decremented by one in
each step of computation. As soon as e = 0, the corresponding spike is lost and cannot
be used anymore.
3 Further

discussion about the decay can be found in Section 5.
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Fig. 2.3 The potential at the postsynaptic neuron

In this way, a rule E/ak → ap ; d (k > p) where ap are p decaying spikes (a, e) can
be seen with our notation as E/ak → (ap , S); d with S = (s1 , . . . , se+2 ), s1 = k,
s2 = · · · = se+1 = p and se+2 = 0.
2.3 Hebbian SN P System Units Hebbian SN P system units are SN P systems
with a fixed topology endowed with input and decay. They have the following common
features:
• The initial number of the spikes inside the neurons is always zero in all Hebbian
SN P system units, so we do not refer to them in the description of the unit.
• All the presynaptic neurons are linked to only one postsynaptic neuron and these
are all the synapses in the SN P system, so they are not provided in the description.
• The output neuron is the postsynaptic one.
Bearing in mind these features, we describe a Hebbian SN P system unit in the following
way.
Definition 1 A Hebbian SN P system unit of degree (m, k, p) is a construct
HΠ = (O, u1 , . . . , um , v),
where:
• O = {a} is the alphabet (the object a is called spike);
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• u1 , . . . , um are the presynaptic neurons. Each presynaptic neuron ui has associated a set of rules Ri = {Ri1 , . . . , Rili } where for each i ∈ {1, . . . , m} and
j ∈ {1, . . . , li }, Rij is a decaying rule of the form:
ak → (anij , S); dij
where k ≥ nij ≥ 0 and dij ≥ 0. We will call nij the presynaptic potential of the
rule and dij is the delay of the rule. Note that all rules are triggered by k spikes.
The decaying sequence S = (s1 , s2 , . . . , sr ) is a finite non increasing sequence of
natural numbers called the decaying sequence where s1 = k and sr = 0 .
• v is the postsynaptic neuron which contains only one postsynaptic rule
Ep∗ /ap → a; 0
where Ep∗ is the set4 of regular expressions {n ∈ N | n ≥ p}. We will call p the
threshold of the postsynaptic potential of the Hebbian SN P system unit.

By considering the decaying sequences we can distinguish among three types of Hebbian SN P system units:
• Hebbian SN P system units with uniform decay. In this case the decaying sequence
S is the same for all the rules in the presynaptic neurons.
• Hebbian SN P system units with locally uniform decay. In this case the decaying
sequence S is the same for all the rules in each presynaptic neuron.
• Hebbian SN P system units with non-uniform decay. In this case each rule has
associated a decaying sequence.
Definition 2 An input for a Hebbian SN P system unit of degree m is a vector ~x =
(x1 , . . . , xm ) of m non-negative integers xi .
A Hebbian SN P system unit with input is a pair (HΠ, ~x) where HΠ is Hebbian SN P
system unit and ~x is an input for it.
The intuitive idea behind the input is encoding the information in time. Each component
of the input represent the moment, according to the global clock, in which k spikes are
provided to the corresponding presynaptic neuron.
2.4 How it works In this section we provide a description of the semantics of a
Hebbian SN P system unit of degree (m, k, p). As we saw before, each xi in the input
~x = (x1 , . . . , xm ) represents the time in which k spikes are provided to the neuron
4 This rule is an adaptation of the concept of a rule from an extended spiking neural P system with thresholds taken from [7].
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ui . At the moment xi in which the spikes arrive to the neuron ui one rule (ak →
(anij , S); dij ) is chosen in a non-deterministic way among the rules of the neuron.
Applying it means that k spikes are consumed and we look in S = (s1 , . . . , sr ) for the
least l such that nij ≥ sl . Such sl spikes are sent to the postsynaptic neurons according
to the delay dij in the usual way, i.e., sl spikes arrive to the postsynaptic neuron at the
moment xi + dij + 1. The decay of such spikes is determined by the decaying sequence.
As we saw above, if the spikes are not consumed by the triggering of a rule in the
postsynaptic neuron, they decay and at time xi + dij + 2 we will consider that sl − sl+1
spikes have disappeared and we only have sl+1 spikes in the postsynaptic neuron. If the
spikes are not consumed in the following steps by the triggering of a postsynaptic rule,
at time x0 +dij +1+r−l the number of spikes will be decreased to sr = 0 and the spikes
are lost. Formally, if the chosen rule at the membrane i is Rij ≡ ak → (anij , S); dij
with S = (s1 , . . . , sr ) and the rule is activated at time t = xi , then the number of spikes
sent by Rij occurring in the postsynaptic neuron at time t = xi + dij + 1 + k is sk+k , if
k ∈ {0, . . . , r − l} and zero otherwise. The index l is the least index in {1, . . . , r} such
that nij ≥ sl .
The potential on the postsynaptic neuron depends on the contributions of the chosen
rules in the presynaptic neurons. Such rules send spikes that arrive to the postsynaptic
neuron at different instants which depend on the input (the instant in which the presynaptic neuron is activated) and the delay of the chosen rule. The contribution of each
rule to the postsynaptic neuron also changes along the time due to the decay.
Formally, the potential of the postsynaptic neuron in a given instant is a natural number
calculated as a function R∗ which depends on the time t, on the input ~x and on the
rules chosen in each neuron R∗ (R1i1 , . . . , Rmim , ~x, t) ∈ N. Such a natural number
represents the number of the spikes at the moment t in the postsynaptic neuron and it is
the result of adding the contributions of the rules R1i1 , . . . , Rmim .
The Hebbian SN P system unit produces an output if the rule of the postsynaptic neuron
v, Ep∗ /ap → a is triggered, i.e., if at any moment t the amount of spikes in the postsynaptic neuron is greater than or equal to the threshold p, then the rule is activated and
triggered. If there does not exist such t, then the Hebbian SN P system unit does not
send any spike to the environment.
Bearing in mind the decay of the spikes in the postsynaptic neuron, if any spike has been
sent out by the postsynaptic neuron after an appropriate number of steps, any spike will
be sent to the environment. In fact, we have a lower bound for the number of steps in
which the spike can be expelled, so we have a decision method to determine if the input
~x produces or not an output5.
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detailed description and some examples can be found in [12].
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Learning

If we look at the Hebbian SN P system units as computational devices where the target
is the transmission of information, we can consider that the device successes if a spike
is sent to the environment and it fails if the spike is not sent. In this way, the lack
of determinism in the choice of rules is a crucial point in the success of the devices
because as we have seen above, if we provide several times the same input, the system
can succeed or not.
In order to improve the design of these computational devices and in a narrow analogy
with the Hebbian principle, we introduce the concept of efficacy in the Hebbian SN
P system units. Such efficacy is quantified by endowing each rule with a weight that
changes along the time, by depending on the contribution of the rule to the success of
the device.
According to [8], in Hebbian learning, a synaptic weight is changed by a small amount if
presynaptic spike arrival and postsynaptic firing coincides. This simultaneity constraint
is implemented by considering a parameter sij which is the difference between the
arrival of the contribution of the rule Rij and the postsynaptic firing. Thus, the efficacy
of the synapses such that its contributions arrive repeatedly shortly before a postsynaptic
spike occurs is increased (see [14] and [3]). The weights of synapses such that their
contributions arrive to the postsynaptic neuron after the postsynaptic spike is expelled
are decreased (see [4] and [17]). This is basically the learning mechanism suggested
in [18].
3.5 The Model In order to implement a learning algorithm in our Hebbian SN P
system units, we need to extend it with a set of weights that measure the efficacy of
the synapses. The meaning of the weights is quite natural and it fits into the the theory
of artificial neural networks [13]. The amount of spikes that arrives to the postsynaptic
neuron due to the rule Rij depends on the contribution of each rule and also on the
efficacy wij of the synapse. As usual in artificial neural networks, the final contribution
will be the contribution sent by the rule multiplied by the efficacy wij .
We fix these concepts in the following definition.
Definition 3 An extended Hebbian SN P system unit of degree m is a construct
EHΠ = (HΠ, w11 , . . . , wmlm ),
where:
• HΠ is a Hebbian SN P system unit of degree m and the rules of the presynaptic
neuron ui are Ri = {Ri1 , . . . , Rili } with i ∈ {1, . . . , m}.
• For each rule Rij with i ∈ {1, . . . , m} and j ∈ {1, . . . , li }, wij is a real number
which denotes the initial weight of the rule Rij .
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Associating a weight to each rule means to consider an individual synapse for each rule
instead of a synapse associated to the whole neuron. The idea of considering several
synapses between two neurons is not new in computational neuron models. For example, in [20] the authors present a model for spatial and temporal pattern analysis via
spiking neurons where several synapses are considered. The same idea had previously
appeared in [8]. Considering several rules in a neuron and one synapse associated to
each rule allows us to design an algorithm for changing the weight (the efficacy) of the
synapse according to the result of the different inputs.
The concept of input of a extended Hebbian SN P system unit is similar to the previous one. The information is encoded in time and the input of each neuron denotes the
moment in which the neuron is excited.
Definition 4 An extended Hebbian SN P system unit with input is a pair (EHΠ, ~x),
where HΠ is an Hebbian SN P system unit and ~x is an input for it.

The semantics As we saw before, each xi in the input ~x = (x1 , . . . , xm ) represents the
time in which the presynaptic neuron ui is activated. The formalization of the activation
of the neuron in this case differs from the Hebbian SN P system units. The idea behind
the formalization is still the same: the postsynaptic neuron receives a little amount of
electrical impulse according to the excitation time of the presynaptic neuron and the
efficacy of the synapsis. The main difference is that we consider that there exist several synapses between one presynaptic neuron and the postsynaptic one (one synapse
for each rule in the neuron) and the potential is transmitted along all these synapses
according to their efficacy.
Extending the Hebbian SN P system units with efficacy in the synapses and considering
that there are electrical flow along all of them can be seen as a generalisation of the
Hebbian SN P system units. In Hebbian SN P system units only one rule Rij is chosen
in the presynaptic neuron ui and the contribution emitted by Rij arrives to the postsynaptic neuron according to the decaying sequence. Since the weight wij multiplies the
contribution in order to compute the potential that arrives to the postsynaptic neuron, we
can consider the Hebbian SN P system unit as an extended Hebbian SN P system unit
with the weight of the chosen rule Rij equals to one and the weight of the remaining
rules equals to zero.
At the moment xi in the presynaptic neuron ui we will consider that all rules (ak →
(anij , S); dij ) are activated. The potential on the postsynaptic neuron depends on the
contributions of the rules in the presynaptic neurons and the efficacy of the respective
synapses. Let us consider that at time xi the rule (ak → (anij , S); dij ) is activated
and the efficacy of its synapse is represented by the weight wij . When the rule (ak →
(anij , S); dij ) is triggered at the instant t0 we look in S = (s1 , . . . , sr ) for the least l
such that p × wij ≥ sl . Then sl spikes are sent to the postsynaptic neurons according
with the delay d in the usual way.
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At t0 +d+1, the sl spikes arrive to the postsynaptic neurons. The decay of such spikes is
determined by the decaying sequence. If the spikes are not consumed by the triggering
of a rule in the postsynaptic neuron, they decay and at time t0 + d + 2 we will consider
that sl − sl+1 spikes have disappeared and we only have sl+1 spikes in the postsynaptic
neuron. If the spikes are not consumed in the following steps by the triggering of a
postsynaptic rule, at step t0 + d + 1 + r − l the number of spikes will be decreased to
sr = 0 and the spikes are lost. The extended Hebbian SN P system unit produces an
output if the rule of the postsynaptic neuron v, Ep∗ /ap → a is triggered.
3.6 The Learning Problem Let us come back to the Hebbian SN P system units. In
such units, provided an input ~x, success can be reached or not (i.e., the postsynaptic rule
is triggered or not) depending on the non-deterministically rules chosen. In this way, the
choice of some rules is better than the choice of other ones, by considering that a rule
is better than another if the choice of the former leads us to the success with a higher
probability than the choice of the latter. Our target is to learn which are the best rules
according to this criterion.
Formally, a learning problem is a 4-uple (EHΠ, X, L, ǫ), where:
• EHΠ is an extended Hebbian SN P system unit.
• X = {x~1 , . . . x~n } is a finite set of inputs of EHΠ.
• L : Z → Z is a function from the set of integer numbers onto the set of integer
numbers. It is called the learning function.
• ǫ is a positive constant called the rate of learning.
The output of a learning problem is an extended Hebbian SN P system unit.

Informal description of the algorithm Let us consider an extended Hebbian SN P system EHΠ, a learning function L : Z → Z and a rate of learning ǫ. Let us consider an
input ~x and we will denote by t~x the moment when the postsynaptic neuron reaches the
potential for the trigger of the postsynaptic neuron. If such potential is not reached (and
the postsynaptic neuron is not triggered) then t~x = ∞.
On the other hand, for each rule Rij ≡ ak → (anij , S); dij of a presynaptic neuron
we can compute the moment t~xij in which its contribution to the postsynaptic potential
arrives to the postsynaptic neuron. It depends on the input ~x and the delay dij of the
rule
t~xij = ~xi + dij + 1
where ~xi is the i-th component of ~x.
We are interested in the influence of the rule Rij on the triggering of the postsynaptic
neuron. For that we need to know the difference between the arrival of the contribution
t~xij and the moment t~x in which the postsynaptic neuron is activated.
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For each rule Rij and each input ~x, such a difference is
s~xij = t~x − t~xij
• If s~xij = 0, then the postsynaptic neuron reaches the activation exactly in the instant
in which the contribution of the rule Rij arrives to it. This fact leads us to consider
that the contribution of Rij to the postsynaptic potential has had a big influence on
the activation of the postsynaptic neuron.
• If s~xij > 0 and it is small, then the postsynaptic neuron reaches the activation a bit
later than the arrival of the contribution of the rule Rij to it. This fact leads us to
consider that the contribution of Rij to the postsynaptic potential has influenced on
the activation of the postsynaptic neuron due to the decay, but it is not so important
as in the previous case.
• If s~xij < 0 or s~xij > 0 and it is not small, then the contribution of Rij has no
influence on the activation of the postsynaptic neuron.
The different interpretations of small or big influence are determined by the different
learning functions L : Z → Z. For each rule Rij and each input ~x, L(s~xij ) ∈ Z measures
de degree of influence of the contribution of Rij to the activation of the postsynaptic
neuron produced by the input ~x.
According to the principle of Hebbian learning, the efficacy of the synapses such that
their contributions influence on the activation of the postsynaptic neuron must be increased. The weights of synapses such that their contributions have no influence on the
activation of the postsynaptic neuron are decreased.
Formally, given an extended Hebbian SN P system HΠ, a learning function L : Z → Z,
a rate of learning ǫ and an input ~x of HΠ, the learning algorithm outputs a new extended
Hebbian SN P system HΠ′ which is equal to HΠ, but the weights: each wij has been
′
replaced by a new wij
according to
′
wij
= wij + ǫ · L(s~xij )

Depending on the sign of L(s~xij ), the rule Rij will increase or decrease its efficacy.
Note that L(s~xij ) is multiplied by the rate of learning ǫ. This rate of learning is usual
in learning process in artificial neural networks. It is usually a small number which
guarantees that the changes on the efficacy are not abrupt.
Finally, given a learning problem (HΠ, X, L, ǫ), the learning algorithm takes ~x ∈ X
and outputs HΠ′ . In the second step, the learning problem (HΠ′ , X −{~x}, L) is considered and we get a new HΠ′ . The process finishes when all the inputs has been consumed
and the algorithm outputs the last extended SN P system unit.
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The use of weights needs more discussion. The weights are defined as real numbers and
membrane computing devices are discrete. If we want to deal with discrete computation
in all the steps of the learning process we have to choose the parameters carefully. The
following result gives a sufficient constraint for having an integer number of spikes at
any moment.
Theorem 1 Let a be the greatest¡ non-negative integer such that for all presynaptic
potential nij there exists an integer xij such that nij = xij · 10a .
Let b be the smallest non-negative integer such that for all initial weight wij and for
the rate of learning ǫ there exist the integers kij and k such that wij = kij · 10−b and
ǫ = k · 10−b .
If a − b ≥ 0, then for all presynaptic potential nij and all the weights w obtained along
the learning process, nij · w is an integer number.
Proof For the sake of simplicity, we denote by wr the update weight w after r steps
(and w0 is the initial weight). Then, it suffices to consider the recursive generation of
new weights wn+1 = wn + ǫ · L(sn ), where sn is the corresponding value in the step
n, and therefore
wn+1 = w0 + ǫ · (L(s0 ) + · · · + L(sn )).
If we develop nij · wn+1 according to the statement of the theorem, we have that there
exist the integers xij , k0 and k such that
nij · wn+1 = xij · 10a · [k0 · 10−b + (k · 10−b (L(s0 ) + · · · + L(sn )))]
= 10a−b · xij · [k0 + k(L(s0 ) + · · · + L(sn ))]
Since xij · [k0 + k(L(s0 ) + · · · + L(sn ))] is an integer number, if a − b ≥ 0 then
nij · wn+1 is an integer number.
2

4

A Case Study

Let us consider the Hebbian SN P system
HΠ = (O, u1 , u2 , v)
with uniform decay, where:
• O = {a} is the alphabet;
• u1 , u2 are the presynaptic neurons. The presynaptic neurons u1 , u2 have associated the sets of rules Ri , where R1 = {R11 , R12 , R13 } and R2 = {R21 , R22 },
respectively, with
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R11 ≡ a3000 → (a3000 , S); 0
R12 ≡ a3000 → (a2000 , S); 1
R13 ≡ a3000 → (a2000 , S); 7

R21 ≡ a3000 → a1000 ; 0
R22 ≡ a3000 → a3000 ; 3

• The decaying sequence is S = (3000, 2800, 1000, 500, 0).
∗
• v is the postsynaptic neuron which contains only one postsynaptic rule E1200
/a1200
→ a; 0.
Let EHΠ be the Hebbian SN P system unit HΠ extended with the initial weights
w11 = w12 = w13 = w21 = w22 = 0.5.
Let us consider the learning problem (EHΠ, X, L, ǫ) where
• EHΠ is the extended Hebbian SN P system unit described above,
• X is a set of 200 random inputs (x1i , x2i ) with 1 ≤ i ≤ 200 and x1i , x2i ∈
{0, 1, . . . , 5}
• L is the learning function L : Z → Z


 3 if s = 0
L(s) =
1 if s = 1


−1 otherwise
• The rate of learning is ǫ = 0.001

We have programmed an appropriate software for dealing with learning problems. After
applying the learning algorithm, we obtain a new extended Hebbian SN P system unit
similar to EHΠ but with the weights

w11 = 0.754,

w12 = 0.992,

w13 = 0.3,

w21 = 0.454,

w22 = 0.460

Figure 4.4 shows the evolution of the weights of the synapses.
The learning process shows clearly the differences among the rules.
• The worst rule is R13 . In a debugging process of the design of an SN P system
network such rule should be removed. The value of the weight has decreased along
all the learning process. This fact means that the rule has never contributed to the
success of the unit and then it can be removed.
• On the contrary, the best rules are R11 and R12 . In most of the cases, (not all) these
rules have been involved in the success of the unit.
• The other two rules R21 and R22 have eventually contributed to the success of the
unit but not so clearly as R11 and R21 .
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5

Conclusions and Future Work

The integration in a unique model of concepts from neuroscience, artificial neural networks and spiking neural P systems is not an easy task. Each of the three fields have
its own concepts, languages and features. The work of integration consists on choosing
ingredients from each field and trying to compose a computational device with the different parts. This means that some of the ingredients used in the devices presented in
this paper are not usual in the SN P systems framework. Although the authors have tried
to be as close to the SN P system spirit as possible some remarks should be considered.
In the paper, the input of the device is provided as a vector (x1 , . . . , xm ) of non-negative
integers, where xi represents the moment in which one rule (non-deterministically chosen) of the neuron ui is activated. The information encoded in the vector (x1 , . . . , xm )
can be provided to the input neurons by m spike trains were all the elements are 0’s and
there is only one 1 in the position ti . In this way, the input is encoded by m spike trains,
which is closer to the standard inputs in SN P systems.
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The idea of providing the input with a spike train of 0’s and only one 1 in the position
ti carries out new problems. In the literature of SN P systems, in the instant ti only one
spike is supplied to the neuron ui . In our device we want that a rule of type ar → ap ; d
is activated with r > 1. At this point we can consider several choices. The first one is
to consider that at time ti the spike train provides r spikes, but this choice lead us far
from the SN P system theory. A second option is to consider that the spike trains have
r consecutive 1’s and each of them provide one spike. The remaining elements in the
train are zeros. In this way the moment ti will be the instant in which the r spikes have
been provided to the neuron. A drawback for this proposal can be that r can be a big
number and this increase the number of steps of the device. A third choice is to consider
amplifier modules as in Figure 5.5. The leftmost neuron receives a spike train where
all the elements are 0’s but the ti − th which is 1. At the moment ti only one spike is
supplied to the neuron. At ti + 1, one spike arrives to the r postsynaptic neurons, and
each of them sends one spike to the rightmost neuron, so at ti + 2 exactly r spikes arrive
simultaneously to the last neuron.
These three solutions can be an alternative to the use of the vector (t1 , . . . , tm ) and
deserve to be considered for further research in this topic.
Another main concept in this paper is the decay. It has strong biological intuition, but it
is difficult to insert into the SN P systems theory. The main reason is that if we consider
the spike as the information unit it does not make sense to talk about a half of a spike
or a third of a spike. In that sense, the approach to decay from [7] is full of sense since
one spike exists or it is lost, but its potential it is not decreasing in time.
The key point for the decay in this paper is taken from the definition of extended SN
P systems. In such devices, a neuron can send a different amount of spikes depending
on the chosen rule. So, the information is not only encoded in the time between two
consecutive spikes, but on the number of spikes. This lead us to define the decay as a
decrement in the number of spikes. In this way, we can consider that a pulse between
two neurons is composed by a certain number of spikes which can be partially lost
depending on the time.
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In this paper, such a decay has been implemented by extending the rules with a finite
decreasing sequence which can be uniform, locally-uniform or non uniform for the
set of rules. Other implementations are also possible. Probably, the decay can also be
implemented with an extra neuron as in Figure 5.6 which sends to the final neuron a
decaying sequence of spikes.
The use of weights also deserves to be discussed. In Theorem 1 we provide sufficient
conditions for handling at every moment an integer number of spikes. Nonetheless, further questions should be considered. For example, the use of negative weights or weights
greater than one. Should we consider negative weights and/or a negative contribution to
the postsynaptic potential? The use weights greater than one leads us to consider that the
contribution of one rule to the postsynaptic potential is greater than its own presynaptic
potential. Can the efficiency of the synapses amplify the potential beyond the number
of emitted spikes?
More technical questions are related to the rate of learning and to the algorithm of
learning. Both concepts have been directly borrowed from artificial neural networks
and need deeper study in order to adapt them to the specific features of SN P systems.
As a final remark, we consider that this paper opens a promising line research bridging
SN P systems and artificial neural networks without forgetting the biological inspiration
and also opens a door to applications of SN P systems.
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Complex reaction systems in molecular biology are often composed of partially independent subsystems associated with the activity of external or internal
triggers. Occurring as random events or dedicated physical signals, triggers effect transitions from one subsystem to another which might result in substantial
changes of detectable behaviour. From a modelling point of view, those subsystems typically differ in their reaction rules or principle of operation. We propose
a formulation of trigger-based switching between models from a class of P systems with progression in time employing discretised mass-action kinetics. Two
examples inspired by biological phenomena illustrate the consecutive interplay
of P systems towards structural plasticity in reaction rules: evolutionary construction of reaction networks and artificial chemistries with self-reproducible
subunits.

1

Introduction

Structural dynamics in biological reaction networks, also known as plasticity [4, 21], is
a common property of complex processes in living systems and their evolution. Within
the last years, its impetus for adaptation, variability, emergence, and advancement in biology became more and more obvious. Facets of life provide a plethora of examples for
structural dynamics: Organisms undergo metamorphosis by the physical development
of their form and metabolism. At a more specific level, synaptic plasticity within central
nervous systems of animals [6] as well as photosynthesis of plants [3] are characterised
by substantial structural changes of the underlying reaction networks over time, depending on external or even internal signals. In case of photosynthesis, light-dependent
reactions differ from processes of the Calvin cycle. In nervous systems, presence of
neurotransmitters for longer periods effects duplication or discreation of synapses. All
these and many further biological phenomena can be divided into several stages of function. Typically, each stage corresponds to a subsystem of fixed components. In terms of
modelling aspects, such a subsystem is defined by a dedicated set of species and unchanging reactions. Only the species concentrations vary in time or space according to
identical rules.
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Along with the development of systems biology, the integration of separately considered
subsystems into more general frameworks comes increasingly into the focus of research
to understand complex biological phenomena as a whole [1]. From this perspective,
the question arises how to assemble multiple process models, each of which captures
selected specific aspects of the overall system behaviour.
Motivated by this question, we contribute to the specification of a framework able to
incorporate correlated temporally “local” models whose dynamical behaviour passes
over from one to the other. In this context, time- and value-discrete approaches promise
a high degree of flexibility in separate handling of atomic objects rather than analytical
methods since singularities caused by transition between models can affect continuous
gradients and amplify numerical deviations. We introduce a deterministic class ΠPMA
of P systems with strict prioritisation of reaction rules and a principle of operation based
on discretised mass-action kinetics. Systems within this class enable an iterative progression in time. Representing temporally local models of chemical reaction systems,
they are designed to interface to each other. An overlying state transition system manages the structural dynamics of P systems ΠPMA according to signals mathematically
encoded by constraints (boolean expressions). Two case studies gain insight into the
descriptional capabilities of this framework.
Related work addresses two aspects: discretisation of chemical kinetics and structural
network dynamics. On the one hand, metabolic or cell signalling P systems like [14] describe the dynamical behaviour of a fixed reaction network based on concentration gradients, numerically studied in [8]. Results of [10] present a discretisation of Hill kinetics mainly employed for gene regulatory networks. Artificial chemistries were explored
in [7] along with issues of computability [13] and prioritisation of reaction rules [20].
On the other hand, spatial structural dynamics in P systems was primarily considered
as active membranes [16, 17]. Dynamical reaction rules in probabilistic P systems were
investigated in [18].
The paper is organised as follows: First we present a method for discretisation of massaction kinetics leading to P systems ΠPMA whose properties are discussed briefly. Section 3 introduces a transition framework for P systems of this class together with a description of the transition process. For demonstration, a chemical register machine with
self-reproducible components for bit storage is formulated and simulated in Section 4.
Two specialities are utilisation of a chemical clock based on an oscillating reaction network and a chemical encoding of binary numbers for register contents ensuring a high
reliability in function from an engineering point of view. In Section 5, we discuss the
transition framework for monitoring the evolutionary construction of reaction networks.
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Deterministic P Systems for Chemistries Based on
Mass-Action Kinetics

Multiset Prerequisites. Let A be an arbitrary set and N the set of natural numbers
including zero. A multiset over A is a mapping F : A −→ N ∪ {∞}. F (a), also
denoted as [a]F , specifies the multiplicity of a ∈ A in F . Multisets can be written as an elementwise enumeration of the form {(a1 , F (a1 )), (a2 , F (a2 )), . . .} since
∀(a, b1 ), (a, b2 ) ∈ F : b1 = b2 . The support of F , supp(F ) ⊆ A, is defined by
supp(F ) = {a ∈ A | F (a) > 0}. A multiset F over A is said to be
P empty iff
∀a ∈ A : F (a) = 0. The cardinality |F | of F over A is |F | =
a∈A F (a).
Let F1 and F2 be multisets over A. F1 is a subset of F2 , denoted as F1 ⊆ F2 , iff
∀a ∈ A : (F1 (a) ≤ F2 (a)). Multisets F1 and F2 are equal iff F1 ⊆ F2 ∧ F2 ⊆ F1 .
The intersection F1 ∩ F2 = {(a, F (a)) | a ∈ A ∧ F (a) = min(F1 (a), F2 (a))}, the
multiset sum F1 ⊎F2 = {(a, F (a)) | a ∈ A∧F (a) = F1 (a)+ F2 (a)}, and the multiset
difference F1 ⊖ F2 = {(a, F (a)) | a ∈ A ∧ F (a) = max(F1 (a) − F2 (a), 0)} form
multiset operations. The term hAi = {F : A −→ N ∪ {∞}} describes the set of all
multisets over A.
Mass-Action Kinetics for Chemical Reactions. The dynamical behaviour of chemical reaction networks is described by the species concentrations over the time course.
According to biologically predefined motifs, a variety of models exists to formulate the
reaction kinetics. Since most of them imply specific assumptions, we restrict ourselves
to general mass-action kinetics [5]. Here, a continuous approach to express the dynamical behaviour considers production and consumption rates vp and vc of each species
S in order to change its concentration by dd[S]
t = vp ([S]) − vc ([S]). These rates result from the reactant concentrations, their stoichiometric factors ai,j ∈ N (reactants),
bi,j ∈ N (products) and kinetic constants k̂j ∈ R+ assigned to each reaction quantifying
its speed. For a reaction system with a total number of n species and h reactions

k̂

1
b1,1 S1 + b2,1 S2 + . . . + bn,1 Sn
a1,1 S1 + a2,1 S2 + . . . + an,1 Sn −→

k̂

2
b1,2 S1 + b2,2 S2 + . . . + bn,2 Sn
a1,2 S1 + a2,2 S2 + . . . + an,2 Sn −→
..
.

k̂

h
a1,h S1 + a2,h S2 + . . . + an,h Sn −→
b1,h S1 + b2,h S2 + . . . + bn,h Sn ,

the corresponding ordinary differential equations (ODEs) read [7]:
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n

h

Y
d [Si ] X
k̂ν · (bi,ν − ai,ν ) ·
[Sl ]al,ν
=
dt
ν=1
l=1

!

with i = 1, . . . , n.

In order to obtain a concrete trajectory, all initial concentrations [Si ](0) ∈ R+ , i =
1, . . . , n are allowed to be set according to the needs of the reaction system.
Discretisation: Corresponding P Systems ΠPMA . The general form of a P system
ΠPMA emulating the dynamical behaviour of chemical reaction systems with strict prioritisation of reaction rules based on discretised mass-action kinetics is a construct
ΠPMA = (V, Σ, [1 ]1 , L0 , R, K)
where V denotes the system alphabet containing symbol objects (molecular species) and
Σ ⊆ V represents the terminal alphabet. ΠPMA does not incorporate inner membranes,
so the only membrane is the skin membrane [1 ]1 . The single membrane property results
from the assumption of spatial globality in well-stirred reaction vessels. Within a single
vessel, the finite multiset L0 ⊂ V × (N ∪ {∞}) holds the initial configuration of the
system.
We formulate reaction rules together with their kinetic constants by the system components R and K. The finite set R = {r1 , . . . , rh } subsumes the reaction rules while
each reaction rule ri ∈ hEi i × hPi i is composed of a finite multiset of reactants (educts)
Ei ⊂ V × N and products Pi ⊂ V × N. Multiplicities of elements correspond with
according stoichiometric factors. Furthermore, a kinetic constant ki ∈ R+ is attached
to each reaction ri forming K = {k1 , . . . , kh }.
Since we strive for a deterministic P system, a strict prioritisation among reaction rules
is introduced in order to avoid conflicts that can appear if the amount of molecules in
the vessel is too low to satisfy all matching reactions. In this case, running all matching reactions in parallel can lead to the unwanted effect that more reactant molecules
are taken from the vessel than available violating conservation of mass. Prioritisation
provides one possible strategy to select applicable reaction rules in contrast to random
decisions (introduction of stochasticity) or separate consideration of the combinatorial variety (nondeterministic tracing). For large amounts of molecules in the vessel, the
strategy of conflict handling has no influence to the dynamical system behaviour and can
be neglected. We define the priority of a reaction rule by its index: r1 > r2 > . . . > rh .

For better readability, we subsequently write a reaction rule ri
=
(e1 , a1 ),


. . . , (eµ , aµ ) , (q1 , b1 ), . . . , (qv , bv ) with supp(Ei ) = {e1 , . . . , eµ } and supp(Pi )
= {q1 , . . . , qv } as well as kinetic constant ki by using the chemical denotation ri :
k

i
b1 q1 + . . . + bv qv .
a1 e1 + . . . + aµ eµ −→
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Finally, the dynamical behaviour of P systems of the form ΠPMA is specified by an
iteration scheme updating the system configuration Lt at discrete points in time starting
from the initial configuration L0 whereas a second index i = 1, . . . , h reflects intermediate phases addressing the progress in employing reactions:
Lt,0 = Lt
Lt,i = Lt,i−1 ⊖

 
a, ki · |Ei ∩ {(a, ∞)}| ·

Y

b∈supp(Ei )

|Lt,i−1 ∩ {(b, ∞)}||Ei ∩{(b,∞)}|



∀a ∈ supp(Ei )



∧ |Lt,i−1 ∩ {(c, ∞)}| ≥ |Ei ∩ {(c, ∞)}| ∀c ∈ supp(Ei )

 
⊎ a, ki · |Pi ∩ {(a, ∞)}| ·
Y

b∈supp(Ei )

Lt+1 = Lt,h .

|Lt,i−1 ∩ {(b, ∞)}||Ei ∩{(b,∞)}|



∀a ∈ supp(Pi )



∧ |Lt,i−1 ∩ {(c, ∞)}| ≥ |Ei ∩ {(c, ∞)}| ∀c ∈ supp(Ei )

The iteration scheme modifies the system configuration by successive application of
reaction rules according to their priority in two stages. The first stage identifies the
reactants of a reaction. For this purpose, the required amount of each reactant molecule
a ∈ supp(Ei ) is determined by the kinetic constant ki , the stoichiometric factor of a
(obtained by |Ei ∩{(a, ∞)}|), and the product of all discretised reactant concentrations.
Therefore, the term |Lt,i−1 ∩ {(b, ∞)}| describes the number of molecules b currently
available in the vessel. Since a reaction is allowed to become employed if and only if it
can be satisfied, the constraint |Lt,i−1 ∩ {(c, ∞)}| ≥ |Ei ∩ {(c, ∞)}| ∀c ∈ supp(Ei )
checks this property. Along with removal of reactant molecules (multiset difference ⊖),
corresponding product molecules are added (⊎) to obtain the intermediate configuration
Lt,i after taking reactions r1 , . . . , ri into consideration.
In order to adapt reaction rates for discretisation, primary kinetic constants k̂i defined
in the continuous ODE approach have to be converted into counterparts for the discrete
iteration scheme by using the transformation
ki =

k̂i
· ∆t.
V|Ei |
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Here, V ∈ R+ \ {0} expresses the volume of the reaction vessel while the exponent
|Ei | declares the sum of all stoichiometric factors of reactants occurring in reaction ri .
Constant ∆t ∈ R+ \ {0} specifies the discretisation interval.
In each time step, the P system ΠPMA generates the multiset output
Ot = Lt ∩ {(w, ∞) | w ∈ Σ}
which can either be interpreted as naturalUnumbers nt = |Ot | over time or contribute to
∞
the formal language L(ΠPMA ) = supp ( t=0 Ot ) ⊆ Σ.
System Classification and Properties. ΠPMA belongs to deterministic P systems
with symbol objects, strict prioritisation of reaction rules, and progression in time according to mass-action kinetics that is time- and value-discretely approximated by a
stepwise adaptation. Its principle of operation follows the idea of formulating one-vessel
reaction systems together with their dynamical behaviour.
Obviously, P systems ΠPMA can emulate finite automata M . To this end, each transition
1
(q, a) 7→ q ′ is transformed into a reaction q + a −→ q ′ + a. Taking all final states as
terminal alphabet, L(ΠPMA ) = ∅ iff L(M ) = ∅ holds.
From the perspective of computational completeness, P systems ΠPMA as defined before cannot reach Turing universality: Although system configurations might represent
any natural number, we need to define an explicit control mechanism able to address
dedicated items (configuration components) for arbitrary incrementation, decrementation, and comparison to zero. Due to definition of mass-action kinetics, the number
of molecules processed within one application of a reaction rule depends on the total
amount of these molecules in the whole system. It seems that reaction rules should be
variable during system evolution in order to enable enough flexibility. Allowing dynamical changes of kinetic constants or stoichiometric factors along with addition/deletion
of reactions provides this flexibility, see Section 4.

3

Transitions between P Systems ΠPMA

In this section, we describe a framework enabling transitions between deterministic P
systems ΠPMA on the fly. Initiated by an external trigger at a defined point in time,
a transition manages three switching activities: Firstly, the running system stops its
evolution. Secondly, the (only) resulting configuration of that system is mapped into
the initial configuration of the subsequent system. This includes integration of possibly
new species together with their initial number of copies put into the vessel as well as
removal of vanished species iff specified. Reactions in R and kinetic parameters in K
are replaced. Thirdly, the subsequent system is set into operation.
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For formulation of the transition framework, we utilise state transition systems [19]
denoted as construct A = (Q, T, I, ∆, F ) with a set Q of states (not necessarily finite
but enumerable), an alphabet T of input symbols, a set I ⊆ Q of initial states, the
transition relation ∆ ⊆ Q × T × Q, and a set F ⊆ Q of final states. In general, state
transition systems are known to be nondeterministic allowing multiple transitions. For
our objective, we arrange the components as follows:
(j)

Q = {ΠPMA | (j ∈ A) ∧ (A ⊆ N)}

T ⊆ {(t = τ ) | (τ ∈ B) ∧ (B ⊆ N)} ∪
{([a] CMP κ) | (CMP ∈ {<, ≤, =, 6=, ≥, >}) ∧ (κ ∈ N) ∧ (a ∈ V (j) ) ∧
(j)

(j)

(ΠPMA = (V (j) , Σ(j) , [1 ]1 , L0 , R(j) , K (j) ) ∈ Q) ∧ (j ∈ A)}.

While each state in Q is represented by a dedicated P system ΠPMA , the input alphabet
T contains a number of constraints (triggering events) with regard to progress in operation time (t = τ ) or achievement of designated molecular amounts ([a] CMP κ). We
assume that these constraints are related to the P system in Q currently in operation.
(j)

c

(m)

(j)

(j)

Each transition ΠPMA 7→ ΠPMA ∈ ∆ from ΠPMA = (V (j) , Σ(j) , [1 ]1 , L0 , R(j) ,
(m)
(m)
K (j) ) to ΠPMA = (V (m) , Σ(m) , [1 ]1 , L0 , R(m) , K (m) ) triggered by c ∈ T allows
addition of new species to system alphabets V (j) and Σ(j) . Here, added species form
sets AdditionalSpeciesV (j,m) and AdditionalSpecies Σ(j,m) with Additional
SpeciesV (j,m) ∩ V (j) = ∅ and AdditionalSpecies Σ(j,m) ∩ Σ(j) = ∅. Furthermore, a
species a is allowed to vanish if and only if [a] = 0. Corresponding sets VanishedSpecies
V(j,m) ⊂ V (j) and VanishedSpeciesΣ(j,m) ⊂ Σ(j) contain vanishing species. Within a
c
(j)
(m)
transition ΠPMA 7→ ΠPMA , new reactions might appear restricted to reactants and products available in V (m) . New reactions ri ∈ hV (m) ×Ni×hV (m) ×Ni with unique priority
index i become accumulated by the multiset AdditionalReactions (j,m) together with
assigned kinetic constants ki ∈ R+ subsumed in the set ParsAdditionalReactions (j,m) .
Accordingly, we consider vanishing reactions present in multiset VanishedReactions (j,m)
and their kinetic parameters stored in ParsVanishedReactions (j,m) ). The scheme
V (m) = V (j) ∪ AdditionalSpeciesV (j,m) \ VanishedSpeciesV (j,m)
Σ(m) = Σ(j) ∪ AdditionalSpecies Σ(j,m) \ VanishedSpeciesΣ(j,m)
(m)

L0

(j)

= Lt ⊎ {(a, 0) | a ∈ AdditionalSpeciesV (j,m) }

R(m) = R(j) ⊎ AdditionalReactions (j,m) ⊖ VanishedReactions (j,m)

K (m) = K (j) ∪ ParsAdditionalReactions (j,m) \ ParsVanishedReactions (j,m)
decomposes the P system transition into all single components. After performing the
(m)
transition, the obtained system ΠPMA includes reactions R(m) = {ri | (i ∈ A) ∧ (A ⊂
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N)} and corresponding kinetic parameters K (m) = {ki | (i ∈ A) ∧ (A ⊂ N)} where
A is an arbitrary finite subset of natural numbers. In order to preserve the strict prioritisation among reaction rules, pairwise distinctive indexes i are required in each set.

4

Chemical Register Machines with Self-Reproducible
Components

In the first example, we apply transitions between P systems to formulate a chemical
register machine on binary numbers with self-reproducible components for bit storage
units. Each time new storing capacity within a register is needed, a specific reaction
subsystem for that purpose is added. A strict modularisation of the reaction network
forming bit storage units (chemical implementation of master-slave flip-flops) facilitates the system design towards achieving computational completeness. A chemical
representation of binary numbers noticeably increases the reliability of operation from
an engineering point of view.
Register Machines on Binary Numbers. A register machine on binary numbers is
a tuple M = (R, L, P, #0 ) consisting of the finite set of registers R = {R1 , . . . , Rm }
each with binary representation of a natural number Rh ∈ {0, 1}∗ , a finite set of jump
labels (addresses) L = {#0 , . . . , #n }, a finite set P of instructions, and the jump
label of the initial instruction #0 ∈ L. Available instructions are: #i : INC Rh #j
(increment register Rh and jump to #j ), #i : DEC Rh #j (nonnegatively decrement
register Rh and jump to #j ), #i : IFZ Rh #j #p (if Rh = 0 then jump to #j
else jump to #p ), and #i HALT (terminate program and output register contents). We
assume a pre-initialisation of input and auxiliary registers at start with input data or
zero. Furthermore, a deterministic principle of operation, expressed by unique usage of
instruction labels: ∀p, q ∈ P | (p = #i : v) ∧ (q = #j : w) ∧ ((i 6= j) ∨ (v = w)), is
supposed.
Chemical Encoding of Binary Values. Each boolean variable x ∈ {0, 1} is represented by two correlated species X T and X F with complement concentrations [X T ] ∈
R+ and [X F ] ∈ R+ such that [X T ]+[X F ] = c holds with c = const. The boolean value
of the variable x is determined whenever one of the following conditions is fulfilled: The
inequality [X T ][ [X F ] indicates “false” (x = 0) and [X F ][ [X T ] “true” (x = 1). In case
of none of these strong inequalities holds (e.g. [X T ] = 0.6c and [X F ] = 0.4c), the
system would consider the variable x to be in both states.
A Chemical Clock by Extending an Oscillating Reaction Network. A chemical implementation of a clock is necessary in order to synchronise the register machine instruction processing. Positive edges of clock signals can trigger micro-operations like register
increment or jump to the next machine instruction. In our chemical machine model, an
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Fig. 4.1 Generation of chemical clock signals [C1 ], [C2 ] (right) by cascadisation of toggle
switches (left)

extended oscillating reaction network provides all clock signals. As preferred network
template for permanent oscillation, we adopt the well-studied Belousov-Zhabotinsky
reaction [2,22] depicted in the upper-left part of Figure 4.1 whose dynamical behaviour
results in periodic peak-shaped signals. By using a cascade of downstream switching
and maintaining reactions, we extend that primary oscillator. In this way, a normalisation with respect to signal shape and concentration course can be reached. Our idea
employs both converse output signals OiT and OiF of the previous cascade stage as triggers for a subsequent chemical toggle switch. Thus, high and low concentration levels
are more and more precisely separated over the time course, and the switching delay
in between becomes shortened, see lower-left parts of Figure 4.1. After three cascade
stages, the quality of the chemical clock signal turns out to be suitable for our purposes.
For technical reasons (two-phase register machine instruction processing), two offset
clocks with designated output species C1 and C2 are employed. Owning the same network structure, they only differ in the time point when coming into operation caused by
F
individual initialisations (species producing clock signals C1 : [O0,C
](0) = 2,
1
T
F
T
[O0,C1 ](0) = 1; corresponding species for clock signals C2 : [O0,C2 ](0) = 0, [O0,C
](0) =
2
0; species with identical initial concentrations: [P1,C ](0) = 3, [P2,C ](0) = 1, [WC ](0) =
F
T
0, [Oi,C
](0) = 1, [Oi,C
](0) = 0), i ∈ {1, 2, 3}, C ∈ {C1 , C2 }). C1 and C2 provide
nonoverlapping clock signals whose offset constitutes approximately one half of the
clock cycle, see Figure 4.1 right.
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Constructing Master-Slave Flip-Flops and Binary Registers. We introduce a reaction network that mimics a master-slave flip-flop (MSFF) based on the aforementioned
chemical clocks and bit manipulating reaction motifs. Moreover, a chain of MSFFs
forms a register Rh (h ∈ {1, . . . , |R|}) with bitwise extendable initial length of one bit.
In operation, it processes binary numbers . . . blh blh −1 . . . b2 b1 with bα ∈ {0, 1}. Furthermore, each register is equipped with predefined triggers in order to carry out microoperations “increment”, “nonnegative decrement”, and “comparison to zero”, each of
which is processed within one clock cycle.
Within a MSFF, bit setting is coupled to specific edges of the clock signal in order to
prevent premature switches. In our MSFF implementation, bit setting consists of two
phases (master and slave part). Within the master part, a bit can be preset using specific
master species M T and M F co-triggered by positive edges of the clock signal C1 ,
while the subsequent slave part finalises the setting by forwarding the preset bit from
the master species to the correlated slave species S T and S F triggered by positive edges
of the offset clock signal C2 . A subnetwork consisting of eight switching reactions (see
darkest grey highlighted boxes within each MSFF in Figure 4.2) covers this task.
With regard to the functionality of a register machine, a sequence of interconnected
MSFFs represents a register. Interconnections between neighboured MSFFs reflect the
capability of incrementing and decrementing register contents. In case of incrementation, designated trigger molecules INC jh effect a successive bit flipping: Starting from
the least significant bit b1 , “1” is consecutively converted into “0” until “0” appears
first time which is finally converted into “1”. Intermediate carry species FαI act as forwarding triggers between consecutive bits, see Figure 4.2. If the most significant bit blh
is reached increasing the concentration of carry species FlIh , six new species MlTh +1 ,
MlFh +1 , SlTh +1 , SlFh +1 , FlD
, and FlIh +1 are added to the reaction system together with
h +1
the corresponding set of reactions forming the subnetwork for managing bit blh +1 including update of MlFh +1 and MlTh +1 within reactions performing comparison to zero,
see Figure 4.2.
Decrementation is organised in a similar way using initial triggers DEC jh and intermediate molecules of carry species FβD . In order to achieve nonnegative processing, a
species EhF indicating equality to zero, set by a satellite network, prevents decrementation of binary strings 0 . . . 0. Figure 4.2 shows the reaction network structure of a
register whose species FαI , FβD , MγF , MγT , SγF , and SγT are specific with respect to both
register identifier h and bit position lh within the register. Any comparison to zero is
done by a satellite network which uses presence of any species MκT with κ = 1, . . . , lh
as triggers in order to flip an equality indicator bit e (species EhT and EhF ) onto “0”,
while all species MκF with κ = 1, . . . , lh are needed for flipping onto “1”, respectively.
The indicator e can be used for program control, see next section. As a further byproduct of each micro-operation on a register, molecules of the form #j ∈ L encoding the
jump label of the subsequent machine instruction are released.
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Fig. 4.2 Chemical reaction network of a register capable of processing a bitwise extendable binary number . . . blh blh −1 . . . b2 b1 with bα ∈ {0, 1} including interfaces for micro-operations
increment, nonnegative decrement, and comparison to zero.
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P = {#0 : INC R1 #1 , #1 : IFZ R1 #2 #3 , #2 : HALT, #3 : DEC R1 #1 }

Implementing a Chemical Program Control. A sequence of reactions directly derived from the given program P of the underlying register machine M = (R, L, P, #0 )
carries out the program control as follows: For each jump label #j ∈ L we introduce a
dedicated label species #j with initial concentrations [#0 ](0) = 1 and [#κ ](0) = 0 for
κ ∈ {1, . . . , |L|−1}. Accordingly, a set of instruction species Iν ∈ {INC jh , DEC jh | ∀h
∈ {1, . . . , |R|} ∧ ∀j ∈ {0, . . . , |L| − 1}} ∪ {IFZ j,q
h | ∀h ∈ {1, . . . , |R|} ∧ ∀j, q ∈
{0, . . . , |L| − 1}} ∪ {HALT} is created with initial concentration [Iν ](0) = 0. Furthermore, for each instruction in P a network motif consisting of a program-control reaction
with kinetic constant kp < ks and a consecutive bypass reaction with kb ≤ ks is defined.
Following the two-phase structure of a register machine instruction, these reactions first
consume its incipient label species, then produce the corresponding instruction species
as an intermediate product and finally convert it into the label species of the subsequent
instruction if available. In order to strictly sequentialise the execution of instructions
according to the program P , clock species C1 and C2 with offset concentration course
provided by both oscillators trigger program-control and bypass reactions alternating as
catalysts.
The set of reactions for each type of register machine instruction is defined as follows:
instruction

reactions

#i : INC Rh #j

#i + C2
INC jh + C1

#i : DEC Rh #j

#i + C2
DEC jh + C1

#i : IFZ Rh #j #q

#i + C2
T
IFZ j,q
h + Eh + C1

IFZ j,q
h
#i : HALT

+ EhF + C1
#i + C2

kp

−→
kb

−→
kp

−→
k

b
−→

INC jh + C2
#j + C1
DEC jh + C2
#j + C1

kp

IFZ j,q
h + C2

k

#j + EhT + C1

ks

−→

#q + EhF + C1

−→

HALT + C2

−→

s
−→

kp
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Instruction species of the form INC jh act as triggers for incrementing the contents of
register Rh done within its reaction network part, see Figure 4.2. Here, INC jh is converted into the byproduct #j that provides the label species of the subsequent instruction. Accordingly, species DEC jh initiate a set of reactions decrementing register Rh
nonnegatively. Instruction species of the form IFZ j,q
h utilise a reaction network module attached to register Rh that releases two species EhT and EhF whose concentrations
indicate whether or not Rh = 0. Instruction species of the form INC jh , DEC jh , and
IFZ j,q
h react into the corresponding label species #j and #q . Since there is no reaction
with instruction species HALT as reactant, the program stops in this case. Figure 4.3
illustrates an example of a chemical program control that also gives an overview about
the interplay of all predefined modules.
Although instruction species are consumed within register modules, this process could
be too slow in a way that a significant concentration of an instruction species outlasts the
clock cycle. This unwanted effect is eliminated by bypass reactions running in parallel
to the designated register operation.
Case Study: Integer Addition. A chemistry processing R2 := R2 + R1 ; R1 := 0
including previous register initialisation (R1 , R2 ) := (2, 1) on extendable bit word registers emulates a case study of the integer addition “2 + 1” whose dynamical behaviour
using ks = 3, km = 1, kmo = 3, kb = 0.5, kp = 1 is shown in Figure 4.4 (upper part).
Starting with empty one-bit chemical registers R1 = 0 and R2 = 0, the primary P
(0)
system ΠPMA is set into operation. Along with the second incrementation of R1 , conI
centration of the carry species F1,1
becomes > 0 initiating the first P system transition
(1)

into ΠPMA , see Figure 4.4 (lower part). This system contains additional species and
reactions (according to Figure 4.2) to enlarge register R1 onto two bits. Four C2 clock
(1)
I
reaches a positive concentration transforming ΠPMA into
cycles later, carry species F2,1
(2)

ΠPMA by extending the chemical register R2 from one into two bit storage capacity.
All simulations of the dynamical register machine behaviour were carried out using
CellDesigner version 3.5.2, an open source software package for academic use [9]. The
register machine (available from the authors upon request) was implemented in SBML
(Systems Biology Markup Language) [11], a file format shown to be suitable for P
systems representation [15].

5

Evolutionary Construction of Reaction Networks

Artificial evolution of reaction networks towards a desired dynamical behaviour is a
powerful tool to automatically devise complex systems capable of computational tasks.
We have designed and implemented a software (SBMLevolver) [12] for evolutionary
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Fig. 5.5 Part of a state transition system sketching the trace of an artificial structural evolution
towards a reaction network for addition of two numbers given as initial concentrations of species
Input1 and Input2 . In the SBMLevolver, each network passes a separate supplementary parameter fitting (optimisation) of kinetic constants (not shown).

construction of single-compartmental biological models written in SBML. The SBMLevolver enables both, structural evolution (operators: adding/deleting species, adding/deleting reactions, connection/disconnection of a species to/from a reaction, species duplication) and network parameter fitting (adaptation of kinetic constants). Each reaction
network generated within the process of artificial evolution forms a P system of the class
ΠPMA . Evolutionary operators become activated randomly after a dedicated period for
running a reaction network. When we understand evolutionary operators as (state) transitions between P systems, the arising phylogenetic graph (history of artificial evolution)
is related to the corresponding state transition system. Because state transitions between
P systems are not necessarily deterministic, the phylogenetic graph may have multiple
branches. An example in Figure 5.5 shows P system transitions sketching an artificial
evolution process towards a reaction network for addition of two numbers. In this procedure, selection can be incorporated by a network evaluation measure to be included
as a component of ΠPMA .

6

Conclusions

Formalisation of complex biological or chemical systems with structural dynamics within
their reaction rules can contribute to explore the potential of their functionality as a
whole. From the modelling point of view, coordination of temporally local subsystem
descriptions in terms of well-defined interfaces might be a challenging task since it
requires a homogeneous approach. The P systems framework inherently suits here because of its discrete manner and its ability to combine different levels of abstraction.
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We have shown a first idea for arranging previously separate subsystems into a common temporal framework. In our approach, transitions between subsystems have been
initiated by constraints denoted as boolean expressions. Therefore, we allow for evaluation of internal signals (molecular amount) as well as external signals (time provided
by a global clock). Beyond computational completeness, application scenarios are seen
in systems and synthetic biology. Further work will be directed to comprise P systems
of different classes and with compartmental structures into a common transition framework.
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We present a new model for simulating Fas-induced apoptosis in HIV-1-infected
CD4+ T cells. Moreover, the reactivation of latently infected cells is explored.
The work, an extension of our previous modeling efforts, is the first attempt
in systems biology for modeling the Fas pathway in the latently infected cells.
These enigmatic cells are considered the last barrier in the elimination of HIV
infection. In building the model, we gathered what reaction rates and initial conditions are available from the literature. For the unknown constants, we fit the
model to the available information on the observed effects of HIV-1 proteins in
activated CD4+ T cells. We provide results, using the Nondeterministic Waiting
Time (NWT) algorithm, from the model, simulating the infection of activated
CD4+ T cells as well as the reactivation of a latently infected cells. These two
model versions are distinct with respect to the initial conditions – multiplicities
and locations of proteins at the beginning of the simulation.

1

Introduction

1.1 Motivation for Study The human immunodeficiency virus (HIV) is remarkable
for several reasons: (1) it predominantly infects immune system cells; (2) shows a
high genetic variation throughout the infection in a single individual due to the high
error rate in the reverse transcription; (3) it induces apoptosis, or cellular suicide, in
the “healthy” (bystander) immune cells; and (4) normal immune system function can
cause some HIV-infected T cells to become latent, entering a reversibly nonproductive
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state of infection. Since the latent cells are transcriptionally silent, they are virtually
indistinguishable from the uninfected cells. Also, the number of latently infected cells
is relatively small, around 3% of the T cells, which makes the experimental study of
these cells difficult – current technology in biochemistry requires large numbers of the
molecules/cells to be studied. It is widely believed that the latently infected CD4+ T
cells represent the last barrier to an HIV cure. The current paper represents an initial
modeling effort for the apoptosis (programmed cell death) of latently infected T cells.
We will focus on the apoptotic modeling (reason 3), since it is the avenue through which
the virus destroys the effectiveness of the host’s immune system. We will base our model
on the previous modeling work of [21], using the simulation technique reported in [23].
Furthermore, in order to make the modeling effort easier and due to the high genetic
variability (reason 2) of the viral genome, we will combine several similar processes
together into single reactions. The kinetic constants for the new reactions, modeling the
biochemical interactions involving viral proteins with the host cell, will be obtained by
fitting the model to reported experiments on the infected, nonlatent cells. Finally, we
will simulate the latent cells (immediately after they are reactivated) by adjusting the
appropriate initial conditions of the system.
1.2 AIDS Pathogenesis As far as we know, this paper reports the first attempt at
modeling the Fas-mediated apoptotic signaling pathway in reactivated latently infected
CD4+ T cells. Although there are two strains of HIV, type 1 and type 2, we are interested
in HIV-1, since it is more virulent and transmissive [37]. HIV-1 is called a global pandemic by the World Health Organization (WHO). Since its discovery over two decades
ago, the virus has been the target of aggressive research. And yet, a cure – complete
eradication of the viral infection – remains out of reach. According to statistics from
the WHO, there were 33.2 million people living with HIV in 2007, 2.5 million newly
infected individuals, and 2.1 million AIDS deaths [47].
The pathogenesis of AIDS is attributed to the depletion of the host’s CD4+ T cells, the
loss of which results in a dysfunctional immune system. Finkel et al. in [15] concluded
that HIV-1 infection causes death predominantly in bystander T cells. These healthy,
uninfected cells are marked for destruction by the neighboring HIV-1-infected cells.
The mechanism of the bystander cell death was shown to be apoptosis. Proteins encoded by the HIV-1 genome exhibit anti- and pro-apoptotic behavior on infected and
bystander cells, enhancing or inhibiting a cell’s ability to undergo apoptosis. There are
numerous drugs available for limiting the impact of HIV-1 on the immune system; the
most successful approach, highly active anti-retroviral therapy (HAART), is a combination of several types of drugs, targeting different mechanisms of HIV-1 infection and
proliferation.
Although HAART has proven to be effective in the reduction or elimination of viremia
[34], it is ineffective in the complete eradication of the viral infection. Latent reservoirs
of HIV-1 have been detected in HIV-1-infected patients [9, 10]. Latently infected cells
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are relatively rare – about 1 in 106 resting T cells [10]. However, they are considered
to be the largest obstacle in combating HIV-1 infection [16, 42, 44]. Understanding the
mechanisms behind HIV-1 latency is a focal point for current AIDS-related research
(for a recent review on latency see [19]).
There are two types of latency described in the literature. The first, preintegration latency, refers to resting T cells containing unintegrated HIV-1 DNA. Since the unintegrated HIV-1 DNA is labile and reverse transcription of HIV-1 RNA is slow (on the
order of days) [35, 50, 51, 53], it is believed that patients with reduced viremia after
several months of HAART therapy do not have resting T cells with unintegrated HIV-1
DNA [7]. However, resting T cells with stably integrated HIV-1 DNA can provide a
reservoir for viral reproduction for years [16]. These rese rvoirs are the result of activated HIV-1-infected T cells that have returned to a quiescent state. Due to their long
lifespan, we have chosen to model the apoptotic events that follow the reactivation of
a postintegration latently infected CD4+ T cell. N.B., for the remainder of the paper,
when use the term latent, we are referring to the postintegration latency.
We have previously reported our results [23] from simulating the Fas-mediated apoptotic signaling cascade, based on information for the Jurkat T cell line [21]. In [23],
we provided an exhaustive study on the feasibility of our Nondeterministic Waiting
Time (NWT) algorithm, comparing our results to an established ordinary differential
equations (ODEs) technique [21]. We have extended the Fas model, incorporating the
effects HIV-1 proteins have on the pathway.
In Section 2, we provide a brief summary of our simulation technique. Section 3 discusses the background information on the Fas pathway and HIV-1 proteins necessary
to understanding our model. Section 4 contains the results of our simulations. Finally,
Section 5 is a discussion of issues revolving around modeling HIV-1 protein activity
and future research plans for our group.

2

The NWT Algorithm

We refer the interested reader to [23], where we gave a detailed description of the NWT
algorithm. We will now highlight the key aspects of our simulation technique.
The NWT algorithm is a Membrane Systems implementation, where the alphabet of the
system is defined as proteins, and the rules are the reactions involving the proteins. The
algorithm is mesoscopic, since individual molecules are employed instead of molecular
concentrations. This allows us to discretely interpret the evolution of the intracellular
molecular dynamics. We have argued in [23] that our discrete, nondeterministic algorithm may outperform other continuous methods – for example, ODE simulations – in
situations of low molecular multiplicity.
All of the reactions within the system obey the Law of Mass Action – i.e., the amount
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of time required for any given reaction to occur is directly proportional to the number of
reactant molecules present in the system. The Law of Mass Action is used to calculate
a waiting time (WT) for each reaction, indicating the next occurrence of the reaction.
These values are based on kinetic constants and are deterministic – the nondeterminism in our algorithm stems from reaction competition over low molecular multiplicity.
Our NWT algorithm is different than the Gillespie algorithm [17, 18], where stochastic
values are generated to govern the reaction rates. We will use the NWT algorithm to
explore the effects of HIV-1 proteins on the Fas-mediated signaling cascade.

3

The Model

3.3 Fas-Mediated Apoptosis We have explored the literature pertaining to the effects of HIV-1 proteins on apoptosis: see [2, 38, 41] for reviews on HIV-1-related CD4+
T cell death. There are several distinct death receptors, which, upon activation of the
cell, can lead to cellular apoptosis through a tightly regulated molecular signaling cascade [3]. In this paper, our concern is the Fas pathway. As reported in [22] and [36],
understanding the complex signaling cascade of Fas-mediated apoptosis can be beneficial in developing remedies for cancer and autoimmune disorders.
In [40], the authors describe two signaling pathways for Fas-mediated apoptosis: type I
and type II. Both pathways begin with the Fas ligand binding to the Fas receptor (also
called CD95) on the cell membrane. This results in a conformational change at the
receptor, producing a complex, Fasc. The cytoplasmic domain of this complex recruits
Fas-associated death domain (FADD). A maximum of three FADD molecules can be
recruited to each Fasc molecule. Once FADD is bound to Fasc, Caspase 8 and FLIP are
recruited competitively. Although three molecules of Caspase 8 can be recruited to each
41
Fasc-FADD binding, only two are required to create the dimer, Caspase 8P
2 , which is
P41
released into the cytoplasm. The cytoplasmic Caspase 82 is then phosphorylated into
active form (Caspase 8*). The binding of FLIP to Fasc inhibits apoptosis, because it
reduces the ability of Caspase 8 to become activated – i.e., FLIP can occupy binding
41
sites necessary for creation of Caspase 8P
2 .
Unless sufficiently inhibited, the Fas signaling cascade continues in the type I or type
II pathway. For sufficiently large Caspase 8 initial concentration, Caspase 3 is directly
phosphorylated by the Caspase 8*. This is the type I pathway. If the number of Caspase 8 molecules is insufficient to induce Caspase 3 activation directly, then the type II
pathway is initiated. Caspase 8* truncates the Bid protein, tBid. The tBid protein can
then bind to two molecules of Bax. The complex formed by this binding leads to the release of Cytochrome c from the mitochondria. Once it is translocated to the cytoplasm,
Cytochrome c binds to Apaf and ATP, forming a complex that can recruit and activate
Caspase 9 (Caspase 9*). The activated Caspase 9* proceeds to activate Caspase 3. We
consider the activation of Caspase 3 to be the end of the signaling cascade, since its
active form signals DNA fragmentation [28].
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In [23], we modeled both the type I and type II Fas-induced apoptotic signaling pathways. In the next section, we discuss HIV-1 infection and its effects on the Fas signaling
cascade.
3.4 HIV-1 Infection The mechanisms behind HIV-1 infection of CD4+ T cells are
well understood. A spike on the virus, the gp120 envelope glycoprotein, binds to the
CD4 receptor of the target cell and, in conjunction with subsequent binding to a coreceptor (CCR5 or CXCR4), a path is opened for the virus to inject its contents into the
cell [8, 48]. Reverse transcriptase creates cDNA from the HIV-1 RNA and the genome
of the virus is implanted into the cell’s own DNA for future production. During this
time, the immune system fails to detect and destroy the infected cell.
There is still some debate about the effects of HIV-1 proteins on cellular signaling networks; however, we have pooled the collective knowledge of the biological community
in order to categorize and model the described functions of various HIV proteins. For
an illustration of the Fas pathway and the involvement of the HIV proteins we refer the
reader to Fig. 3.1.
Upon infection, the contents of the virion (e.g., Vpr, HIV protease (HIVpr ), reverse
transcriptase (RT), and HIV RNA (HIVRN A )) are released into the cytoplasm [6]. In the
newly infected, activated CD4+ T cell the HIVRN A is converted to cDNA (HIVcDN A )
by the reverse transcriptase about five hours post-infection [25]. The HIVcDN A is then
integrated into the host’s genome with the help of the viral integrase approximately
one hour later [14]. These rules are shown in Table 3.1. For our convenience, we have
labeled the integrated HIV genome as HIVLT R in our rules. HIVLT R is the basis for
interactions involving the HIV long terminal repeat; in our model, it is a necessary
component for all reactions pertaining to HIV-1 protein production.
After integration of the viral DNA, gene expression of HIV proteins becomes possible.
The nuclear factor of activated T cells (NFAT) and NF-κB have been shown to play
important roles in HIV gene expression [26, 30]. In a resting CD4+ T cell, NF-κB is
sequestered in the cytoplasm by its inhibitor, IκB. Following cellular activation, NF-κB
is released by its inhibitor, which allows it to relocate to the nucleus where it can bind to
the HIVLT R . Also following T cell activation, NFAT, located in the cytoplasm of resting
CD4+ T cells, undergoes dephosphorylation and translocation to the nucleus where it
can bind to the HIVLT R [26]. Once NF-κB and NFAT are translocated to the nucleus,
they can bind to the HIVLT R , combining their efforts to synergistically enhance the
promoter activity. Moreover, [26] shows that the combined effects of Tat, NF-κB and
NFAT is much stronger than the pairings of Tat and NF-κB or Tat and NFAT. In our
model, we have combined the roles of NF-κB and NFAT. Hence, the translocation and
binding rules for NFAT (and NF-κB) are shown in Table 3.1.
Multiply spliced (MS) HIV-1 mRNAs – responsible for Tat/Rev protein creation – are
detectable in resting CD4+ T cells [27]. However, due to the inefficient export of the
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Table 3.1 A list of the reactions involving effects of HIV-1 proteins, which were added to the
existing Fas model [21, 23]. See Appendix A for the complete list of reactions.

Reaction
1: HIVRNA + RT → HIVcDNA + RT
2: HIVcDNA → HIVcDNA (nuclear import)
3: HIVcDNA → HIVLT R
4: NFAT → NFAT (nuclear import)
5: CDK9 → CDK9 (nuclear import)
6: CyclinT1 + CDK9 → PTEFb
7: NFAT + HIVLT R → HIVLT R :NFAT
8: HIVLT R :NFAT + Tat → HIVLT R :NFAT:Tat
9: HIVLT R :NFAT:Tat + PTEFb → HIVLT R :NFAT:Tat:PTEFb
10: HIVLT R → HIVLT R + mRNAT at
11: HIVLT R → HIVLT R + mRNAV pr
12: HIVLT R → HIVLT R + mRNAHIVpr
13: HIVLT R → HIVLT R + mRNANef
14: HIVLT R :NFAT → HIVLT R :NFAT + mRNAT at
15: HIVLT R :NFAT → HIVLT R :NFAT + mRNAV pr
16: HIVLT R :NFAT → HIVLT R :NFAT + mRNAHIVpr
17: HIVLT R :NFAT → HIVLT R :NFAT + mRNANef
18: HIVLT R :NFAT:Tat → HIVLT R :NFAT:Tat + mRNAT at
19: HIVLT R :NFAT:Tat → HIVLT R :NFAT:Tat + mRNAV pr
20: HIVLT R :NFAT:Tat → HIVLT R :NFAT:Tat + mRNAHIVpr
21: HIVLT R :NFAT:Tat → HIVLT R :NFAT:Tat + mRNANef
22: HIVLT R :NFAT:Tat:PTEFb → HIVLT R :NFAT:Tat:PTEFb + mRNAT at
23: HIVLT R :NFAT:Tat:PTEFb → HIVLT R :NFAT:Tat:PTEFb + mRNAV pr
24: HIVLT R :NFAT:Tat:PTEFb → HIVLT R :NFAT:Tat:PTEFb + mRNAHIVpr
25: HIVLT R :NFAT:Tat:PTEFb → HIVLT R :NFAT:Tat:PTEFb + mRNANef
26: mRNAT at → mRNAT at (nuclear export)
27: mRNANef → mRNANef (nuclear export)
28: mRNAV pr → mRNAV pr (nuclear export)
29: mRNAHIVpr → mRNAHIVpr (nuclear export)
30: mRNAT at → mRNAT at + Tat
31: mRNANef → mRNANef + Nef
32: mRNAV pr → mRNAV pr + Vpr
33: mRNAHIVpr → mRNAHIVpr + HIVpr
34: mRNAT at → degraded
35: mRNANef → degraded
36: mRNAV pr → degraded
37: mRNAHIVpr → degraded
38: Tat ⇋ Tat (nuclear import/export)

Reaction Rate
k21
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k22
k23
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k29
k29
k29
k29
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k30
k30
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Fig. 3.1 A picture of the model for HIV-1 protein effects on Fas signaling. The activation of Caspase 3 is the end of the signaling cascade – irrevocably leads to cell death. The type I pathway
involves direct activation of Caspase 3 by Caspase 8*. The type II pathway requires signal amplification by way of the mitochondria, resulting in the activation of Caspase 3 by Caspase 9*. The
HIV-1 Tat protein upregulates inactive Caspase 8 and Bcl-2, but it can also downregulate Bcl-2.
Vpr upregulates Bcl-2 and downregulates Bax. HIV Protease can cleave Bcl-2 into an inactive
form and it can also cleave Caspase 8 into active Caspase 8. Finally, Nef protein upregulates Fas
ligand and Fas receptor.

mRNA transcripts to the cytosol, Tat and Rev proteins are undetectable in the latent
cells. Activation of these latent cells leads to production of Tat and Rev, and subsequent
upregulation of all HIV-1 proteins. In order for the infected cells to create HIV proteins
other than Tat and Rev, the transcriptional elongation induced by Tat and the efficient
nuclear export of MS HIV-1 RNAs by Rev are required. Our latent cell model, beginning
with cellular activation, initially allows for inefficient creation of Tat proteins. We chose
not to model Rev, since it has no known Fas apoptotic function; its exporting functions
are incorporated into the kinetic constants governing mRNA translocation. Once Tat is
located in the nucleus, it requires the help of two other proteins provided by the host
cell: CyclinT1 and CDK9.
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39: Tat → Tat + Casp8
40: Tat → Tat + Bcl2
41: Tat → FasL + Tat
42: Tat + Bcl2 → Tat
43: Vpr + Bax → Vpr
44: Vpr + Bcl2 → Vpr:Bcl2
45: Vpr:Bcl2 → Vpr + Bcl2
46: Vpr + PTPC → Vpr:PTPC
47: Vpr:PTPC + Cyto.c → Cyto.c∗ + Vpr:PTPC
48: HIVpr + Casp8 → HIVpr + Casp8∗
49: HIVpr + Bcl2 → HIVpr
50: Nef → Nef + Fas
51: Nef → Nef + FasL
52: FasL → FasL (to cell surface)

k37
k38
k39
k40
k42
k43
k44
k45
k46
k47
k48
k49
k50
k51

In an inactivated cell, CyclinT1 and CDK9 are sequestered in the cytoplasm [31]. Upon
T cell activation, they are relocated to the nucleus. CyclinT1 and CDK9 combine to
make up the positive-acting transcription elongation factor (P-TEFb) complex. The
binding of P-TEFb and Tat at the HIVLT R allows the hyperphosphorylation of RNA
polymerase II (RNAPII), resulting in increased transcriptional elongation. The translocation and binding rules for CyclinT1, CDK9 and Tat are formalized in Table 3.1. The
transcription, translocation, and translation rules involving HIV-1 mRNA molecules are
also summarized in Table 3.1.
3.5 HIV-1-Related Effects on the Fas Pathway Aside from its role in transcriptional elongation, the Tat protein is responsible for both pro- and anti-apoptotic behavior. In [4], the authors demonstrated that increased Tat expression causes upregulation
of inactive Caspase 8. Also, Tat has been associated with the downregulation of Bcl2 [41]. Given the pro- and anti-apoptotic duties of Caspase 8 and Bcl-2, respectively,
it appears that a cell with high levels of Tat has increased susceptibility to apoptosis. Conversely, [15] claims that Tat upregulates Bcl-2, resulting in decreased apoptotic
rates of cells. Tat has also been implicated in the upregulation of Fas ligand on the cell
surface [4, 49], which may effect the cell through autocrine signaling. The anti- and
pro-apoptotic rules for Tat are found in Table 3.1.
The HIV-1 Vpr has been shown to both enhance and inhibit the Fas signaling cascade.
Upon infection, the ∼700 molecules of Vpr in the virion are injected into the cytoplasm
of the cell [6]. At low levels, Vpr has been shown to prohibit apoptosis by upregulating
Bcl-2 and downregulating Bax [12]. However, higher concentrations of Vpr affects the
mitochondrial membrane permeability via interactions with the permeability transition
pore complex (PTPC), resulting in the release of Cytochrome c into the cytoplasm [24].
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In the same paper, the authors also demonstrated that Bcl-2 can inhibit the effects of
Vpr on the PTPC. The various apoptotic roles of Vpr we define in Table 3.1.
Another protein packaged in HIV-1 virions, HIVpr , plays an important role in the Fas
pathway. The HIVpr has been shown to cleave Bcl-2 into a deactivated state [43], while
it also cleaves Caspase 8 [32] into active form. Both rules are pro-apoptotic and are in
Table 3.1.
Finally, we define two pro-apoptotic rules for the Nef protein. Zauli et al. discovered
in [52] that Nef can play a role in cell death by upregulating Fas receptor and Fas ligand
on the cell surface. Upregulating the receptor sites of Fas on the cell surface prepares
the cell for ligand binding, and can initiate the Fas-induced apoptotic signaling cascade.
The upregulation of Fas ligand may protect the infected cell from cytotoxic T cells, or it
could be part of autocrinic signaling. The four rules for upregulation and translocation
of Fas and Fas ligand are in Table 3.1.

4

Results

We added all of the rules from Table 3.1 to the Fas model described in [21, 23] – see
Appendix A for the complete list. From this, we are able to simulate two types of cells:
nonlatent and latent. The differences between the two models are the initial protein
multiplicities. The nonlatent cell is an activated T cell which has just been infected
with the contents of the HIV-1 virion. The HIV-1 RNA and other viral proteins are in
the cytoplasm. The HIV-1 RNA must be incorporated into the host’s genome before
the viral protein production begins. The latent model is a newly activated T cell with
no HIV-1 proteins present. However, the HIV-1 genome is already integrated into the
host’s DNA.
As we have discussed earlier, the nonlatent cell is used for the model fitting, since
the majority of information about HIV-1 proteins pertains to these types of cells. For
instance, in Fig. 4.2(a), the results from the nonlatent simulation show the activity of
Tat in that full length (inactive) Caspase 8 increases by a factor of three. Our simulation
agrees with the observations of [4]. Also, in Fig. 4.2(b), our model shows Vpr-induced
upregulation of Bcl-2 and downregulation of Bax by 30% and 20%, resp. Our results
agree with the experimental results on Vpr described in [12].
We will next consider the activation of Caspase 3. In Fig. 4.3, both the nonlatent and
latent models are shown to exhibit the onset of apoptosis – total activation of Caspase
3 – after approximately two days. Our results indicate that reactivated latently infected
CD4+ T cells activate all of the Caspase 3 molecules earlier than the nonlatent model.
Also, in Fig. 4.3, we show the truncation of Bid, which is a necessary step in the induction of the type II pathway. Active Caspase 8 is responsible for the truncation of Bid, so
we are seeing the downstream effects of Caspase 8 activation.
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Fig. 4.2 (a) Tat protein upregulates Caspase 8 levels by three-fold. (b) Vpr upregulates Bcl-2 and
downregulates Bax by 30% and 20%, resp.
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Fig. 4.3 (a)Total reduction of full length Caspase 3 is seen after ∼ 40 hours in the latent model,
whereas the nonlatent model takes ∼ 47 hours. (b) The decline of Bid through interactions with
Caspase 8, leading to a rise in tBid.

Next, let us consider the mechanisms behind Caspase 3 activation in the latent and nonlatent models. According to the rules in Appendix A, an interaction between full length
Caspase 3 and active Caspase 8 or Caspase 9 can have two outcomes: the activation
of Caspase 3 or not. Both of our models show cooperation between the two pathways,
which is not explicitly stated in the literature. The nonlatent results (Fig. 4.4) show the
first interactions between Caspase 3 and Caspase 8* molecules occur just after 18 hours
into the run. It isn’t until ∼ 10 hours later (26 hours into the run) that we begin to
see Caspase 3 interactions with Caspase 9*, after signal amplification through the mitochondria. As discussed in [21, 23], given a sufficiently high initial concentration of
Caspase 8 in the cell, signal amplification is not necessary to induce apoptosis. For this
model, we set the initial level of Caspase 8 to be insufficient for apoptosis by the type I
pathway.
The results of the latent simulation are similar to the nonlatent, where both pathways
appear to govern Caspase 3 activation. In the latent run (Fig. 4.5), we see type I inter-

Modeling Fas-Mediated Apoptosis In Latent HIV-1-Infected CD4+ T Cells
5

5

4

Type I
Type II
Number of Interactions

Number of Interactions

Type I
Type II

(a)

237

3
2
1

0
1920

4
3
2
1
0
0 4 8 12 16 20 24 28 32 36 40 44 48 52 56
Time (Hour)

1921
Time (Hour)

(b)

Fig. 4.4 These graphs show the type I and type II pathways working together to activate Caspase 3
during the nonlatent simulation. The type I interactions are active Caspase 8 binding with Caspase
3, and the type II interactions are Caspase 9 binding with Caspase 3. (a) The overall picture for
the whole three days of simulation. (b) One minute from the simulation (from 32 hours to 32
hours and 1 minute) illustrates the rate of interactions.

actions first occur about 12 hours into the simulation, while type II molecular binding
occurs after 21 hours.
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Fig. 4.5 These graphs show the type I and type II pathways working together to activate Caspase
3 during the latent simulation. They are similar to the nonlatent run. (a) The overall picture for the
whole three days of simulation. (b) One minute from the simulation (from 32 hours to 32 hours
and 1 minute) illustrates the rate of interactions.

Although Fig. 4.4(b) and Fig. 4.5(b) imply type I interactions occur more frequently
than type II, it must be noted that, due to the kinetics governing these binding rules,
Caspase 8* can remain bound to Caspase 3 for a longer period of time than Caspase
9*. Therefore, although it seems that Caspase 8* binds to Caspase 3 more frequently,
the reactions are merely slower. In fact, both models exhibit more interactions between
Caspase9* and Caspase 3.

5

Discussion

Based on the biological evidence in the literature, we constructed a model for the effects
of HIV-1 proteins on the Fas-mediated apoptosis pathway. This work is the first of its
kind, simulating Fas-induced apoptosis in reactivated latently infected CD4+ T cells. We
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have provided some preliminary results in an effort to understand CD4+ T cell latency.
Interestingly, our results show a cooperation between the type I and type II pathways.
We have not been able to verify an explanation for this in the available literature.
We are interested in extending this model in several ways. For instance, we would like
to model the effects of HIV-1 proteins on bystander cell apoptosis. As mentioned in the
introduction, HIV-1 appears to primarily kill uninfected bystander T cells [15]. Various
mechanisms have been reported for the destruction of the bystander cells. Along with
Fas-induced apoptosis, other possible mechanisms for bystander cell death are reviewed
in [2,38,41]. Upon being exocytosed by an infected cell, several of the proteins encoded
in HIV-1 can exhibit destructive qualities when interacting with neighboring bystander
cells – either on the surface or through endocytosis.
There are a few HIV-1 proteins we have ignored in this model, because they affect
T cells in ways not within the scope of our current efforts. For example, soluble and
membrane-bound Env can bind to the CD4 receptor of bystander cells. In [11] and [5],
the authors have shown that ligation of the CD4 receptor by Env, is sufficient to increase
apoptosis in bystander cells. The reasons for the increased apoptotic rates following
Env-CD4 binding can be attributed to Bcl-2 down-regulation [20], increased Caspase 8
activation [1], and upregulation of Fas [33], FasL and Bax [41].
Extracellular Tat can enter bystander cells through endocytosis, which leads to proapoptotic activity. The addition of Tat to a culture of uninfected cells has been shown
to increase apoptosis [29]. Endocytosed Tat can upregulate levels of Caspase 8 [4] and
increase expression of the Fas ligand [41], interfering in the same manner as in the
infected cells. Also, extracellular Vpr can disrupt the mitochondrial membrane, leading
to increased translocation of Cytochrome c* [41].
Finally, we would like to note that the experimental information on the latent HIV-1infected CD4+ T cells is scarce, due to the fact that these cells are found in such small
numbers in vivo. Therefore, our model relies heavily on applying the knowledge of
activated HIV-1-infected CD4+ T cells. We look forward to new experimental results
about these enigmatic cells, which we will use to refine the model.
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label
rule
r1 : F ASL[ F AS ]s → [ F ASC ]s
r2 : [ F ASC ]s → F ASL[ F ASC ]s
r3 : F ASC[ F ADD ]c → F ASC : F ADD[ ]c
r4 : F ASC : F ADD[ ]c → F ASC[ F ADD ]c
r5 : F ASC : F ADD[ F ADD ]c → F ASC : F ADD2 [ ]c
r6 : F ASC : F ADD2 [ ]c → F ASC : F ADD[ F ADD ]c
r7 : F ASC : F ADD2 [ F ADD ]c → F ASC : F ADD3 [ ]c
r8 : F ASC : F ADD3 [ ]c → F ASC : F ADD2 [ F ADD ]c
r9 : F ASC : F ADD2 : CASP 8[ F ADD ]c → F ASC : F ADD3 : CASP 8[ ]c
r10 : F ASC : F ADD3 : CASP 8[ ]c → F ASC : F ADD2 : CASP 8[ F ADD ]c
r11 : F ASC : F ADD2 : F LIP [ F ADD ]c → F ASC : F ADD3 : F LIP [ ]c
r12 : F ASC : F ADD3 : F LIP [ ]c → F ASC : F ADD2 : F LIP [ F ADD ]c
r13 : F ASC : F ADD2 : CASP 82 [ F ADD ]c → F ASC : F ADD3 : CASP 82 [ ]c
r14 : F ASC : F ADD3 : CASP 82 [ ]c → F ASC : F ADD2 : CASP 82 [ F ADD ]c
r15 : F ASC : F ADD2 : CASP 8 : F LIP [ F ADD ]c → F ASC : F ADD3 : CASP 8 : F LIP [ ]c
r16 : F ASC : F ADD3 : CASP 8 : F LIP [ ]c → F ASC : F ADD2 : CASP 8 : F LIP [ F ADD ]c
r17 : F ASC : F ADD2 : F LIP2 [ F ADD ]c → F ASC : F ADD3 : F LIP2 [ ]c
r18 : F ASC : F ADD3 : F LIP2 [ ]c → F ASC : F ADD2 : F LIP2 [ F ADD ]c
r19 : F ASC : F ADD : CASP 8[ F ADD ]c → F ASC : F ADD2 : CASP 8[ ]c
r20 : F ASC : F ADD2 : CASP 8[ ]c → F ASC : F ADD : CASP 8[ F ADD ]c
r21 : F ASC : F ADD : F LIP [ F ADD ]c → F ASC : F ADD2 : F LIP [ ]c
r22 : F ASC : F ADD2 : F LIP [ ]c → F ASC : F ADD : F LIP [ F ADD ]c
r23 : F ASC : F ADD3 [ CASP 8 ]c → F ASC : F ADD3 : CASP 8[ ]c
r24 : F ASC : F ADD3 : CASP 8[ ]c → F ASC : F ADD3 [ CASP 8 ]c
r25 : F ASC : F ADD3 [ F LIP ]c → F ASC : F ADD3 : F LIP [ ]c
r26 : F ASC : F ADD3 : F LIP [ ]c → F ASC : F ADD3 [ F LIP ]c
r27 : F ASC : F ADD3 : CASP 8[ CASP 8 ]c → F ASC : F ADD3 : CASP 82 [ ]c
r28 : F ASC : F ADD3 : CASP 82 [ ]c → F ASC : F ADD3 : CASP 8[ CASP 8 ]c
r29 : F ASC : F ADD3 : CASP 8[ F LIP ]c → F ASC : F ADD3 : CASP 8 : F LIP [ ]c
r30 : F ASC : F ADD3 : CASP 8 : F LIP [ ]c → F ASC : F ADD3 : CASP 8[ F LIP ]c
r31 : F ASC : F ADD3 : F LIP [ CASP 8 ]c → F ASC : F ADD3 : CASP 8 : F LIP [ ]c
r32 : F ASC : F ADD3 : CASP 8 : F LIP [ ]c → F ASC : F ADD3 : F LIP [ CASP 8 ]c
r33 : F ASC : F ADD3 : F LIP [ F LIP ]c → F ASC : F ADD3 : F LIP2 [ ]c
r34 : F ASC : F ADD3 : F LIP2 [ ]c → F ASC : F ADD3 : F LIP [ F LIP ]c
r35 : F ASC : F ADD3 : CASP 82 [ CASP 8 ]c → F ASC : F ADD3 : CASP 83 [ ]c
r36 : F ASC : F ADD3 : CASP 83 [ ]c → F ASC : F ADD3 : CASP 82 [ CASP 8 ]c
r37 : F ASC : F ADD3 : CASP 82 [ F LIP ]c → F ASC : F ADD3 : CASP 82 : F LIP [ ]c
r38 : F ASC : F ADD3 : CASP 82 : F LIP [ ]c → F ASC : F ADD3 : CASP 82 [ F LIP ]c
r39 : F ASC : F ADD3 : CASP 8 : F LIP [ CASP 8 ]c → F ASC : F ADD3 : CASP 82 : F LIP [ ]c
r40 : F ASC : F ADD3 : CASP 82 : F LIP [ ]c → F ASC : F ADD3 : CASP 8 : F LIP [ CASP 8 ]c
r41 : F ASC : F ADD3 : CASP 8 : F LIP [ F LIP ]c → F ASC : F ADD3 : CASP 8 : F LIP2 [ ]c
r42 : F ASC : F ADD3 : CASP 8 : F LIP2 [ ]c → F ASC : F ADD3 : CASP 8 : F LIP [ F LIP ]c
r43 : F ASC : F ADD3 : F LIP2 [ CASP 8 ]c → F ASC : F ADD3 : CASP 8 : F LIP2 [ ]c
r44 : F ASC : F ADD3 : CASP 8 : F LIP2 [ ]c → F ASC : F ADD3 : F LIP2 [ CASP 8 ]c

rate
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rule
F ASC : F ADD3 : F LIP2 [ F LIP ]c → F ASC : F ADD3 : F LIP3 [ ]c
F ASC : F ADD3 : F LIP3 [ ]c → F ASC : F ADD3 : F LIP2 [ F LIP ]c
F ASC : F ADD2 [ CASP 8 ]c → F ASC : F ADD2 : CASP 8[ ]c
F ASC : F ADD2 : CASP 8[ ]c → F ASC : F ADD2 [ CASP 8 ]c
F ASC : F ADD2 [ F LIP ]c → F ASC : F ADD2 : F LIP [ ]c
F ASC : F ADD2 : F LIP [ ]c → F ASC : F ADD2 [ F LIP ]c
F ASC : F ADD2 : CASP 8[ CASP 8 ]c → F ASC : F ADD2 : CASP 82 [ ]c
F ASC : F ADD2 : CASP 82 [ ]c → F ASC : F ADD2 : CASP 8[ CASP 8 ]c
F ASC : F ADD2 : CASP 8[ F LIP ]c → F ASC : F ADD2 : CASP 8 : F LIP [ ]c
F ASC : F ADD2 : CASP 8 : F LIP [ ]c → F ASC : F ADD2 : CASP 8[ F LIP ]c
F ASC : F ADD2 : F LIP [ CASP 8 ]c → F ASC : F ADD2 : CASP 8 : F LIP [ ]c
F ASC : F ADD2 : CASP 8 : F LIP [ ]c → F ASC : F ADD2 : F LIP [ CASP 8 ]c
F ASC : F ADD2 : F LIP [ F LIP ]c → F ASC : F ADD2 : F LIP2 [ ]c
F ASC : F ADD2 : F LIP2 [ ]c → F ASC : F ADD2 : F LIP [ F LIP ]c
F ASC : F ADD[ CASP 8 ]c → F ASC : F ADD : CASP 8[ ]c
F ASC : F ADD : CASP 8[ ]c → F ASC : F ADD[ CASP 8 ]c
F ASC : F ADD[ F LIP ]c → F ASC : F ADD : F LIP [ ]c
F ASC : F ADD : F LIP [ ]c → F ASC : F ADD[ F LIP ]c
41
F ASC : F ADD2 : CASP 82 [ ]c → F ASC : F ADD2 [ CASP 8P
]c
2
41
]c
F ASC : F ADD3 : CASP 83 [ ]c → F ASC : F ADD3 : CASP 8[ CASP 8P
2
41
]c
F ASC : F ADD3 : CASP 82 : F LIP [ ]c → F ASC : F ADD3 : F LIP [ CASP 8P
2
P 41
F ASC : F ADD3 : CASP 82 [ ]c → F ASC : F ADD3 [ CASP 82 ]c
41
]c → [ CASP 8∗2 ]c
[ CASP 8P
2
∗
[ CASP 82 , CASP 3 ]c → [ CASP 8∗2 : CASP 3 ]c
[ CASP 8∗2 : CASP 3 ]c → [ CASP 8∗2 , CASP 3 ]c
[ CASP 8∗2 : CASP 3 ]c → [ CASP 8∗2 , CASP 3∗ ]c
[ CASP 3∗ , XIAP ]c → [ CASP 3∗ : XIAP ]c
[ CASP 3∗ : XIAP ]c → [ CASP 3∗ , XIAP ]c
[ CASP 8∗2 , Bid ]c → [ CASP 8∗2 : Bid ]c
[ CASP 8∗2 : Bid ]c → [ CASP 8∗2 , Bid ]c
[ CASP 8∗2 : Bid ]c → [ CASP 8∗2 , tBid ]c
[ tBid, Bax ]c → [ tBid : Bax ]c
[ tBid : Bax ]c → [ tBid, Bax ]c
[ tBid : Bax, Bax ]c → [ tBid : Bax2 ]c
[ tBid : Bax2 ]c → [ tBid : Bax, Bax ]c
tBid : Bax2 [ Smac ]m → tBid : Bax2 , Smac∗ [ ]m
tBid : Bax2 [ Cyto.c ]m → tBid : Bax2 , Cyto.c∗ [ ]m
[ Smac∗ , XIAP ]c → [ Smac∗ : XIAP ]c
[ Smac∗ : XIAP ]c → [ Smac∗ , XIAP ]c
[ Cyto.c∗ , Apaf, AT P ]c → [ Cyto.c∗ : Apaf : AT P ]c
[ Cyto.c∗ : Apaf : AT P ]c → [ Cyto.c∗ , Apaf, AT P ]c
[ Cyto.c∗ : Apaf : AT P, CASP 9 ]c → [ Cyto.c∗ : Apaf : AT P : CASP 9 ]c
[ Cyto.c∗ : Apaf : AT P : CASP 9 ]c → [ Cyto.c∗ : Apaf : AT P, CASP 9 ]c
[ Cyto.c∗ : Apaf : AT P : CASP 9, CASP 9 ]c → [ Cyto.c∗ : Apaf : AT P : CASP 92 ]c

rate
k3f
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label
rule
r89 : [ Cyto.c∗ : Apaf : AT P : CASP 92 ]c → [ Cyto.c∗ : Apaf : AT P : CASP 9, CASP 9 ]c
r90 : [ Cyto.c∗ : Apaf : AT P : CASP 92 ]c → [ Cyto.c∗ : Apaf : AT P : CASP 9, CASP 9∗ ]c
r91 : [ CASP 9∗ , CASP 3 ]c → [ CASP 9∗ : CASP 3 ]c
r92 : [ CASP 9∗ : CASP 3 ]c → [ CASP 9∗ , CASP 3 ]c
r93 : [ CASP 9∗ : CASP 3 ]c → [ CASP 9∗ , CASP 3∗ ]c
r92 : [ CASP 9, XIAP ]c → [ CASP 9 : XIAP ]c
r93 : [ CASP 9 : XIAP ]c → [ CASP 9, XIAP ]c
r96 : Bax[ Bcl2 ]m → [ Bcl2 : Bax ]m
r97 : [ Bcl2 : Bax ]m → Bax[ Bcl2 ]m
r98 : tBid[ Bcl2 ]m → [ Bcl2 : tBid ]m
r99 : [ Bcl2 : tBid ]m → tBid[ Bcl2 ]m
r100 : [ HIVRN A , RT ]c → [ HIVcDN A , RT ]m
r101 : HIVcDN A [ ]n → [ HIVcDN A ]n
r102 : [ HIVcDN A ]n → [ HIVLT R ]n
r103 : N F AT [ ]n → [ N F AT ]n
r104 : CDK9[ ]n → [ CDK9 ]n
r105 : [ CyclinT 1, CDK9 ]n → [ P T EF b ]n
r106 : [ N F AT, HIVLT R ]n → [ HIVLT R : N F AT ]n
r107 : [ HIVLT R : N F AT, T at ]n → [ HIVLT R : N F AT : T at ]n
r108 : [ HIVLT R : N F AT : T at, P T EF b ]n → [ HIVLT R : N F AT : T at : P T EF b ]n
r109 : [ HIVLT R ]n → [ HIVLT R , mRN AT at ]n
r110 : [ HIVLT R ]n → [ HIVLT R , mRN AV pr ]n
r111 : [ HIVLT R ]n → [ HIVLT R , mRN AHIVpr ]n
r112 : [ HIVLT R ]n → [ HIVLT R , mRN AN ef ]n
r113 : [ HIVLT R : N F AT ]n → [ HIVLT R : N F AT, mRN AT at ]n
r114 : [ HIVLT R : N F AT ]n → [ HIVLT R : N F AT, mRN AV pr ]n
r115 : [ HIVLT R : N F AT ]n → [ HIVLT R : N F AT, mRN AHIVpr ]n
r116 : [ HIVLT R : N F AT ]n → [ HIVLT R : N F AT, mRN AN ef ]n
r117 : [ HIVLT R : N F AT : T at ]n → [ HIVLT R : N F AT : T at, mRN AT at ]n
r118 : [ HIVLT R : N F AT : T at ]n → [ HIVLT R : N F AT : T at, mRN AV pr ]n
r119 : [ HIVLT R : N F AT : T at ]n → [ HIVLT R : N F AT : T at, mRN AHIVpr ]n
r120 : [ HIVLT R : N F AT : T at ]n → [ HIVLT R : N F AT : T at, mRN AN ef ]n
r121 : [ HIVLT R : N F AT : T at : P T EF b ]n → [ HIVLT R : N F AT : T at : P T EF b, mRN AT at ]n
r122 : [ HIVLT R : N F AT : T at : P T EF b ]n → [ HIVLT R : N F AT : T at : P T EF b, mRN AV pr ]n
r123 : [ HIVLT R : N F AT : T at : P T EF b ]n → [ HIVLT R : N F AT : T at : P T EF b, mRN AHIVpr ]n
r124 : [ HIVLT R : N F AT : T at : P T EF b ]n → [ HIVLT R : N F AT : T at : P T EF b, mRN AN ef ]n
r125 : [ mRN AT at ]n → mRN AT at [ ]n
r126 : [ mRN AN ef ]n → mRN AN ef [ ]n
r127 : [ mRN AV pr ]n → mRN AV pr [ ]n
r128 : [ mRN AHIVpr ]n → mRN AHIVpr [ ]n
r129 : [ mRN AT at ]c → [ mRN AT at , T at ]n
r130 : [ mRN AN ef ]c → [ mRN AN ef , N ef ]n
r131 : [ mRN AV pr ]c → [ mRN AV pr , V pr ]n
r132 : [ mRN AHIVpr ]c → [ mRN AHIVpr , HIVpr ]n
r133 : [ mRN AT at ]c → [ ]c
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label
rule
r134 : [ mRN AN ef ]c → [ ]c
r135 : [ mRN AV pr ]c → [ ]c
r136 : [ mRN AHIVpr ]c → [ ]c
r137 : T at[ ]n → [ T at ]n
r138 : [ T at ]n → [ T at ]n Casp8
r139 : [ T at ]n → [ T at ]n Bcl2
r140 : [ T at ]n → F ASL[ T at ]n
r141 : [ T at, Bcl2 ]c → [ T at ]c
r142 : V pr[ ]m → V pr[ Bcl2 ]m
r143 : [ V pr, Bax ]c → [ V pr ]c
r144 : [ V pr, Bcl2 ]m → [ V pr : Bcl2 ]m
r145 : [ V pr : Bcl2 ]m → [ V pr, Bcl2 ]m
r146 : [ V pr, P T P C ]m → [ V pr : P T P C ]m
r147 : [ V pr : P T P C, Cyto.c ]m → Cyto.c∗ [ V pr : P T P C ]m
r148 : [ HIV P rotease, Casp8 ]c → [ HIV P rotease, Casp8∗ ]m
r149 : HIV P rotease[ Bcl2 ]m → HIV P rotease[ ]m
r150 : [ N ef ]n → [ N ef, F AS ]m
r151 : [ N ef ]n → [ N ef, F ASL ]m
r152 : [ F ASL ]s → F ASL[ ]s
r153 : [ T at ]n → T at[ ]n

rate
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The following tables give the deterministic kinetic rates (reaction rates) used in the
description of the reactions;
k1f = 9.09E − 05nM −1 s−1
k1r = 1.00E − 04s−1
k2f = 5.00E − 04nM −1 s−1
k2r = 0.2s−1
k3f = 3.50E − 03nM −1 s−1
k3r = 0.018s−1
k4 = 0.3s−1
k5 = 0.1s−1
k6f = 1.00E − 05nM −1 s−1
k6r = 0.06s−1
k7 = 0.1s−1
k8f = 5.00E − 03nM −1 s−1
k8r = 0.005 s−1
k9f = 2.00E − 04nM −1 s−1
k9r = 0.02s−1
k10 = 1.00E − 03nM −1 s−1
k11f = 7.00E − 03nM −1 s−1

k11r = 2.21E − 03 s−1
k12f = 2.78E − 07nM −1s−1 nM −1
k12r = 5.70E − 03 s−1
k13f = 2.84E − 04nM −1s−1
k13r = 0.07493s−1
k14f = 4.41E − 04nM −1s−1
k14r = 0.1s−1
k15 = 0.7s−1
k16f = 1.96E − 05nM −1s−1
k16r = 0.05707s−1
k17 = 4.8s−1
k18f = 1.06E − 04nM −1s−1
k18r = 1.00E − 03s−1
k19f = 2.47E − 03nM −1s−1
k19r = 2.40E − 03s−1
k20f = 2.00E − 03nM −1s−1
k20r = 0.02s−1

k21 = 0.0334563416666667nM −1s−1
k22 = 0.000555555555555556s−1
k23 = 100s−1
k24 = 400s−1
k25 = 0.4nM −1 s−1
k26 = 5.0E − 005nM −1s−1
k27 = 0.1nM −1 s−1
k28 = 200nM −1s−1
k29 = 2.8E − 004s−1
k30 = 2.8E − 003s−1
k31 = 0.071s−1
k32 = 0.71s−1
k33 = 0.2s−1
k34 = 0.04s−1
k35 = 0.033s−1
k36f = 0.002s−1

k36r = 0.0019s−1
k37 = 4.0E − 006s−1
k38 = 2.0E − 006s−1
k39 = 2.0E − 007s−1
k40 = 2.0E − 008nM −1s−1
k41 = 1.1E − 006s−1
k42 = 2.0E − 008nM −1s−1
k43 = 2.0E − 008nM −1s−1
k44 = 2.0E − 006s−1
k45 = 2.0E − 006s−1
k46 = 1.0E − 005nM −1s−1
k47 = 6.0E − 012nM −1s−1
k48 = 3.0E − 008nM −1s−1
k49 = 3.0E − 009s−1
k50 = 1.0E − 007s−1
k51 = 2.0E − 006s−1
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We present an automatic practical transformation of Communicating Xmachines to Population P Systems. The resulting compiler is able to take as
input a Communicating X-machine model written in an appropriately designed
language (XMDL) and produce a Population P System in another notation
(PPSDL). The latter contains only transformation and communication rules.
However, the user can further enhance the models with more rules that deal
with the reconfiguration of structure of the network of cells. XMDL, PPSDL
and their accompanied compilers and animators are briefly presented. The principles of transformations and the transformation templates of the compiler are
discussed. We use an example model of a biological system, namely an ant
colony, to demonstrate the usefulness of this approach.

1

Introduction

State-based methods, such as finite state machines and their counterparts, are widely
used for modelling reactive systems [7]. In particular, X-machines (XMs) possess an
intuitive modelling style since they reduce the number of the model’s states due to their
associated memory structure and they are directly linked to implementation due to transition functions between states. Most importantly, however, X-machines are coupled
with techniques for formal verification and testing, reassuring correctness of implementation with respect to their models [4, 2]. There exist several tools that facilitate
modelling with X-machines as well as the testing and verification of models [5, 16].
In addition, X-machine models can communicate, thus forming larger scale systems.
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Communicating X-machines (CXMs) provide the necessary modelling message passing means and computation that demonstrate the feasibility of scaling up models [8].
However, they do suffer from a major drawback: the organisational structure of the composed system is predefined and remains static throughout the computation. Although for
some systems this is a virtue, for some others, such as multi-agent systems, reorganisation is an important feature that should be addressed in a model. In this context, by
reorganisation we mean change in the network of communication between agents and
change in the number of agents that participate in the system.
Membrane computing, on the other hand, is a relatively new area and its usefulness
regarding the modelling of systems has only recently started to be explored. P Systems, however, possess such features that may potentially address the problems stated
above [11]. Some initial studies demonstrated that P Systems and its variants, such as
Population P Systems (PPSs), could be used to model multi-agent systems [12]. They
may not seem as intuitive with respect to modelling behaviours of agents because simple
objects and rewriting rules over those objects are not sufficient. But they do deal with
reorganisation quite effectively. Rules for division and differentiation of cells as well
as cell death and bond-making rules allow for a powerful manipulation of the structure
of a multi-agent system and the communication links between agents-cells. Tools have
been developed, although not targeted to multi-agent systems [15]. The majority of the
tools focus on computation with the rest dealing with some modelling aspects.
A brief comparison between Communicating X-machines and Population P Systems is
shown in Table 1.1. Their complementarity has led to the successful integration of the
two methods [14].
Modelling feature
¯
Agent internal state representation
Complex data structures for knowledge, messages, stimuli etc.
Direct communication / Message exchange
Non-deterministic communication
Dynamic addition and removal of agent instances
Dynamic communications network restructuring
Synchronous computation
Asynchronous computation
Formal verification of individual components
Test cases generation for individual components
Tool support

CXMs
¯
√
√
√

√
√
√
√
√

PPSs
¯

√
√
√
√
√

√

Table 1.1 Comparison of features of X-machines and Population P Systems with respect to modelling.
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In this paper, we take a different approach. We attempt to transform existing Communicating X-machine models to Population P Systems models. The transformation is
based on the theoretical principles reported in [10]. Here, we deal with the transformation in practice, that is, having a CXM model described in some language for CXMs,
we describe the automatic compilation to an equivalent PPS model described in some
other language for PPSs. These languages, namely XMDL and PPSDL (DL stands for
Description Language) have been developed separately in time, with about a 6-year difference. However, the younger language PPSDL has been influenced by the successful
launch and experience we acquired through the use of XMDL. This admittedly eased
the implementation of the compiler that does the transformation to some extent.
The rationale behind the transformation is rather simple but we believe an important
one. As modellers, we would rarely use PPS for modelling the behaviour and communication between agents. The main reason for that would be the lack of expressive
power, as X-machines serve this need in a far better way. So, taking CXM models, which
can be individually verified, and transforming them into PPS models we could use PPS
rules to extend the model with dynamic features. Practically, this means that not only
we surpass the shortcomings of PPS in modelling agent behaviours, but we also feel
quite confident (depending on a formal proof that the transformation is correct) that the
resulting PPS model meets at least some quality requirements.
The paper is organised as follows. Section 2 is a brief introduction to Communicating
X-machines with main focus on XMDL. Section 3 does a similar but slightly more
extended introduction to PPSDL. The principles of transformation are briefly listed in
Section 4 together with the actual transformation templates from XMDL to PPSDL.
We use a simple example, a system of communicating ants, as part of an ant colony, to
show the equivalence between the input XMDL and the output PPSDL models. Finally,
we discuss certain arising issues and we conclude with directions for future work and
extensions.

2

X-Machine Description Language

X-machines are finite state machines with two prominent characteristics; they have an
associated memory structure, m, that can hold data and instead of having simple inputs
as labels, transitions are triggered through functions, ϕ, which are activated by inputs,
σ, and memory values and produce outputs, γ, while updating the memory values. Of
particular interest are stream X-machines which have been extensively used for modelling reactive systems. The formal definition of stream XMs can be found in [4]. An
informal but comprehensive abstract model of an XM is depicted in Fig. 2.1.
XM models can communicate by sending messages one to another. There are many
alternative definitions of Communicating X-machines. We use a practical approach in
which the output of a function of one XM is forwarded as input to a function of another
XM [8]. However, in order for this to happen, a requirement should be met: the message
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Fig. 2.1 An abstract X-machine.

Fig. 2.2 An abstract example of two Communicating X-machines.

sent should be compliant with the input alphabet of the receiving XM. This is why a
transformation function, T , is required to transform the message of the sender into an
input for the receiver. The concept is shown in Fig. 2.2 while a complete definition of
CXMs can be found in [8].
The X-Machine Description Language (XMDL) was developed to assist with the modelling and animation of models [5]. The idea behind XMDL was to use a simple, yet
powerful, declarative notation which would be close to the mathematical, yet practical, notation for XMs. XMDL possesses constructs with which one can define an input
and an output alphabet set, a memory structure including an initial memory, a set of
states including an initial state, transitions between states and functions. Functions get
an input and a memory and give an output and a new memory, if certain conditions
(guards) hold on input or memory values. The modeller can define any kind of different
types of values by combining built-in types, such as natural numbers, with user-defined
types, such as sets, sequences, tuples, etc. Table 2.2 informally presents XMDL constructs with a brief explanation on each one. The complete formal XMDL grammar is
available from [6].
XMDL has been extended to provide the ability to define the transformation function
T , i.e. the function that transforms the output of a CXM to an input of another CXM
in a communicating system. XMDL-c also provides the constructs to define instances
of class XMs with different initial state and memory as well as communication links
between functions of participating CXMs (see Table 2.3).
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XM
¯
Σ
Γ
Q
M
q0
m0

XMDL syntax
¯
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Informal semantics
¯

#input ( i1 , . . . , in )

Defines the input tuple for functions

#output ( o1 , . . . , ok )

Defines the output tuple for functions

#states = { q1 , . . . , qm }

Defines the set of states of the XM

#memory ( m1 , . . . , mj )

Defines the memory tuple of the XM

#init state ( s0 )

Defines the initial state

#init memory ( v1 , . . . , vj )

Defines the initial memory values
A set of statements that define the transition
between states and their corresponding labels (functions)

F

#transition ( qi , ϕk ) = qj

Φ

#fun name
( input tuple, memory tuple ) =
if condition1 (and|or)
condition2 . . .
then ( output tuple, memory tuple )
where inf ormative expression.

Defines a function ϕ in Φ

Defines types of values to be used in all constructs. User defined types include enumerated sets, sequences, etc., while operation
include unions, Cartesian products (tuples)
etc.
Table 2.2 Main constructs of XMDL (words in upright font are XMDL keywords)
#type identif ier =
user def ined | set operations |
built-in type | tuple

XMDL-c syntax

Informal semantics
¯

¯
#model instance name
instance of modelname with:
Defines an instance of a CXM component
with an initial state and initial memory.
#init state = initial state;
#init memory = initial memory tuple
#communication of receiver
Defines that a function of a receiver XM
reads an input from another XM.
f unction reads from sender.
#communication of sender
f unction writes message to receiver.
Defines T, i.e. the message format, the funcusing variables in message
tion of the sender XM and the receiver.
from (memory|input|output) tuple
Table 2.3 Main constructs of XMDL-c (words in upright font are XMDL keywords).
A tool, called X-System, has also been implemented [9]. It includes a DCG (Definite
Clause Grammar) parser, a syntax and logical error checker, a compiler of XMDL to
Prolog and an animator. Models written in XMDL are compiled and animated, that is,
the synchronous computation of the CXM model is imitated through inputs provided by
the user. Part of X-System’s architecture is shown in Fig. 2.3.
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Fig. 2.3 The X-System

3

Population P Systems Description Language

Population P Systems consist of network of cells which are instances of possibly different types. Each type is a class of cells possessing the same rules. Rules consume
objects and generate new ones (transformation), in the presence of some objects they
change the type of the cell (differentiation), divide the cell (division) or dissolve the cell
(death). Communication rules, import or export objects from and to the environments
or other neighbouring cells. The latter are determined through bond-making rules that
create links between cells if certain conditions hold. The formal definition of PPS can
be found in [1]. An abstract PPS model is shown in Fig. 3.4.

Fig. 3.4 An abstract Population P System.

Similarly to XMDL, Population P Systems Description Language (PPSDL) has been
designed so as to allow the experimentation with some PPS models [13]. We decided
to keep the concept and, occasionally, the look of XMDL to some extent, and came up
with a simple declarative notation, as close as possible to the formal definition of a PPS.
PPSDL possesses constructs that allow one to define types of cells, cells as instances of
those types, objects in cells and in the environment, as well as all types of rules. What
makes PPSDL practical for modelling is the ability to associate objects with types, by
combining built-in types with user-defined types. Therefore, objects in cells are characterised by a type identifier; we use the notation type identifier*(value) to denote
objects. Table 3.5 informally presents PPSDL constructs with a brief explanation on
each one. PPSDL is the core of PPS-System, which includes a DCG parser, a compiler
of PPSDL to Prolog and an animator, similar to X-System in Fig. 2.3. The animator
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simulates the computation of a PPS model, also allowing the setting of different priorities in rule selection. Briefly, at each cycle, all cells are considered and the applicable
rules for each are found and triggered (ordered according to their priority). PPS-System
allows the user to input objects directly to cells during computation, if needed, thus
allowing more flexibility in the animation.
Cells and types

Objects in Cells

Transformation
Rules

Communication
Rules

CXM component
States Q
Memory M
Inputs Σ
Outputs Γ
Messages
ϕ:Σ ×M →Γ ×M
such that ϕ(σ, m) = (γ, m′ ),
where m, m′ ∈ M, σ ∈ Σ , γ ∈
Γ,
for every q, q ′ ∈ Q
such that q ′ ∈ F (ϕ, q)
Most general case (incoming
and outgoing message)
ϕ:Σ ×M →Γ ×M
such that ϕ(σ, m) = (γ, m′ ),
where m, m′ ∈ M, σ ∈ Σ , γ ∈
Γ,
for every q, q ′ ∈ Q
such that q ′ ∈ F (ϕ, q)
and for incoming ∈ Σ ,
T (σ, m, γ) = outgoing

A cell with objects, transformation
and communication rules
(state : q), where q ∈ Q
(memory : m), where m ∈ M
(input : i), where i ∈ Σ
(output : o), where o ∈ Γ
(message : content)
ϕσ,m :

((state : q)
(memory : m))
(input : σ)
→ (state : q ′ )
(memory : m′ )
(output : γ))t

ϕσ,m :

((state : q)
(memory : m)
(message : incoming)
→ (state : q ′ )
(memory : m′ )
(output : γ)
(message : outgoing))t

Table 3.4 Principles of transforming a CXM to a PPS.

4

Transforming XMDL to PPSDL

Recently, some basic principles for transforming CXM to PPS have been reported [10]
and are briefly presented in Table 3.4. Based on those principles a compiler, which
accepts XMDL models and a CXM system formed out of these models and produces
PPSDL code for the equivalent PPS, has been developed.
The compiler is written in Prolog (as X-System and PPS-System), based on a set of
templates that implement the theoretical transformations. For example, the template
compiling the cell types in PPSDL is:
if Types = { T | xmdl_c_code=[#model _ instance_of T|_] }
then ppsdl_code = [#cell_types = Types]

254

Transforming state-based models to P Systems models in practice

and the template for compiling a function (with no communication annotation) to a
transformation rule in PPSDL is:
if xmdl_code = [ #model M ] and
xmdl_code = [ #fun F (I, IM) = If (O, OM) Where ] and
xmdl_code = [ #transition (S1, F) = S2 ] then
ppsdl_code = [ #transformation_rule F
( [ state*(S1), memory*(IM), input*(I) ]
-> [ state*(S2), memory*(OM), output*(O) ] ) : M, If, Where]

Sub-statements If and Where are left untouched, since XMDL and PPSDL share the
same syntax for these expressions. As an example, consider an on-off switch which
counts how many times its status change. Part of the XMDL code is:
#model switch.
#transition (on, switch_off) = off.
#fun switch_off ((turn_off),(?count)) = ((device_off),(?newcount)),
where ?newCount <- ?count+1.
The resulting PPSDL code according to the template above would be:
#transformation_rule switch_off
([state*(on), memory*((?count)), input*(turn_off)] ->
[state*(off), memory*((?newcount)), output*(device_off)]):
switch,
where ?newCount <- ?count+1.
In the case that the CXM function is one that sends a message to another function, a similar transformation rule is produced which also generates an object of the form outgoing message*
(Message) in the right hand multiset. An additional communication rule is also created in order
to transport this message to the appropriate cell in the form of an incoming message*(Mes
sage). Finally, for a CXM function that reads a message, the object input*(Input) is replaced by an object of the form incoming message*(Message) in the left hand side of the
corresponding rule.

5

Example transformation: Ants

Consider the case of a Pharaoh ant colony and its behaviour inside the nest (described in more
detail in [3]). The ants spend much of their in-nest time doing nothing. Ants doing nothing can
be referred to as inactive and can become active, i.e. start searching for food, in the case that its
food supplies drop below a particular threshold.
The Pharaoh ants behaviour is presented in a very simplified situation where the colony is situated
in an rectangular environment. The ants are either inactive or move around looking for food. When
two ants come across they might share food if one is active and the other one is not (in an inactive
state). The ants go out to forage when they are hungry, no source food is identified (i.e. no other
ant that might provide some food) and a trail pheromone leading to an exit point from the hive is
discovered.
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The XM model of an ant is depicted in Fig. 5.5 where the • symbol on a function denotes that the
function receives input from another machine and, on the contrary, the  symbol on a function
denotes that the function sends a message to be received as input by the function of another
machine. This means that communication between two ants is required when they share food
using the giveFood, and takeEnoughFood or takeNotEnoughFood functions.

Fig. 5.5 The Pharaoh ant X-machine model.

5.1 Ants in XMDL For demonstration purposes, we consider a colony consisting of two ants
(ant1 and ant2) which form a CXM system and need to communicate in order to share food if
one of them is inactive and the other is not. Part of the XMDL code modelling a communicating
ant is as follows (identifiers preceded with a ? denote variables):
#model Ant.
#type
#type
#type
#type
#type
#type
#type
#type
#type

coord = natural0.
pos = (coord, coord).
fPortion = natural.
description = {sp, ph, ha, nha}.
stimuli = description union fPortion.
food = natural0.
fThreshold = natural.
fDecayRate = natural.
outstring = {ignoring_ant, ignoring_hungry_ant, ...,
giving_food}.

#input (pos, stimuli).
#output (outstring).
#memory (pos, food, fThreshold, fDecayRate, fPortion).
#states = {inactive, hungry, giving, taking, dead}.
#transition (inactive, doNothing) = inactive.
#transition (inactive, noFoodToGive) = inactive.
#transition (inactive, becomeHungry) = hungry.
...
#fun die ((?p, ?in), (?pos, ?f, ?ft, ?fdr, ?mfp)) =
if ?what_is_left =< 0 then
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((dying), (?pos, 0, ?ft, ?fdr, ?mfp))
where ?what_is_left <- ?f - ?fdr.
#fun giveFood ((?p, ?in), (?pos, ?f, ?ft, ?fdr, ?mfp)) =
((giving_food), (?pos, ?nf, ?ft, ?fdr, ?mfp))
where ?food_reduction <- ?fdr + ?mfp
and ?nf <- ?f - ?food_reduction.
...
#model ant1 instance_of Ant
with: #init_state {inactive}; #init_memory ((1,1), 150, 50, 5,
15).
#communication of function takeEnoughFood:
#reads from ant2.
#communication of function takeNotEnoughFood:
#reads from ant2.
#communication of function giveFood:
#writes (?pos, ?mfp) to (ant2)
using ?pos from memory (?pos, ?f, ?ft, ?fdr, ?mfp)
and using ?mfp from memory (?pos, ?f, ?ft, ?fdr, ?mfp).

5.2 Ants in PPSDL Running the compiler, we produce the following PPSDL code
for the ant system (part only):
#define coord = natural0.
...
#define oustring = {ignoring_ant,ignoring_hungry_ant, ...,
giving_food}.
#define ant_state = {inactive, hungry, giving, taking, dead}.
#object ant_state_object = state*(ant_state).
#object ant_memory_object =
memory*(pos, food, fthreshold, fdecayrate, fportion).
#object ant_input_object = input*(pos, stimuli).
#object ant_output_object = output*(outstring).
#cell_types = {ant}.
#cell_names = {ant1, ant2}.
#cell ant1 : ( [state*(inactive), memory*((1, 1), 150,
15)],
#cell ant2 : ( [state*(inactive), memory*((1, 1), 150,
15)],

50, 5,
ant).
50, 5,
ant).

#transformation_rule givefood ( [ state*(giving),
memory*(?pos,?f,?ft,?fdr,?mfp), input*(?p,?in) ] -> [ state*
(inactive),
memory*(?pos,?nf,?ft,?fdr,?mfp), output*(giving_food),
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outgoing_message*(?pos, ?mfp)] ) : ant,
where ?food_reduction <- ?fdr + ?mfp and ?nf <- ?f - ?
food_reduction.
...

In addition to the above, a communication rule is required to send the message produced
by a cell (outgoing message*(M)) to another cell:
#communication_exit_rule export_message
( when [outgoing_message*(M)] send_to_cell [incoming_message
*(M)] ):ant.

Note that this communication rule also transforms the message object to be exported
into incoming message*(M) so that it may be used as input by the receiving cell.
We also add a default bond-making rule of the form:
#bond_making_rule export_message
( when [ ] : ant and [ ] :ant ).

which always creates a communication link between the ants.
The following is an output of the PPS-System animation of the ant colony:
----------- CYCLE: 1 ----------------------------------CELL: ant1 OBJECTS: [[state, inactive],
[memory, [[1, 1], 150, 50, 5, 15]]] TYPE: ant
CELL: ant2 OBJECTS: [[state, hungry],
[memory, [[1, 1], 40, 50, 5, 15]]] TYPE: ant
GRAPH = [ (ant1, ant2), (ant2, ant1)]
...
>>> Begin of User Input for all Cells. Provide input...
>>> For cell ant1: [[1,1],ha].
>>> End of User Input for all Cells
...
----------- CYCLE: 2 ----------------------------------CELL: ant2 OBJECTS: [[state, hungry], [memory,...] TYPE: ant
CELL: ant1 OBJECTS: [[state, inactive], [memory,...],
[input, [[1, 1], ha]]] TYPE: ant
...
*** Begin Computation cycle for all Cells
*** Computation Cycle for Cell: ant2
*** Computation Cycle for Cell: ant1
----[transformation_rule(meethungryant, ant1, ...]
Trying to apply Rule : meethungryant
ant1: buffer-[[state, giving], [memory,...],
[output, met_hungry_ant]]
*** End of Computation cycle for all Cells
*** Finished with updating Cell Objects with Buffers
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...
>>> For cell ant2: [[1,1],nha].
----------- CYCLE: 3 ----------------------------------CELL: ant1 OBJECTS: [[state, giving], [memory,...],
[output, met_hungry_ant]] TYPE: ant
CELL: ant2 OBJECTS: [[state, hungry], [memory,...],
[input, [[1, 1], nha]]] TYPE: ant
*** Computation Cycle for Cell: ant2
----[transformation_rule(meetnonhungryant, ant2, ... ]
Trying to apply Rule : meetnonhungryant
ant2: buffer-[[state, taking], [memory,...],
[output, found_non_hungry_ant]]
...
>>> For cell ant1: [[1,1],ha].
----------- CYCLE: 4 ----------------------------------CELL: ant2 OBJECTS: [[state, taking], [memory,...], ...] TYPE:
ant
CELL: ant1 OBJECTS: [[state, giving], [memory,...],
[input, [[1, 1], ha]]] TYPE: ant
*** Computation Cycle for Cell: ant1
----[transformation_rule(givefood, ant1, [[state, giving], ...]
Trying to apply Rule : givefood
ant1: buffer-[[message, [[1, 1], 15]], [state, inactive],
[memory,...],...]
----------- CYCLE: 5 ----------------------------------CELL: ant2 OBJECTS: [[state, taking], [memory,...], ...] TYPE:
ant
CELL: ant1 OBJECTS: [[message, [[1, 1], 15]], [state, inactive],
[memory, ...], ...] TYPE: ant
...
*** Computation Cycle for Cell: ant1
----[communication_exit_rule(export_message, ant1, ...]
Trying to apply Rule : export_message
ant2: buffer-[[incoming_message, [[1, 1], 15]]]
...
----------- CYCLE: 6 ----------------------------------CELL: ant2 OBJECTS: [[state, taking], [incoming_message, [[1, 1],
15]],
[memory,...],...] TYPE: ant
CELL: ant1 OBJECTS: [[state, inactive], [memory,...], ...] TYPE:
ant
...
*** Computation Cycle for Cell: ant2
----[transformation_rule(takenotenoughfood, ant2, ...]
Trying to apply Rule : takenotenoughfood
ant2: buffer-[[state, hungry], [memory, [[1, 1], 45, 50, 5,
15]],...]
...

The complete specifications of the ants model in XMDL and in PPSDL (as a result
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of the transformation process), both languages’ manuals as well as the output of the
model’s animation can be found in [17].

6

Discussion

So far, we presented a transformation of a (static) CXM model to a (static) PPS model.
One could enhance the PPS model with features that deal with a potential dynamic
structure of the system. For instance:
• if an ant starves to death, it should be removed from the PPS model;
• if another ant becomes part of the system, a new cell should be generated;
• a bond between two cells should be generated only if two ants move to the same
position;
• a bond between two cells should cease to exist if two ants are not at the same
position.
All the above issues can be dealt with by additional rules of a PPS, such as cell division,
cell death, bond-making rules etc. For the first example, a cell death rule such as:
#cell_death_rule dr ( [memory*(?pos, 0, ?ft, ?fdr, ?mfp)] ) :
ant -> +.

will do (the ant dies when it has no more food reserves, as indicated by the second
memory element). Similarly, a bond-making rule such as:
#bond_making_rule neighbours
( when [ memory*(?pos, ?f1, ?ft1, ?fdr1, ?mfp1) ] : ant
and [ memory*(?pos, ?f2, ?ft2, ?fdr2, ?mfp2) ] : ant ).

will produce a bond between two ants in the same position.
Up to date, the transformation of XMDL into PPSDL is almost fully automatic. The
only feature that is dealt with manually at the moment is the transformation function T ,
that is, how the output message of one cell can have the required input format of another
cell. For the time being, the compiler provides a template for the message (a tuple of
undefined terms) allowing the user to fill in the correct variable names that correspond
to the actual content of this message. The reason for this is that there is no obvious way
to link XMDL-c source code with the XMDL code of a model and match the variables
of the two codes. It is thought that an external function (explicit Prolog code that does
the message formation) may solve the problem.
Another improvement that should be made is in the definitions of objects. XMDL code
that defines different models might have the same identifiers referring to different types
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(e.g. enumerated sets). When these are compiled to PPSDL code, they result in conflicting definitions of the same object. On the contrary, it would be desirable that PPSDL
allows encapsulation, that is, facilitates the definition of objects that belong to different
types of cells, even with the same identifier. This is left to be designed and implemented
in PPSDL in the near future, together with other improvements suggested by the community of researchers who might want to use PPSDL and PPS-System.

7

Conclusions

We presented an automatic transformation from XMDL, a language used to model Communicating X-machines, into PPSDL, a language used to model Population P Systems.
The implemented compiler is based on principles of transformation reported in previous work. The benefit we gain from such a transformation is that we take advantage of
existing CXM models that have been verified in order to enhance them with features
that refer to the dynamic reconfiguration of their structure. Once the CXM model is
compiled into a PPS model, one can add more PPS rules that deal with division, differentiation and death of cells. The resulting model can be successfully animated by the
PPS-System, which simulates the computation that takes place.

PPSDL syntax
¯

K

#cell types = (cell type1 , . . . , cell typem )
#cell names =
{cell name1 , . . . , cell namen }
#graph graph name =
{(cell name1 , cell name2 ), . . .}
#env objects = {obj1 , obj2 , . . .}

γ
wE
Ci = (wi , ti )
(a → b)t
(a; b, in)t ,
(a; b, enter)t

(a, exit, b)t

(a)t → (b)p
(a)t →
(b)t (c)t

(i, x1 ; x2 , j)

#cell (cell name1 ) : ([obj1 , obj2 , . . .], cell type).
#transformation rule rule name
([obj1 , . . .] -> [obji , . . .]):cell type1 ,
if cond1 (and|or) cond2 , . . . ,
where inf ormative expression.
#communication in rule rule name
( when [obj1 , . . .] receive [obji , . . .]
(from cell | from environment )) : cell type.
#communication exit rule rule name
( when [obji , . . .] ( send to cell
| send to environment) [objj , . . .] ) :
cell type.
#differentiation rule rule name
([obj1 , . . .]) : cell type1
-> ([obji , . . .]) : cell type2 .
#division rule rule name ([obj1 , . . .]) :
cell type
->([obji , . . .]) : cell type ([objj , . . .]) : cell type.
#death rule rule name ([obj1 , . . .]) : cell type
->+
#bond making rule rule name
(when [obj1 , ...] : cell type
and [obj1 , ...] : cell type ).
#define identif ier = user def ined
| set operations | built-in type | tuple

Objects in cells defined as either singletons or tuples using only predefined types. The union of all objects form the alphabet.
Cell types defined as an enumerated set of labels
Cells defined as set of identifiers present in the initial configuration
The initial graph configuration as set of tuples of communicating cells’
names
Environment objects defined as an enumerated set of objects
Individual cells defined as a tuple of the multiset of objects they contain
and their cell type
Transformation rule
(for a particular cell type)
Communication rule
(importing objects)
Communication rule
(exporting objects)

Differentiation rule

Division rule
Death rule
Bond-making rule
Defines types of values to be used in all constructs. User defined
types include enumerated sets, sequences, etc., while operation include
unions, Cartesian products (tuples) etc.
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#object (obj name) =(type name1 , . . .)

Informal semantics
¯
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Table 3.5 Main constructs of PPSDL (words in upright font are PPSDL keywords).

PPS
¯
V
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Given a computational model M, and a “reasonable” encoding function C :
M → {0, 1}∗ that encodes any computation device M of M as a finite bit
string, we define the description size dsC (M ) of M (under the encoding C) as
the length of C(M ). The description size dsC (M) of the entire class M (under
the encoding C) can then be defined as the length of the shortest bit string that
encodes a universal device of M, that is, the minimum of the description sizes
dsC (M ) for M that varies over the set of universal devices contained in M.
In this paper we compute upper bounds to the description size of three computational models, namely, deterministic register machines, spiking neural P
systems and UREM P systems. Then we compute (lower bounds to) the redundancy of each of these models, as the ratio between their description size and the
description size of a fixed universal deterministic register machine, here taken
as a reference. These computations open the way and provide some first partial
answers to the following intriguing question: what is the minimal (description)
size of a universal computing device?

1

Introduction

As it is well known, the Church–Turing thesis states that every computable function is
Turing computable, which means that there exists a (deterministic) Turing machine that
computes it. Further, a classic result in the Theory of Computation states that there exists a (deterministic) universal Turing machine U that, given any (deterministic) Turing
machine M and its input I, is able to simulate the execution of M with I as input. The
simulated machine M has of course to be encoded in an appropriate way to be given as
input to U .
However, Turing machines are by no means the only interesting computation devices
investigated in the literature: there are, for example, several variants of register (also
counter) machines [17, 14], Post’s tag systems [21], the lambda calculus [13, 3], several variants of P systems [19, 20, 29], and many others. Confirming the Church–Turing
thesis, all these systems can be simulated by deterministic Turing machines; when also
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the converse simulation can be performed we say that the corresponding computation
device is Turing complete, or universal, since by simulating a universal Turing machine
we are able to compute any Turing computable (that is, partial recursive) function. Indeed, this is what happens with all the computation devices mentioned above, at least
in their general (unrestricted) version; indeed, an interesting direction of research in the
Theory of Computation consists into putting some constraints to the features which are
used by the devices to perform their computations, and see whether they still reach the
computational power of (unrestricted) Turing machines.
Looking for small universal computing devices is a natural and well investigated topic
in computer science: see e.g. [14, 26, 16, 22–24, 15, 28] for classic computational models, [25, 8, 5] for tissue and symport/antiport P systems, [27, 4] for universal cellular
automata such as Conway’s Game of Life and Wolfram’s Rule 110, and [18] for spiking neural P systems. A related question that we try to answer in this paper is: What is
the size of the smallest universal computation device? Of course we must agree on the
meaning of the term “size”; as we will see in the next section, the size of a given device
may depend on several parameters (for example, the number of registers and the number
of program instructions when speaking of register machines), whose number and possible values vary depending on the device under consideration. Trying to find a common
unit to measure the size of different computation devices, in section 3 we will define
the description size of a computation device as the number of bits which are needed to
describe it. Precisely, for a given model of computation M (for example, register machines), we will define an encoding function C : M → {0, 1}∗ that associates a bit string
to every computing device M taken from M; the description size dsC (M ) of M (under
the encoding C) will be the length of the bit string C(M ), whereas the description size
of the entire class M will be the minimum between the description sizes dsC (M ) for M
that varies over the set of universal computing devices contained in M. In this paper we
start a quest for the shortest possible bit string that describes a universal computation
device; in other words, we look for a computational model M and an encoding function C : M → {0, 1}∗ such that M contains at least one universal computation device
and dsC (M) is as low as possible. To this aim, we will compute the description size of
randomly generated deterministic register machines, spiking neural P systems [11] and
UREM P systems [6], as well as the size of a specific small universal instance of each
of these computational models. Then, by taking deterministic register machines as the
reference model, we will compute the redundancy of the two membrane computing devices here considered as the ratio between their description size and the description size
of the smallest (to the best knowledge of the authors) universal deterministic register
machine currently known. As a result, we will have an idea about how verbose are such
models of computation in catching the notion of universality.
A word of caution is due: with our work, we are not saying that the most compact
computational model is the best: a computation device that requires a lot of features to
perform its computations may be more interesting than others because of many reasons.
A notable example is given by traditional P systems, whose structure and behavior are
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inspired from the functioning of living cells; the amount of theoretical results and applications reported in the bibliography of [29] is certainly an indication of how interesting
is such a model of computation.
The paper is structured as follows. In section 2 we briefly recall the definition of the
computational models we will work upon: deterministic register machines, spiking neural P systems and UREM P systems. In section 3 we will define and compute the description size of randomly chosen instances of all these models. We will also consider
a universal instance (taken from the literature) of each of these models, and we will
compute both its description size and the redundancy with respect to the smallest (to
the best knowledge of the authors) currently known deterministic register machine. In
section 4 we draw some conclusions, we criticize some limits of our approach and we
propose some directions for future research.

2

Some (universal) models of computation

Let us briefly recall the three computational models that we will use to investigate the
description size and the redundancy of universal computing devices.
2.1 Deterministic register machines A deterministic n–register machine is a construct M = (n, P, m), where n > 0 is the number of registers, P is a finite sequence
of instructions bijectively labelled with the elements of the set {0, 1, . . . , m − 1}, 0 is
the label of the first instruction to be executed, and m − 1 is the label of the last instruction of P . Registers contain non-negative integer values. The instructions of P have the
following forms:
• j : (IN C(r), k), with j, k ∈ {0, 1, . . . , m − 1} and r ∈ {0, 1, . . . , n − 1}
This instruction, labelled with j, increments the value contained in register r, and
then jumps to instruction k.
• j : (DEC(r), k, l), with j, k, l ∈ {0, 1, . . . , m − 1} and r ∈ {0, 1, . . . , n − 1}
If the value contained in register r is positive then decrement it and jump to instruction k. If the value of r is zero then jump to instruction l (without altering the
contents of the register).
Computations start by executing the first instruction of P (labelled with 0), and terminate when the instruction currently executed tries to jump to label m.
Formally, a configuration is a (n + 1)-tuple whose components are the contents of the
n registers, and the label of the next instruction of P to be executed. An initial configuration is a configuration in which the input values (n1 , . . . , nα ) ∈ Nα are stored in
registers 0 to α − 1, all the other registers are set to 0, and the label of the next istruction
to be executed is also set to 0. A final configuration is a configuration in which the label
of the next instruction is equal to m. A computation starts in the initial configuration,
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and proceeds by performing computation steps. A computation step consists of executing the current instruction, modifying accordingly the contents of the affected register
and the pointer to the next instruction to be executed. A computation halts if it reaches a
final configuration. The contents of the registers in the final configuration are regarded
as the result of the computation. A non–halting computation does not produce a result.
Register machines provide a simple universal computational model. Indeed, the results
proved in [7] (based on the results established in [17]) as well as in [9] and [10] immediately lead to the following proposition.
Proposition 1 For any partial recursive function f : Nα → Nβ there exists a deterministic (max{α, β} + 2)–register machine M computing f in such a way that,
when starting with (n1 , . . . , nα ) ∈ Nα in registers 0 to α − 1, M has computed
f (n1 , . . . , nα ) = (r1 , . . . , rβ ) if it halts in the final label m with registers 0 to β − 1
containing r1 to rβ , and all other registers being empty; if the final label cannot be
reached, then f (n1 , . . . , nα ) remains undefined.
2.2 Spiking neural P systems Spiking neural P systems (SN P systems, for short)
have been introduced in [11] as a class of synchronous, parallel and distributed computing devices, inspired by the neurophysiological behavior of neurons sending electrical
impulses along axons to other neurons.
In SN P systems the cells (also called neurons) are placed in the nodes of a directed
graph, called the synapse graph. The contents of each neuron consist of a number of
copies of a single object type, called the spike. Every cell may also contain a number
of firing and forgetting rules. Firing rules allow a neuron to send information to other
neurons in the form of spikes, which are accumulated at the target cells. The applicability of each rule is determined by checking the contents of the neuron against a regular
set associated with the rule. In each time unit, if a neuron can use some of its rules then
one of such rules must be used. The rule to be applied is nondeterministically chosen.
Thus, the rules are used in a sequential manner in each neuron, but neurons function
in parallel with each other. Observe that, as usually happens in membrane computing,
a global clock is assumed, marking the time for the whole system, hence the functioning of the system is synchronized. When a cell sends out spikes it becomes “closed”
(inactive) for a specified period of time, that reflects the refractory period of biological
neurons. During this period, the neuron does not accept new inputs and cannot “fire”
(that is, emit spikes). Another important feature of biological neurons is that the length
of the axon may cause a time delay before a spike reaches its target. In SN P systems
this delay is modeled by associating a delay parameter to each rule which occurs in the
system. If no firing rule can be applied in a neuron, there may be the possibility to apply
a forgetting rule, that removes from the neuron a predefined number of spikes.
Formally, a spiking neural membrane system (SN P system, for short) of degree m ≥ 1,
as defined in [12] in the computing version (i.e., able to take an input and provide and
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output), is a construct of the form
Π = (O, σ1 , σ2 , . . . , σm , syn, in, out),
where:
1. O = {a} is the singleton alphabet (a is called spike);
2. σ1 , σ2 , . . . , σm are neurons, of the form σi = (ni , Ri ), 1 ≤ i ≤ m, where:
(a) ni ≥ 0 is the initial number of spikes contained in σi ;
(b) Ri is a finite set of rules of the following two forms:
(1) firing (also spiking) rules E/ac → a; d, where E is a regular expression
over a, and c ≥ 1, d ≥ 0 are integer numbers; if E = ac , then it is usually
written in the simplified form: ac → a; d; similarly, if d = 0 then it can
be omitted when writing the rule;
(2) forgetting rules as → λ, for s ≥ 1, with the restriction that for each
rule E/ac → a; d of type (1) from Ri , we have as 6∈ L(E) (the regular
language defined by E);
3. syn ⊆ {1, 2, . . . , m} × {1, 2, . . . , m}, with (i, i) 6∈ syn for 1 ≤ i ≤ m, is the
directed graph of synapses between neurons;
4. in, out ∈ {1, 2, . . . , m} indicate the input and the output neurons of Π, respectively.
A firing rule E/ac → a; d ∈ Ri can be applied in neuron σi if it contains k ≥ c spikes,
and ak ∈ L(E). The execution of this rule removes c spikes from σi (thus leaving
k − c spikes), and prepares one spike to be delivered to all the neurons σj such that
(i, j) ∈ syn. If d = 0 then the spike is immediately emitted, otherwise it is emitted
after d computation steps of the system. As stated above, during these d computation
steps the neuron is closed, and it cannot receive new spikes (if a neuron has a synapse to
a closed neuron and tries to send a spike along it, then that particular spike is lost), and
cannot fire (and even select) rules. A forgetting rule as → λ can be applied in neuron σi
if it contains exactly s spikes; the execution of this rule simply removes all the s spikes
from σi .
A common generalization of firing rules was introduced in [2, 18] under the name of
extended rules. These rules are of the form E/ac → ap ; d, where c ≥ 1, p ≥ 1 and
d ≥ 0 are integer numbers. The semantics of these rules is the same as above, with the
difference that now p spikes are delivered (after d time steps) to all neighboring neurons.
The initial configuration of the system is described by the numbers n1 , n2 , . . . , nm of
spikes present in each neuron, with all neurons being open. During the computation, a
configuration is described by both the contents of each neuron and its state, which can
be expressed as the number of steps to wait until it becomes open (zero if the neuron is
already open).
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A computation starts in the initial configuration. In order to compute a function f :
N → N (functions of the kind f : Nα → Nβ , for any fixed pair of integers α ≥ 1
and β ≥ 1, can also be computed by using appropriate bijections from Nα and Nβ
to N), a positive integer number is assigned as input to the specified input neuron in.
In the original model, as well as in some early variants, the number is encoded as the
number of time steps elapsed between the insertion of two spikes into the neuron. To
pass from a configuration to another one, for each neuron a rule is chosen among the set
of applicable rules, and is executed. Generally, a computation may not halt. However, in
any case the output of the system is considered to be the time elapsed between the arrival
of two spikes in the designated output cell out. Other possibilities exist to encode input
and output numbers, as discussed in [12]: as the number of spikes contained in neuron
in (resp., out) at the beginning (resp., the end) of the computation, as the number of
spikes fired in a given interval of time, etc.
In [11] it is shown that generative (nondeterministic) SN P systems are universal, that
is, can generate any recursively enumerable set of natural numbers. Moreover, a characterization of semilinear sets is obtained by spiking neural P systems with a bounded
number of spikes in the neurons. In [18] two small deterministic universal SN P systems
are defined, one containing only standard rules, with 84 neurons, and one containing extended rules, with 49 neurons. Their universality is proved by simulating deterministic
register machines, by using appropriate modules to read the input spike train, to simulate IN C and DEC instructions, and to produce (if and when the computation of the
simulated register machine halts) the output spike train.
2.3 UREM P systems P systems with unit rules and energy assigned to the membranes (UREM P systems, for short) have been introduced in [6] as a variant of P systems in which a non–negative integer value (regarded as an amount of energy) is assigned to each membrane of the system. The rules are assigned to the membranes rather
than to the regions of the system, and operate like filters that control the movement of
objects (symbols of an alphabet) across the membranes.
Formally, a UREM P system [6] of degree d + 1 is a construct Π of the form:
Π = (A, µ, e0 , . . . , ed , w0 , . . . , wd , R0 , . . . , Rd )
where:
• A is an alphabet of objects;
• µ is a membrane structure, with the membranes labelled by numbers 0, . . . , d in a
one-to-one manner;
• e0 , . . . , ed are the initial energy values assigned to the membranes 0, . . . , d. In what
follows we assume that e0 , . . . , ed are non–negative integers;
• w0 , . . . , wd are multisets over A associated with the regions 0, . . . , d of µ;
• R0 , . . . , Rd are finite sets of unit rules associated with the membranes 0, . . . , d.
Each rule has the form (α : a, ∆e, b), where α ∈ {in, out}, a, b ∈ A, and |∆e| is
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the amount of energy that — for ∆e ≥ 0 — is added to or — for ∆e < 0 — is
subtracted from ei (the energy assigned to membrane i) by the application of the
rule.
By writing (αi : a, ∆e, b) instead of (α : a, ∆e, b) ∈ Ri , we can specify only one set
of rules R with R = {(αi : a, ∆e, b) : (α : a, ∆e, b) ∈ Ri , 0 ≤ i ≤ d}.
The initial configuration of Π consists of e0 , . . . , ed and w0 , . . . , wd . The transition
from a configuration to another one is performed by non-deterministically choosing
one rule from some Ri and applying it (observe that here we consider a sequential
model of applying the rules instead of choosing rules in a maximally parallel way, as it
is often required in P systems). Applying (ini : a, ∆e, b) means that an object a (being
in the membrane immediately outside of i) is changed into b while entering membrane
i, thereby changing the energy value ei of membrane i by ∆e. On the other hand, the
application of a rule (outi : a, ∆e, b) changes object a into b while leaving membrane i,
and changes the energy value ei by ∆e. The rules can be applied only if the amount ei
of energy assigned to membrane i fulfills the requirement ei + ∆e ≥ 0. Moreover, we
use some sort of local priorities: if there are two or more applicable rules in membrane
i, then one of the rules with max |∆e| has to be used.
A computation is a sequence of transitions; it is successful if and only if it halts. The
result of a successful computation is considered to be the distribution of energies among
the membranes (a non–halting computation does not produce a result). If we consider
the energy distribution of the membrane structure as the input to be processed and the
resulting output, we obtain a model for computing functions of the kind f : Nα → Nβ ,
for any fixed pair of integers α, β ≥ 1. The following result, proved in [6], establishes
computational completeness for this model of P systems.
Proposition 2 Every partial recursive function f : Nα → Nβ can be computed by a
UREM P system with (at most) max{α, β} + 3 membranes.

The proof of this proposition is obtained by simulating deterministic register machines.
In the simulation, a P system is defined which contains one elementary membrane into
the skin for each register of the simulated machine. The contents of the register are expressed as the energy value ei assigned to the i-th subsystem. A single object is present
in the system at every computation step, which stores the label of the instruction of
the program P currently simulated. Increment instructions of the kind j : (IN C(i), k)
are simulated in two steps by using the rules (ini : pj , 1, pej ) and (outi : pej , 0, pk ).
Decrement instructions of the kind j : (DEC(i), k, l) are also simulated in two steps,
by using the rules (ini : pj , 0, pej ) and (outi : pej , −1, pk ) or (outi : pej , 0, pl ). The use
of priorities associated to these last rules is crucial to correctly simulate a decrement
instruction. For the details of the proof we refer the reader to [6].
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We conclude this section by observing that if we just want to reach Turing completeness with UREM P systems it is not necessary to exploit neither nondeterminism nor
the membrane structure: as stated above, a simple deterministic system which is composed by a skin that contains an elementary membrane for each register of the simulated
register machine suffices. It will be thus interesting to measure how redundant is this
universal model of computation with respect to the more compact deterministic register
machines. We also observe that the use of local priorities is instead important, since
by omitting them we do not get systems with universal computational power. Precisely,
in [6] it is proved that (nondeterministic) UREM P systems without priorities and with
an arbitrary number of membranes characterize the family P sM AT λ of Parikh sets
generated by context–free matrix grammars (without occurrence checking and with λrules).

3

Description size

As stated in the Introduction, we define the description size of a given computation device M as the length of the binary string which encodes the structure of M . Since this is
an informal definition, we have to discuss some technical difficulties that immediately
arise. First of all, for any given computational model M (register machines, SN P systems, etc.) we have to find a “reasonable” encoding function C : M → {0, 1}∗, in the
sense given in [1]. Such a function should be able to encode any computation device M
of M as a finite bit string. When this string is interpreted (that is, decoded) according to
a specified set of rules (the decoding algorithm), the decoder unambiguously recovers
the structure of M . In order to avoid cheating — by hiding information into the encoding or decoding algorithms — we ask to consider only reasonable encodings that satisfy
the following requirements.
1. For each model of computation, the encoding and decoding algorithms are fixed a
priori, and their representation as a program for a determin istic register machine
or as a deterministic Turing machine have a fixed finite length. Note that, when
computing the description size of a given device, we will not count the size of the
encoding and decoding algorithms; moreover, instead of formally specifying such
algorithms, we will only provide informal instructions on how to encode and decode our computation devices. An alternative approach, not followed in this paper,
consists of minimizing the size of the decoding — and, possibly, encoding — algorithm (that is, its Kolmogorov complexity) together with the length of the encoded
strings.
2. With the selected encoding algorithm it should be possible to describe any instance
of the computational model under consideration (for example, any deterministic
register machine). Encodings that allow to represent in a very compact form only
one or a few selected instances of the computational model (for example, all the
register machines whose program P contains exactly five instructions) are not considered acceptable.
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Another point to consider is the following: Given an encoding function for a computational model, how much should we care about the fact that it produces the shortest
possible bit strings? On the one hand, we clearly prefer bit strings which are as short
as possible. On the other hand, without loss of generality we can restrict our attention
to encodings that produce strings whose length is polynomial with respect to the parameters that determine the size of the encoded device (for example, the number n of
registers and the length m of the program P in deterministic register machines). All
such encodings produce strings whose lengths differ by at most a polynomial amount,
and thus we could be tempted to accept such differences and decide to work with handy
but verbose encodings rather than with more compact but also uncomfortable ones. In
order to find results which depend as little as possible on the chosen encoding, when
calculating the description size of our universal instances of the computational models
here considered (deterministic register machines, SN P systems and UREM P systems)
we will use (when feasible) the entropy of the encoded string to determine its description
size. This behavior is justified by the fact that optimal entropy-based lossless compressions, such as the Huffman encoding, produce binary strings whose average length is
as near as possible to the entropy (that is, the average amount of information) of the
uncompressed input string. Of course many other lossless compression algorithms may
be used, but we will not consider them in this paper.
We can look at any computational model as a family of computation devices, whose size
depends upon a prefixed collection of parameters. For example, the class of all deterministic register machines is composed by machines which have n registers and whose
programs are composed by m instructions, for all possible integers n ≥ 1 and m ≥ 0.
Denoted by M a computational model, and by (n1 , n2 , . . . , nk ) the non–negative integer parameters
S upon which the size of the computing devices of M depend, we can
write M = n1 ,...,nk {M (n1 , . . . , nk )}, where M (n1 , . . . , nk ) is the instance of M
(that is, a specific computation device) for which the parameters have the indicated values n1 , . . . , nk .
Let C : M → {0, 1}∗ denote a fixed encoding of M, and let M be a computation device
from M. By dsC (M ) = |C(M )| (the length of C(M )) we will denote the description
size of M , obtained by using the encoding C, and by dsC (M) we will denote the length
of the most compact representation — produced by the encoding algorithm of C — of a
universal computing device taken from the class M, that is:
dsC (M) = min{dsC (M ) : M ∈ M is universal}
By definition, for any fixed universal computing device M ∈ M the value dsC (M ) is an
upper bound for dsC (M). We say that a universal computing device M ∗ ∈ M is optimal (referred to the description size, for a prefixed encoding C) if dsC (M ∗ ) = dsC (M).
Given two classes of computational devices M and M′ (with possibly M = M ′ ), we
define the redundancy of a universal computation device M ′ ∈ M′ , with respect to
′
C (M )
the computational model M and the encoding C, as RM,C (M ′ ) = ds
dsC (M) . Similarly,
we define the redundancy of a computational model M′ (with respect to M and C) as
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C (M )
RM,C (M′ ) = ds
dsC (M) . Finally, by letting C vary on the class of all possible “reasonable” encodings, for any computational models M and M′ we can define:

ds(M) = min{dsC (M)}
C

and

RM (M′ ) =

ds(M′ )
ds(M)

that is, the description complexity of M and the redundancy of M′ with respect to M,
respectively.
Let us note that the quantities ds(M) and dsC (M), for some fixed computational model
M and encoding C, may be difficult to find, as it usually happens with theoretical
bounds. Hence in general we will obtain upper bounds to these quantities, and thus
lower bounds for the corresponding redundancies. The final goal of the research line
set out with this paper is to find a universal computational class M and an encoding
C : M → {0, 1}∗ whose description size dsC (M) is as low as possible, and eventually an optimal instance M ∈ M. In this way, no other model M′ that contains
a universal computation device would have ds(M′ ) < dsC (M), and hence the value
dsC (M ) = dsC (M) could be regarded as the description size complexity of universality: in other words, it would be the minimal number of bits which are needed to describe
the ability to compute Turing computable (that is, partial recursive) functions.
In the next subsections we will compute the description size of randomly generated
computing devices taken from the classes recalled in section 2: deterministic register
machines, spiking neural P systems and UREM P systems. Then, we will also compute
the description size of a small universal device taken from each of these classes, with
respect to a prefixed encoding, thus providing upper bounds to the description sizes of
the whole classes.
In what follows, for any natural number n we will simply denote by lg n the number
⌈log2 n⌉ + 1 of bits which are needed to represent n in binary form.
3.4 Deterministic register machines Let DRM denote the class of deterministic
register machines. In order to encode a particular machine M ∈ DRM we first have to
specify the number n of registers (that will be numbered from 0 to n−1) and the number
m of instructions (numbered from 0 to m − 1) that compose the program P . These will
be the parameters upon which the size of M will depend. Denoted by DRM(n, m)
the subclass of register machines that have
S n registers and programs composed of m
instructions, we can thus write DRM = n≥1,m≥0 DRM(n, m).

Let M ∈ DRM(n, m) be a register machine, and let P denote its program. To describe
a single instruction of P , we need 1 bit to say whether it is an IN C or a DEC instruction, lg n bits to specify the register which is affected, and lg m bits (resp., 2 · lg m
bit) to specify the jump label (resp., the two jump labels) for the IN C (resp., DEC)
instruction.
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0 : (DEC(1), 1, 2)

1 : (IN C(7), 0)

2 : (IN C(6), 3)
4 : (DEC(6), 5, 3)

3 : (DEC(5), 2, 4)
5 : (IN C(5), 6)

6 : (DEC(7), 7, 8)

7 : (IN C(1), 4)

8 : (DEC(6), 9, 0)
10 : (DEC(4), 0, 11)

9 : (IN C(6), 10)
11 : (DEC(5), 12, 13)

12 : (DEC(5), 14, 15)
14 : (DEC(5), 16, 17)

13 : (DEC(2), 18, 19)
15 : (DEC(3), 18, 20)

16 : (IN C(4), 11)
18 : (DEC(4), 0, 22)

17 : (IN C(2), 21)
19 : (DEC(0), 0, 18)

20 : (IN C(0), 0)

21 : (IN C(3), 18)
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Fig. 3.1 The small universal deterministic register machine defined in [14]

A simple encoding of a deterministic register machine having n registers and m instructions is a sequence of m blocks, each composed of 1+lg n+lg m or 1+lg n+2·lg m bits,
encoding the corresponding instruction of P . In order to correctly and unambiguously
decode a bit string that encodes a register machine from DRM(n, m), we also need to
store in a separate place the numbers n and m; this will require further lg n + lg m bits.
For a randomly chosen (and thus, possibly, non–universal) machine M ∈ DRM(n, m),
about half of the instructions of P will be IN Cs and half will be DECs; hence the
description size of M , with respect to the encoding C we have just defined, will be:
m
m
[1 + lg n + lg m] +
[1 + lg n + 2 · lg m]
dsC (M ) =
2
2
3m
= m · [1 + lg n] +
lg m
2
In order to compute an upper bound to ds(DRM ) we have instead to restrict our attention to universal register machines. In [14], several universal register machines are
described and investigated. In particular, the small universal register machine depicted
here in Figure 3.1 is defined. This machine has n = 8 registers and m = 22 instructions. However, recall that we need a further label (22) to halt the execution of P anytime by simply jumping to it, and thus we put m = 23. The number of bits required
to store these values are 3 and 5, respectively. The encoding of this machine produces
a bit string which is composed of 22 blocks, one for each instruction of P . Each register will require 3 bits to be specified, and each label will require 5 bits. If we denote
IN C instructions by a 0, and DEC instructions by a 1, then the first block will be
1 001 00001 00010, where we have put a small space to make clear how the block is
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formed: the first 1 denotes a DEC instruction, which has to be applied to register number 1 (= 001), and the two labels to jump to when we have executed the instruction are
1 (= 00001) and 2 (= 00010). Similarly, the block that encodes the second instruction
is 011100000 (here we have omitted the unnecessary spaces), whereas the string that
encodes the whole machine M is:
10010000100010 011100000 011000011 11010001000100
11100010100011 010100110 11110011101000 000100100
11100100100000 011001010 11000000001011 11010110001101
11010111001111 10101001010011 11011000010001 10111001010100
010001011 001010101 11000000010110 10000000010010
000000000 001110010
Here the spaces denote a separation between two consecutive blocks; of course these
spaces are put here only to help the reader, but are not necessary to decode the string.
We can thus conclude that, referring to the encoding C given above:
dsC (M ) = 14 ∗ 13 + 9 ∗ 9 = 182 + 81 = 263
Since our final goal is to find the shortest bit string that encodes a universal computation
device, we could wonder how many bits we would save by compressing the above sequence. Many compression algorithms exist, that yield to different results. Here we just
consider entropy-based compressors, such as the Huffman algorithm, and we compute
a bound on the length of the compressed string. If we look at the above bit string, we
can see that it contains 154 zeros and 109 ones. Hence in each position of the string we
109
have the probability p0 = 154
263 that a 0 occurs, and the probability p1 = 263 that a 1
occurs. By looking at the output of the encoding algorithm as a memoryless information
source, we can compute the entropy of the above sequence, that measures the average
amount of information carried by each bit of the string:
H(M ) = −p0 log2 p0 − p1 log2 p1 ≈ 0.979
Now, by applying an optimal entropy-based compressor we would obtain a compressed
string whose length is approximately equal to the length of the uncompressed string
times the entropy, that is, ⌈263 · 0.979⌉ = 258 bits. Such a quantity is less than 263, but
of course is still an upper bound to ds(DRM), the (unknown, and possibly very difficult
to determine) description size complexity of deterministic register machines.
These results can be compared with those obtained by observing that (of course) also
Figure 3.1 depicts an encoding of the register machine: by ignoring the spaces, carriage
returns and the labels in front of each instruction, we can represent the machine as
(DEC(1), 2)(IN C(7), 0)(IN C(6), 3) . . . that, expressing each character in standard
7-bit ASCII code, produces a string of 1841 bits (= 263 · 7, exactly seven times the
length obtained with the previous encoding), containing 1082 zeros and 759 ones. The
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1082
≈ 0.588; similarly, the
probability that a 0 occurs in such a string is thus p0 = 1841
759
probability that a 1 occurs is p1 = 1841 ≈ 0.418, and thus the entropy is H(M ) =
−p0 log2 p0 − p1 log2 p1 ≈ 0.978. As we can see, we have obtained almost exactly the
same value for the entropy that we obtained with the previous encoding (indeed, we
performed our computation using three decimal digits, hence the third decimal digit of
the result could be wrong due to roundings). This time, however, by compressing the
encoded string by means of an optimal entropy encoder we would obtain about ⌈1841 ·
0.978⌉ = 1801 bits. This result confirms that the first encoding has to be preferred if
one looks for compact representations.

As stated above, the choice of a different category of (lossless) compression algorithms
may yield to different string lengths. Moreover, even if we restrict our attention to
entropy-based compressors the fact that we have modelled the output of the encoding algorithm as a memoryless information source is questionable. In fact, it is clear
that when we encouter a 0 at the beginning of a new block that encodes an instruction
of the register machine then we already know that 8 bits will follow, instead of 13, since
we are reading an IN C instruction. This means that the occurrence of the bits in the
sequence does depend somehow upon the bits which have already been emitted by the
source, and to capture this dependence we should use a source endowed with memory,
such as a Markovian source.
3.5 Spiking neural P systems Let us denote by SNP the class of SN P systems.
In order to encode a particular system Π ∈ SNP, we have to specify the following
parameters:
•
•
•
•

the degree m, that is, the number of neurons;
the total number R of rules contained in the system;
the maximum number C of spikes consumed by any rule in the system;
the maximum delay D that occurs in the rules.

In order to describe the synapse graph (which is a directed graph, without self–loops)
we need m2 − m bits. To describe a forgetting rule as → λ we need 1 bit to distinguish
it from spiking rules, and lg C bits to represent the value of s. On the other hand, to
describe a firing rule E/ac → a; d we need 1 bit to distinguish it from forgetting rules,
lg C bits to represent c and lg D bits to represent d; moreover, we need some bits to
describe the regular expression E. In general, there are no limitations to the length of
a regular expression, but by observing the systems described in [18] we note that the
following five types of expressions suffice to reach computational completeness:
a,

a2 ,

a3 ,

a(aa)+ ,

a(aa)∗

and thus we will restrict our attention to systems that contain only these kinds of
regular expressions. Of course this restriction will influence our results; any different choice of the set of regular expressions is valid, provided that the class of SN
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P systems thus obtained contains at least one universal computation device (if one
is interested in finding an upper bound to the description size of SN P systems). To
specify one of the above five expressions we need 3 bits, and hence we need a total of 1 + lg C bits to describe a forgetting rule, and 1 + 3 + lg C + lg D bits to
describe a firing rule. On the average, a randomly generated SN P system with R
rules will contain about R2 firing rules and R2 forgetting rules, and thus we will need
R
R
R
2 [1 + lg C] + 2 [4 + lg C + lg D] = R [1 + lg C] + 2 [3 + lg D] bits to encode them.
A simple encoding of an SN P system Π(m, R, C, D) of degree m, having R rules
that consume at most C spikes each, and whose delays are less than or equal to D, is
a sequence of m blocks — one for each neuron — followed by the m2 − m bits that
encode the structure of the synapse graph. For each neuron, we have to specify the list
of its rules; since each neuron may have a different number of rules, we could put an
additional bit in front of the encoding of each rule, to signal whether such a rule is the
last in the description of the neuron. However, in order to be able to encode also the
empty list of rules, we will put a bit equal to 1 in front of each rule, and a 0 at the end of
the list. In this way, when decoding, the presence of a 1 means that the next bits encode
a rule of the neuron, whereas a 0 means that the next bits encode a different neuron.
Using this encoding C, the description size of a randomly chosen (and thus, possibly,
non–universal) system Π is:
R
R
[2 + lg C] + [5 + lg C + lg D] + R + m2 − m =
2
2
R
9R
+ R lg C +
lg D + m2 − m
=
2
2

dsC (Π) =

As we did with register machines, in order to determine an upper bound to the description size ds(SN P ) of the entire class of SN P systems we now turn our attention to
universal systems. In [18], a small universal SN P system is obtained by simulating a
slightly modified version of the small universal deterministic register machine described
in section 3.1. The modification is needed for a technical reason due to the behavior of
SN P systems (see [18] for details); the modified version of the register machine has 9
registers, 24 istructions and 25 labels. Each instruction is simulated through an appropriate subsystem; moreover, an INPUT module is needed to read the input spike train
from the environment and initialize the simulation, and an OUTPUT module is needed
to produce the output spike train if and when the computation of the simulated register machine halts. As a result, the universal SN P system is composed of 91 neurons,
which are subsequently reduced to 84 by simulating in a different way one occurrence
of two consecutive IN Cs and two occurrences of an IN C followed by a DEC. These
84 neurons are used as follows: 9 neurons for the registers, 22 neurons for the labels,
18 auxiliary neurons for the 9 IN C instructions, 18 auxiliary neurons for the 9 DEC
instructions, 2 auxiliary neurons for the simulation of two consecutive IN C instructions, 3 · 2 = 6 auxiliary neurons for the two simulations of consecutive IN C − DEC
instructions, 7 neurons for the INPUT module, and finally 2 neurons for the OUTPUT
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module. Considering all these neurons, the system contains a total number R = 117 of
rules.
For such a system it is uncomfortable to make a detailed analysis of the encoded string
as we did for register machines, and thus we will just determine its length. Let us first
note that in such a system we have D = 1 and C = 3, and thus 1 and 2 bits will suffice
to represent any delay and any number of consumed spikes, respectively. The 9 neurons
that correspond to the registers contain two firing rules each, and thus require 15 bits
each, for a total of 135 bits. The 22 neurons associated with the labels contain each
one firing and one forgetting rule, for a total of 11 bits that, multiplied by 22, makes
242 bits. Each auxiliary neuron involved in the simulation of the 9 IN C instructions
contains one firing rule, and thus requires 8 bits to be described; all the 18 neurons
require 144 bits. The same argument applies to the 18 auxiliary neurons involved in the
simulation of the 9 DEC instructions, thus adding further 144 bits. The two auxiliary
neurons used to simulate two consecutive IN C instructions also contain one firing rule
each, thus contributing with 16 bits. The same applies to the 6 auxiliary neurons used to
simulate (two instances of) an IN C followed by a DEC, thus adding 48 bits, as well as
to the 7 neurons that are used in the INPUT module (56 bits) and the 2 auxiliary neurons
of the OUTPUT module (16 bits).
All considered, we need 801 bits to describe the rules contained in the neurons. To these
we must add the m2 − m = 6972 bits needed to describe the structure of the synapse
graph. We thus obtain a total of 7773 bits to encode the universal standard SN P system
presented in [18]. This quantity is an upper bound to dsC (Π), the description size of the
system under the proposed encoding, which in turn is an upper bound to ds(SNP), the
description complexity of the class of SN P systems. Tighter bounds can be obtained by
explicitly computing the encoding of Π and then compressing it by means of a lossless
compressor.
By assuming ds(DRM) = 263 and ds(SNP) = 7773, an approximated value of the
redundancy of spiking neural P systems with respect to deterministic register machines,
is:
RDRM (SNP) =

7773
ds(SNP)
=
≈ 29.56
ds(DRM)
263

On the other hand, by assuming ds(DRM) = 258 (that results from the computation
of the entropy of the string that encodes the universal deterministic register machine
ds(SNP)
depicted in Figure 3.1) the redundancy becomes RDRM (SNP) = ds(DRM)
= 7773
258 ≈
30.13. These results suggest that the description of a universal SN P system is at least
29 or 30 times more verbose with respect to the description of a universal deterministic register machine. This number can certainly be lowered by computing ds(SNP)
from the entropy of the bit string used to encode Π. We are currently performing these
computations; the results will be exposed during the workshop.
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In [18] it is also shown that by allowing firing rules of the extended type it is possible
to build a universal SN P system by using only 49 neurons. However this time many
neurons have 7 rules instead of 2, and to describe every extended rule E/ac → ap ; d we
need also some bits to specify the value of p, that does not occur in standard rules. As a
result, there may be some doubts about what, among the two systems, is smaller. To find
out the winner of this competition, let us compute the description size of the extended
SN P system. As reported in [18], this time the system is able to simulate the universal
register machine which is composed of n = 8 registers and m = 23 instructions. The
rules contain 12 different regular expressions, do not contain delays, and the maximum
number of spikes produced or consumed is 13. Thus we will need 4 bits to specify a
regular expression, 0 bits to represent the delays, and 4 bits to represent each number of
produced/consumed spikes. The 49 neurons are used as follows: 8 neurons for the registers, 22 neurons for the labels, 13 for the DEC instructions, 5 for the INPUT module,
and 1 for the OUTPUT module. Each extended firing rule requires 1 + 4 + 4 + 4 = 13
bits to be encoded, whereas a forgetting rule requires 1 + 4 = 5 bits. Recall that each
rule is preceded by a 1 in a list of rules, while the list itself is terminated with a 0. Each
of the 8 neurons used for the registers contains 2 firing rules (2 · 13 + 3 = 29 bits), for a
total of 232 bits. Each of the 22 neurons used for the labels contains 3 firing rules and 4
forgetting rules (67 bits), for a total of 1474 bits. Each of the 13 neurons which are used
in the simulation of the DEC instructions contains 1 firing rule (15 bits), for a total of
195 bits. Each of the 5 neurons used in the INPUT module also contains 1 firing rule (total: 75 bits), whereas the neuron used in the OUTPUT module contains 2 firing rules and
1 forgetting rule (35 bits). To all these bits we must add the 492 − 49 = 2352 bits which
are needed to encode the synapse graph. All considered, we obtain 4361 bits, which is
well less than the 7773 bits obtained with the first universal SN P system. Hence this is a
tighter upper bound to ds(SNP) and, assuming ds(DRM) = 263 or ds(DRM) = 258,
we obtain
RDRM (SNP) =

4361
≈ 16.58
263

and

RDRM (SNP) =

4361
≈ 16.90
258

respectively. Also in this case, tighter bounds can be obtained by explicitly computing
the bit string that encodes the universal extended SN P system and then compressing
it using a lossless compressor. We are currently performing these computations; the
results will be exposed during the workshop.
3.6 UREM P systems Let UREM denote the class of UREM P systems. As proved
in [6], in order to reach computational completeness we can restrict our attention to
deterministic systems in which the skin membrane contains one elementary membrane
for each register of the (possibly universal) simulated deterministic register machine.
This means getting rid of the membrane structure, saving a lot of bits while describing
the system. Similarly, we can restrict our attention to UREM P systems in which the
amounts ∆e of energy that occur in each rule are taken from the set {−1, 0, 1}. This
means that for each rule 2 bits will suffice to encode the actual value of ∆e.
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Under these assumptions, in order to encode a particular system Π ∈ UREM we have to
specify as parameters the number n of elementary membranes contained into the skin,
the number m of symbols contained into the alphabet, and the number R of rules that
occur in the system. Then, for each membrane we have to specify the list of its rules.
Just like it happens with SN P systems, in general every membrane will have a different
number of rules, and thus we will prepend the description of each rule by a bit equal to
1, and we will conclude each list of rules with a 0. To encode each rule (opi : a, ∆e, b)
we need 1 bit to specify whether op = in or op = out, 2 · lg m bits to specify the
alphabet symbols a and b, and 2 bits to express the value of ∆e.

0 : (in1 : p0 , 0, pe0 ), (out1 : pe0 , −1, p1 ), (out1 : pe0 , 0, p2 )
1 : (in7 : p1 , 1, pe1 ), (out7 : pe1 , 0, p0 )

2 : (in6 : p2 , 1, pe2 ), (out6 : pe2 , 0, p3 )
3 : (in5 : p3 , 0, pe3 ), (out5 : pe3 , −1, p2 ), (out5 : pe3 , 0, p4 )
4 : (in6 : p4 , 0, pe4 ), (out6 : pe4 , −1, p5 ), (out6 : pe4 , 0, p3 )
5 : (in5 : p5 , 1, pe5 ), (out5 : pe5 , 0, p6 )

6 : (in7 : p6 , 0, pe6 ), (out7 : pe6 , −1, p7 ), (out7 : pe6 , 0, p8 )
7 : (in1 : p7 , 1, pe7 ), (out1 : pe7 , 0, p4 )

8 : (in6 : p8 , 0, pe8 ), (out6 : pe8 , −1, p9 ), (out6 : pe8 , 0, p0 )

9 : (in6 : p9 , 1, pe9 ), (out6 : pe9 , 0, p10 )
10 : (in4 : p10 , 0, pe10 ), (out4 : pe10 , −1, p0), (out4 : pe10 , 0, p10 )

11 : (in5 : p11 , 0, pe11 ), (out5 : pe11 , −1, p12), (out5 : pe11 ), 0, p13 )
12 : (in5 : p12 , 0, pe12 ), (out5 : pe12 , −1, p14), (out5 : pe12 ), 0, p15 )

13 : (in2 : p13 , 0, pe13 ), (out2 : pe13 , −1, p18), (out2 : pe13 ), 0, p19 )
14 : (in5 : p14 , 0, pe14 ), (out5 : pe14 , −1, p16), (out5 : pe14 ), 0, p17 )

15 : (in3 : p13 , 0, pe13 ), (out3 : pe13 , −1, p18), (out3 : pe13 ), 0, p20 )
16 : (in4 : p16 , 1, pe16 ), (out4 : pe16 , 0, p11 )

17 : (in2 : p17 , 1, pe17 ), (out2 : pe17 , 0, p21 )
18 : (in4 : p18 , 0, pe18 ), (out4 : pe18 , −1, p0), (out4 : pe18 ), 0, p22 )

19 : (in0 : p19 , 0, pe19 ), (out0 : pe19 , −1, p0), (out3 : pe19 ), 0, p18 )
20 : (in0 : p20 , 1, pe20 ), (out0 : pe20 , 0, p0 )

21 : (in3 : p21 , 1, pe21 ), (out3 : pe21 , 0, p18 )

Fig. 3.2 A small universal deterministic UREM P system. In each row, the number on the left
refers to the label of the simulated instruction of the register machine depicted in Figure 3.1
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A simple encoding of a UREM P system Π(n, m, R) containing n elementary membranes into the skin, and R rules that operate on m symbols of the alphabet, is composed of n + 1 blocks, one for each membrane. Each block encodes the sequence of
rules associated with the corresponding membrane, listing the rules as described above.
Each rule requires 4 + 2 lg m bits to be encoded (one bit is used to indicate that we have
not yet reached the end of the list of rules), for a total of 2R [2 + lg m] bits. One bit is
needed to terminate each of the n + 1 lists, and thus the description size of the whole
system under the encoding C just proposed is:
dsC (Π) = 2R [2 + lg m] + n + 1

A small universal UREM P system (here proposed for the first time) can be obtained by
simulating the small universal deterministic register machine described in section 3.1.
Such a small UREM P system contains n = 8 elementary membranes. As recalled in
section 2.3 (see [6] for details) we need the objects pj and pej , for all j ∈ {0, 1, . . . , 21},
to simulate the instructions of the register machine, as well as the object p22 to simulate
the jump to the non-existent instruction number 22 (to halt the computation), for a total
of m = 45 alphabet symbols. Each IN C instruction of the register machine requires
2 rules to be simulated, whereas each DEC instruction requires 3 rules, for a total of
R = 57 rules, depicted in Figure 3.2.
The skin membrane does not contain any rule, and thus the first block of the encoding
of Π is 0. The elementary membrane that simulates register 0 contains the five rules that
correspond to the IN C (line 19 in Figure 3.2) and to the DEC (line 20) instructions
that affect the contents of register 0. Since n = 8, we will need 3 bits to encode a register
number; similarly, to encode an alphabet symbol we will need lg m = lg 45 = 6 bits.
The bit string that encodes membrane 0 is thus:
00 110011
1 110011
11 000000
1 |{z}
0 010011
| {z } 1 |{z}
| {z } |{z}
| {z }
| {z } |{z}
in

p19

0

p
e19

out

p
e19

−1

p0

1 |{z}
1 110011
00 010010
0 010100
01 110100
| {z } |{z}
| {z } 1 |{z}
| {z }
| {z } |{z}
out

p19

0

p18

in

p20

1

p
e20

00 000000
1 |{z}
1 110100
| {z } 0
| {z } |{z}
out

p
e20

0

p0

where we have encoded in as 0, out as 1, ∆e = 0 as 00, ∆e = 1 as 01, ∆e = −1
as 11, pk as the 5-bit binary encoding of k ∈ {0, 1, . . . , 22} with an additional leading
0, and pek as the 5-bit binary encoding of k ∈ {0, 1, . . . , 21} with an additional leading
1. Operating in a similar way for all the elementary membranes of Π, we obtain the
following binary string (the spaces denote a separation between consecutive rules; they
are put here to help the reader, but are not necessary to decode the string):
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(Skin membrane)
0
(Membrane 0)
1
1

001001100110011 1
001010001110100 1

111001111000000 1 111001100010010
111010000000000 0

(Membrane 1)
1
1

000000000100000 1
000011101100111 1

110000011000001 1 110000000000010
110011100000100 0

(Membrane 2)
1 000110100101101 1

110110111010010 1 110110100010011

1

001000101110001 1

(Membrane 3)
1 000110100101101 1
1

001010101110101 1

111000100010101 0
110110111010010 1 110110100010100
111010100010010 0

(Membrane 4)
1
1

000101000101010 1
101000001110000 1

110101011000000 1 110101000001011
111000000001011 1 001001000110010

1

111001011000000 1

111001000010110 0

(Membrane 5)
1
1

000001100100011 1
000010101100101 1

110001111000010 1 110001100000100
110010100000110 1 000101100101011

1

110101111001100 1

110101100001101 1 000110000101100

1
1

110110011001110 1
110111011010000 1

110110000001111 1 000111000101110
110111000010001 0

(Membrane 6)
1
1

000001001100010 1
110010011000101 1

110001000000011 1 000010000100100
110010000000011 1 000100000101000

1
1

110100011001001 1
110100100001010 0

110100000000000 1 000100101101001

(Membrane 7)
1 000000101100001 1
1

110011011000111 1

110000100000000 1 000011000100110
110011000001000 0

We can thus conclude that dsC (Π) = 921, where C denotes our encoding.
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Also in the case of UREM P systems we can ask how many bits we would save by
compressing the above bit string. If we look at such a string we can see that it contains
516 zeros and 405 ones. Hence the probability that a 0 occurs in any given position is
516
, whereas the probability that a 1 occurs is p1 = 405
p0 = 921
921 . The entropy of the above
sequence is thus H(Π) = −p0 log2 p0 − p1 log2 p1 ≈ 0.990, and we can conclude that
a compressed string produced by an optimal entropy-based compressor, whose length is
approximately equal to the length of the uncompressed string times the entropy, would
contain ⌈911.79⌉ = 912 bits. Such a quantity is an upper bound to ds(UREM), the
theoretical description size complexity of the class of UREM P systems.
By assuming ds(DRM) = 263 and ds(UREM) = 921, and approximated value of the
redundancy of UREM P systems with respect to deterministic register machines is:
RDRM (UREM) =

ds(UREM)
921
=
≈ 3.50
ds(DRM)
263

On the other hand, by assuming ds(DRM) = 258 and ds(UREM) = 912 (that result by considering the entropies of the corresponding encoded strings) the redundancy
912
≈ 3.53. These results suggest that the description
becomes RDRM (UREM) = 258
of a universal UREM P system is at least 3.5 times more verbose with respect to the
description of a universal deterministic register machine.

4

Conclusions

Trying to find a common measure for the size of different computation devices, we
have introduced the description size of a device M as the length of the binary string
produced by a “reasonable” encoding of M . For three classes of computation devices
(deterministic register machines, SN P systems and UREM P systems) we have computed the description size of randomly chosen devices, as well as of a universal device
taken from each class. In this way we have observed that the smallest universal SN P
system currently known has a description which is about 16.58 times as verbose as the
the description of the smallest deterministic register machine (currently known), while
the smallest universal deterministic UREM P system (here described for the first time)
is only about 3.5 times more verbose with respect to the register machine. Indeed, an interesting question that naturally arises after these calculations is: What is the minimum
theoretical description size that can be obtained by considering all possible universal
computing devices? In other words: What is the minimum number of bits which are
necessary to describe the structure of a universal computing device?
Making a bit of self-criticism, we are aware of some weak points in our results. First of
all, since we are speaking about Turing computable functions we should also consider
the many small universal Turing machines which have been defined in the literature.
Such a work is currently in progress, as well as the comparison with the description
size complexities of small universal tissue and antiport P systems. Moreover, we should
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not give for free that the smallest universal computation devices defined in the literature
automatically produce the smallest possible description sizes: for example, minimizing
the number of neurons in SN P systems does not automatically produce the shortest
among all possible encoded bit strings, since the encoding takes into account all the
parameters (number of rules, number of consumed spikes, etc.) that may affect the size
of the system. Finally, smarter encoding functions could produce shorter strings than
those we have presented in this paper, thus showing tighter bounds to the theoretical
values of description size complexities. Improving our results under all these points of
view is a direction of research of a clear interest. Speaking about the encoding functions,
we note that on one hand we required that the encoding and decoding processes should
be as simple as possible: their description should require only a finite number of bits.
On the other hand, we did not add (nor specify better) such bits to the description size of
our computing devices. Whether this is correct or not is questionable, but let us note that
also representing the decoding algorithm as a string of bits would require a decoding
process, and so on in an endless sequence of encodings and decodings.
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R. Freund, Gh. Păun: From Regulated Rewriting to Computing with Membranes:
Collapsing Hierarchies. Theoretical Computer Science, 312:143–188, 2004.
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A recurrent formula for enumerating membrane structures is given. It is deduced by elementary combinatorial methods, by providing a simplification with
respect to a classical formula for the enumeration of trees, which is based on
the analytical method of generating functions.

1

Introduction

The computation of the number of different membrane structures constituted by n membranes was considered at early beginning of Membrane Computing [6], in a preliminary
draft of [7]. It is a well known combinatorial problem equivalent to the enumeration of
unlabeled unordered trees [4]. Therefore, it is related to Catalan numbers and to a lot
of combinatorial problems [2] which recently were proved to be investigated even by
Greek mathematicians (e. g., Hypparcus’ problem and its modern variant known as
Schröder’s problem [8]).
For the enumeration of (this kind of) trees, no exact analytical formula is available, but
a recurrent formula, based on integer partitions, was given in [5], which was deduced
by means of generating functions. In the same paper also a complex asymptotic formula
is presented.
In this note, we provide a new recurrent formula related to a simple combinatorial analysis of membrane structures.
The set M of finite membrane structures can be defined by induction. Let us consider
finite multisets as an extension of finite sets, denoted by {a, a, b, c}, where elements can
occur more than one time. A membrane skin wrapping of a finite multiset S is an operation which provides a structure, denoted by [S], where the elements of S are wrapped
in a common membrane. We remark that braces denote multiset theoretic collections,
while brackets denote membrane (spatial-topological) inclusions. For a mathematical
definition of membrane structures, it is useful to distinguish these two notions and to
use both of them. Let us start from the multiset {[ ]} including only one occurrence of
the elementary membrane [ ] (wrapping the empty multiset). The set M of membrane
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Fig. 1.1 A representation of the membrane structures with four membranes (braces are represented by rectangles and brackets by ovals).

structures is generated by induction by means of the multiset union + (summing the
element occurrences of two multisets), which is a binary commutative and associative
operation, and by means of the skin wrapping operation. The elements occurring in a
multiset S of M are called the components of S.

{[ ]} ∈ M
S, S1 , S2 ∈ M =⇒ {[S]}, S1 + S2 ∈ M

Base step
Inductive step

For example, {[ ]} + {[ ]} = {[ ], [ ]} and [{[ ], [ ]}] = [[ ], [ ]] ∈ M.

2

Cells, Colonies, and Neo-colonies

Given n elements, the number of multisets of k elements over the n elements, according
to [1], is given by:
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n+k−1
k
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(40)

By using formula (40), the following recurrent formula is given in Knuth’s book [4]
(pag. 386), which provides the number P (n) of membrane structures of type [S] with
n membranes (N is the set of natural numbers, n > 0, P (0) = 1, j, n1 , n2 , . . . ,
nj , k1 , k2 , . . . , kj ∈ N):
P (n) =

X

k1 ·n1 +k2 ·n2 ,...kj ·nj =n



M (ni ) + ki − 1
ki
i=1,..., j
Y

(41)

Unfortunately, formula (41) is not manageable for an effective computation, because
it is based on integer partitions, which grow exponentially (according to Ramanujan’s
asympthotic formula [3]) making the evaluation of the sum in formula (41) very complex. For this reason, we adopt a different enumeration strategy, by considering the following partition of membrane structures: i) Cells, ii) Neo-colonies, and iii) Colonies.
Cells are structure of type {[S]} where S ∈ M, and S is not empty. Neo-colonies are
multisets of type S + {[ ]}, with S ∈ M, that is, multisets having an elementary membrane as their component. Colonies are structures different from cells and neo-colonies,
that is, they are not singleton multisets and do not have components which are elementary membranes. In Fig. 1.1 structures on the left side are cells, structures in the middle
are neo-colonies, and the structure on the right is a colony. Cells are easily proved
to be equivalent to rooted unlabeled unordered trees, while colonies and neo-colonies
represent unlabeled unordered forests. We denote by M (n) the numbers of membrane
structures having n membranes (pairs of matching brackets), and by N (n), P (n), C(n),
the number of Neo-colonies, Cells, and Colonies, respectively, having n membranes. It
easy to realize that a membrane structure with n membranes inside a further external
membrane provides a cell with n + 1 membranes, while united with the multiset {[ ]}
provides a neo-colony. The following lemmas are simple consequences of this partition
of membrane structures.
Lemma 1 For n > 0 the following equations hold:
M (n) = N (n + 1) = P (n + 1).

Lemma 2 For n > 1
M (n + 1) = 2M (n) + C(n + 1).
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Lemma 3 Let Mi (n) denote the number of colonies having n membranes and exactly
i components, then for n > 1
X
Mi (n).
C(n) =
i=2,⌊n/2⌋

Proof . At most ⌊n/2⌋ components can be present in a colony with n membranes.
Lemma 4 For n > 2
C(n + 1) ≤ M (n).

Proof . Removing an external membrane, in a component of a colony with n + 1 membranes, provides a membrane structure with n membranes. Therefore colonies with n+1
membranes are at most M (n).
Lemma 5 For n > 2
C(n + 1) ≥ M (n − 1) − 1.

Proof . Some colonies with n + 1 membranes come from the neo-colonies with n membranes, which are M (n − 1), by wrapping all their elementary membranes in a unique
membrane. This cannot be done in the case of a neo-colony constituted only by elementary membranes. Therefore, C(n + 1) ≥ M (n − 1) − 1.

Putting together the two previous lemmas with Lemma 2 we get the following lemma.
Lemma 6 For n > 2
2M (n) ≤ M (n + 1) ≤ 3M (n).
2n < M (n + 1) < 3n

According to the previous lemmas we see that in the number M (n + 1) the part 2M (n)
refers to cells plus neo-colonies. Therefore, if M (n) is known, the real problem for the
computation of M (n + 1) is the evaluation of M (n + 1) − 2M (n) = C(n + 1), that is,
the number of colonies with n + 1 membranes.
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In the case of 1, 2, and 3 membranes we have M (0) = 1, M (1) = 1, M (2) = 2,
M (3) = 4, as it is indicated in the following schema (external braces are not indicated).
1

[]

2

[ ], [ ]

[[ ]]

3

[ ], [ ], [ ]

[[ [ ] ]]

[ ], [[ ]]

[[ ], [ ]]

From Lemma 6 we evaluate immediately M (4) = 2M (3) + 1 = 9. In fact, M2 (4) =
1, because there is only a colony with 4 membranes: [ [ ] ], [ [ ] ]. Analogously,
M (5) = 2M (4) + 2 = 18 + 2 = 20, because there are two colonies with 5 membranes: [ [ ] ], [ [ ], [ ] ], and [ [ ] ], [ [ [ ] ] ]. The sequence from M (1) up to M (12)
(sequence A000081 of The On-Line Encyclopedia of Integer Sequences [8]) provides
the following values:
n
M(n)

1
1

2
2

3
4

4
9

5
20

6
48

7
115

8
286

9
719

10
1842

11
4766

12
12486

Let N∗ be the set of finite sequences over the set N of natural numbers. If X ∈ N∗ , and
j ∈ N we denote by |X| the length of X, and by X(j) the number which occurs in X at
position j. Let Πn,k be the set of partitions of the the integer n as sum of k summands
(simple recurrent formulae for generating and counting the cardinality of this set are
available). A partition µ of integers is a multiset of integers, let us denote by µ(j) the
number of occurrences of the integer j in µ.
The following operation associates, for any i ∈ N, a natural number to any sequence
X ∈ N∗ .
O
X
Y X(j) + µ(j) − 1
i
X =
(42)
µ(j)
j∈µ
µ∈Π|X|+1−i,i

For i, j ∈ N, let M (1, .., j) denote the sequence (M (1), . . . , M (j)), then the main
lemma follows.
Lemma 7 For n > 2
C(n + 1) =

X

i=2,⌊(n+1)/2⌋

O

i

M (1, .., n).
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Proof Outline. Colonies with n+1 membranes may have 2, 3, . . . , but at most a number
⌊(n + 1)/2⌋ of components. If we fix a number i of components, then i membranes, of
the n + 1 membranes, must be used for the skins of these i components, therefore the
remaining n + 1 − i are partitioned among these components in all the possible ways. In
colonies with 2 components n + 1 − 2 membranes can be distributed in 2 components.
In colonies with 3 components n + 1 − 3 membranes can be distributed in 3 components, and so on, up to n + 1 − ⌊(n + 1)/2⌋. In order to compute the number of all
possible membrane arrangements, each partition of µ ofn + 1 into i summands must
Q
be “read”, according to the formula j∈µ M(j)+µ(j)−1
, on the sequence M (1, .., n)
µ(j)
of membrane structure
numbers. If a number nj of membranes is assigned to the comP
nj = n + 1 − i, and all the nj summands are different, we
ponent j, with
j=1,i
Q
easily find j=1,i M (nj ) different membrane structures. However, this simple formula
cannot be applied if two, or more, summands are equal. For example, if a partition has
three parts, with two equal parts, say n + 1 − 3 = p + p + q, then in a corresponding
colony of three components q membranes can be arranged in M (q) ways in a component, and p membranes can be arranged in M (p) ways in the other two components.
However, in the two components with p membranes the repetitions of the same
config
Q
urations must be avoided. For this reason, the product j∈µ M(j)+µ(j)−1
is
used.
In
µ(j)
fact, when µ(j) = 1, then this formula provides the value M (j), but, when µ(j) > 1,
the number of different multisets of M (j) elements with multiplicity
N µ(j) is provided.
In conclusion, the number of all possible colonies is the sum of i M (1, . . . , n) for all
possible number i of components.

This lemma suggests an algorithm for computing C(n + 1). From Lemmas 2, 3, and
7 the final proposition follows. The application of the formula of Lemma 7, tested for
n = 0, . . . , 11, provided the same values, previously given, of the sequence A000081.
Proposition 1 For n > 2
M (n + 1) = 2M (n) +

X

i=2,⌊(n+1)/2⌋

O

i

M (1, .., n).

As an example we provide the computation of C(11). According to lemma 7 the value
C(11) is given by:
C(11) =

X O

i

M (1, . . . , 10)

i=2,5

The integer partitions of 9 in two summands yield the following set:

295

Enumerating Membrane Structures

Π9,2 = {{8, 1}, {7, 2}, {6, 3}, {5, 4}}
therefore:
O

2





286+1−1
1

X Y M (j) + µ(j) − 1

M (1, . . . , 10) =

µ(j)

µ∈Π9,2 j∈µ

 
+

1+1−1
1



115+1−1
1

 
+



2+1−1
1

48+1−1
1

 
+

4+1−1
1

=

20+1−1
1





9+1−1
1

286 + 115 · 2 + 48 · 4 + 20 · 9 = 888.

The integer partitions of 8 in three summands yield the following set:
Π8,3 = {{6, 1, 1}, {5, 2, 1}, {4, 3, 1}, {4, 2, 2}, {3, 3, 2}}
therefore:
O





3

X Y M (j) + µ(j) − 1
M (1, . . . , 10) =
µ(j)
j∈µ
µ∈Π8,3



48+1−1 1+2−1
1 
2 
9+1−1 2+2−1
1
2


 2+1−1 1+1−1  9+1−1 4+1−1 1+1−1
+ 20+1−1
+
+
1 
1 
1
1
1
1
 4+2−1
2+1−1
+
=
48
+
20
·
2
+
9
·
4
+
9
·
3
+
10
·
2
=
171.
2
1

The integer partitions of 7 in four summands yield the following set:
Π7,4 = {{4, 1, 1, 1}, {3, 2, 1, 1}, {2, 2, 2, 1}}
therefore:
O

4





9+1−1
1



1+3−1
3

M (1, . . . , 10) =

X Y M (j) + µ(j) − 1
=
µ(j)
j∈µ

µ∈Π7,4

+





4+1−1
1

2+1−1
1





1+2−1
2

+





2+3−1
3



1+1−1
1

=

=
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9 + 4 · 2 + 4 = 21.

The integer partitions of 6 in five summands yield the following set:
Π6,5 = {{2, 1, 1, 1, 1}}
therefore:
O

5





2+1−1
1

1+4−1
4



X Y M (j) + µ(j) − 1
=
M (1, . . . , 10) =
µ(j)
j∈µ
µ∈Π6,5

= 2.

In conclusion, C(11) = 888 + 171 + 21 + 2 = 1082, therefore:

M (11) = 2M (10) + 1082 = 4766.
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In this paper we apply the formalism of Metabolic P Systems for modelling
an important phenomenon of photochemical organisms, which determines the
plant accommodation to the environmental light. By using some experimental
data of this phenomenon, we determine an MP system which discovers, in a
specific simplified case, the regulation mechanism underling the Non Photochemical Quenching phenomenon and reproduces, with a good approximation,
the observed behaviour of the natural system.

1

Introduction

Photosynthetic organisms have a controversial relationship with the light. They need to
maximize the amount of absorbed light but avoid the damages that follow from an excess of excitation energy. The excess of light is, in fact, the main cause for the formation
of reactive oxygen species (ROS), chemical species that are able to oxidize many constitutive molecules of photosynthetic organisms, producing an effect called photooxidative
damage. In the most extreme cases the damage suffered from organisms can produce
macroscopic effects like the lost of characteristic green color (due to the degradation
of chlorophyll molecules) or even the death. The phenomenon that helps to deal with
quick light excess, and prevent ROS formation, is called Non Photochemical Quenching, shortly NPQ phenomenon/process. In this phenomenon the excess of light can, in
fact, be dissipated through non chemical ways, when the excitation is transmitted to
particular molecules that can pass to their unexcited state by emitting heat.
In this work we present a computational model for NPQ phenomenon obtained by
the Metabolic Log-Gain Principle combined with techniques of multiple regression.
This principle was introduced in [15] and developed in [14] for the construction of
Metabolic P models from experimental data of a given process. Metabolic P Systems,
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shortly MP systems, are a special class of P systems, developed for expressing biological metabolism and signaling transduction. MP systems were introduced in [21] for a
better understanding of quantitative aspect of biological systems, meanwhile avoiding
the use of complex systems of differential equations. Differently from the classical P
systems [7, 25, 26], based on nondeterministic evolution strategies, MP systems have a
discrete evolution computed by deterministic algorithms called metabolic algorithms,
based on a new perspective introduced in [21] and then developed in the following
papers [5, 6, 16, 18, 20, 17, 19, 10]. This new perspective can be synthesized by a new
principle which replaces the mass action principle of Ordinary Differential Equations
(ODE), called mass partition principle, which defines the transformation rate of object
populations rather than single objects, according to a suitable generalization of chemical laws. In [10] it has been demonstrated that exist, under suitable hypotheses and with
some approximation, an equivalence between ODE systems and MP models.
Starting from ODE models some significant biochemical processes effectively modeled
by MP systems are: Belousov-Zhabotinsky reaction in Brusellator formulation [5, 6],
the Lotka-Volterra dynamics [5, 21], the Suitable-Infect-Recovered epidemic [5], the
Protein Kinase C activation [6], the circadian rhythms [9] and the mitotic cycles in early
amphibian embryos [20]. The MP model of NPQ phenomenon, here developed, is the
first MP model completely deduced by using experimental data of observed behaviors
and without any use of previous ODE models.

2

NPQ phenomenon: a biological description

In this section a synthetic description of photosynthetic processes that underlies NPQ
phenomenon will be given. For a deeper description some reviews on the subject are
available in [23, 24].
Light energy is absorbed by plants mainly by means of protein complexes called light
harvesting complexes (LHC) or antennae, which bind many chlorophyll molecules
(Chl) that are excited by light radiation. LHC are connected to the photosystems, protein super-complexes that host structures called reaction centers where the first phases
of photosynthetic process occur.
When a chlorophyll molecule absorbs a photon it passes to the excited state. Excited
states can be transferred to the reaction centers where a chemical reaction called charge
separation takes place. Here the oxidation of two water molecules produces a stoichiometric amount of electrons, oxygen and hydrogen ions. Electrons are then carried to
enzymes which synthesize high energy molecules ATP and NADPH involved in the socalled dark phase of photosynthesis (fixation of atmospheric CO2 to carbohydrates [3],
Figure 2.1, arrow 1). Moreover, excited chlorophyll molecules can be deexcited by passing energy to molecules that emit heat resulting from the non photochemical quenching
phenomenon (Figure 2.1, arrow 2), they can emit fluorescence radiation (Figure 2.1,
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arrow 3), or can decade in the triplet state, that can be transferred to oxygen atoms thus
generating ROS (Figure 2.1, arrow 9).

Fig. 2.1 Main actors and relationships of NPQ phenomenon of excitation/deexcitation chlorophylls diagram, according to the following abbreviations: chl = chlorophyll, ps = photosytem, h = hydrogen ion, r =
reactivity, p = NADPH, VDE = violaxanthin de-epoxidase, v = violaxanthin, z = zeaxanthin.

In this model photosystem supercomplexes include both reaction centers and antennas,
and can be in closed state (when photons have been already accepted ) or open (when
the system is able to accept photons).
The LHC in addition to numerous chlorophyll molecules, bind other molecules, called
caroteoinds, which can absorb energy from excited chlorophyll molecules, to dissipate
it by heat generation. Two caroteoinds of great interest in the NPQ phenomenon are violaxanthin and zeaxanthin. When the absorption of solar radiation exceeds the capacity
of the organism to use it, an increase of hydrogen ions provides a signal of overexcitation of the photosystems that triggers a regulative feed-back process. The violaxanthin
de-epoxidase, shortly VDE, once activated by hydrogen ions, catalyzes the cycle of
xanthophylls, which transform violaxanthin to zeaxanthin. The presence of zeaxanthin,
bound to LCH, favours the NPQ fluorescence and heat production [1], that is respectively, the arrows number 2 and 3 of Figure 2.1.

3

Metabolic P Systems

In an MP system the transition to the next state is calculated according to a mass partition strategy, that is, the available substance is partitioned among all reactions which
need to consume it. The policy of matter partition is regulated at each instant by flux
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regulations maps or flux maps associated with reactions. The notion of MP system we
use comes essentially from [14], where N and R respectively denote the sets of natural
and real numbers.
Definition 1. (MP system) An MP system M is a discrete dynamical system specified
by the following construct:
M = (X, R, V, Q, Φ, ν, µ, τ, σ0 , δ)
where X, R and V are finite disjoint sets, and moreover the following conditions hold,
with n, m, k ∈ N:
• X = {x1 , x2 , . . . , xn } is a finite set of substances (the types of molecules);
• R = {r1 , r2 , . . . , rm } is a finite set of reactions. A reaction is a pair of type α → β,
with α, β strings over the alphabet X;
• V = {v1 , v2 , . . . , vk }, k ∈ N, is a finite set of parameters provided by a set
H = {hv |v ∈ V } of parameters evolution functions. The function hv : N → R
states the value of parameter v, and the vector V [i] = (hv (i)|v ∈ V ) represents
the values of parameters at the step i;
• Q is a set of states viewed as functions q : X ∪ V → R. If we considering an
observation instant i ranging in the set of natural numbers, the state q at the instant
i can be identified as a vector
(X[i], V [i]) = (x1 [i], x2 [i], . . . , xn [i], v1 [i], v2 [i], . . . , vk [i])

•

•
•
•
•
•

of real numbers, constituted by the values which are assigned, by q, to the elements
of X ∪ V ;
Φ = {ϕr |r ∈ R} is a set of flux regulation maps, where the function ϕr : Q → R
states the amount (moles) which is consumed or produced for every occurrence of
a reactant or product of r. We put ur [i] = ϕr (X[i], V [i]), also called the (reaction)
flux unit of r at the step i, where U [i] = (ur [i]|r ∈ R) is the flux units vector;
ν is a natural number which specifies the number of molecules of a (conventional)
mole of M, as population unit of M;
µ is a function which assigns, to each x ∈ X, the mass µ(x) of a mole of x (with
respect with to some measure units);
τ is the temporal interval between two consecutive observation steps;
σ0 ∈ Q is the initial state, that is, σ0 = (X[0], V [0]);
δ : N → Q is the dynamic of the system, where δ(i) = (X[i], V [i]) for every i ∈ N.
The vector V [i] is given by the parameters evolution functions, while the substance
evolution is given by the following recurrent equation:
X[i + 1] = A × U [i] + X[i]

(43)

where A is the stoichiometric matrix of R over X of dimension n × m (we define
this matrix below), while ×, +, are the usual matrix product and vector sum.
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Definition 2. (Stoichiometric matrix) The general form of a reaction is r : αr → βr ,
where αr is a string which identifies the multiset of the reactants (substrates) of r and
βr a string which identifies the multiset of the products of r. The stoichiometric matrix
A of a set R of reaction over a set X of substances is A = (Ax,r |x ∈ X, r ∈ R)
with Ax,r = |βr |x − |αr |x , where |αr |x and |βr |x respectively denote the number of
occurrences of x in αr and βr .

4

A computational model for NPQ phenomenon

Now, we pose the following question: “Given a set of experimental data about the NPQ
phenomenon, is it possible to determine an MP system having a dynamic in accordance
with the experiment, within an acceptable approximation, but which could also predict
the future behaviour of the process?” We will define an MP model that answers to this
question.
To represent the NPQ phenomenon it is necessary to know the values of the quantities
involved in the phenomenon, along the time. Literature data, complemented by experimental measurements in the laboratory, on Arabidopsis thaliana wild type plants, made
it possible to estimate the fundamental values for a selected group of molecules involved
in the dissipation of light energy excess.
It is possible to measure the fraction of closed and opened photosystems. The presence
of many closed photosystems induces the incapacity of canalizing further amount of
energy through the photochemical way: it is the ideal situation to measure the NPQ
ability. To induce such a condition strong light flashes called saturating flashes are used.
With closed photosystems the reduction of the fluorescence yield (i.e. the efficiency of
nonphotochemical quenching) can be measured in function of the time. Our model takes
into account the reactivity of the system to reach equilibrium after light absorption.
The rate of fixation of CO2 during the NPQ measure condition gives an index of how
reactive is the system, as biochemical activity is strictly connected to the capacity of
absorbing light energy. The amount of chlorophyll molecules is related to the volume
and the surface of the model [2] and the amount of photosystems. The fluorescence
and NPQ value can be deducted in arbitrary units6 (a.u.) from measurements on the
sample [22]. NADPH produced has been estimated with laboratory measures, the pH
value was deduced by combining data from literature [8, 13, 27] and applying the rate
of change to the estimated pH values during the NPQ measure. VDE state and activity
was set in relation to various pH values [11]. The change over time of violaxanthin and
zeaxanthin was obtained with lab measurements and on the VDE activity [12].
The NPQ process discussed in Section 2 can be expressed by the set of reactions given
in Table 4.1. The first three reactions model the possible fates of excited chlorophylls
6 Arbitrary units are values of suitable observable magnitudes which are proportional to a given phenomenon. They are especially used for evaluating relative variations of variables.
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(arrows 1, 2 and 3 in Figure 2.1), the fourth models the fact that the opened photosystems turn into closed photosystems (arrow 4 in Figure 2.1), the fifth and sixth represent
the ways that leads the unused products of reaction r1 to the dark phase of photosynthesis (arrow labeled with numbers 5 and 6 in Figure 2.1). Finally, the seventh and eighth
represent xanthophylls cycle (arrows 7 and 8 in Figure 2.1). Tuners of a reaction ri are
quantities which influence, with their variations, the variations of the flux units, as it is
indicated in Table 4.1.

r1
r2
r3
r4
r5
r6
r7
r8

Reactions
: c → o + 12h + p
: c → c + q+
: c → c + f+
:o→c
:h→λ
:p→λ
: x + 100v → x + 100z
:y+h→x

Tuners
c, h, r, p
c, l, z, r, h
c, l, v, r, h
o, l, v/z
h, r
p, r
x, v
y, h

Table 4.1 NPQ reactions and tuners according to the following abbreviations: c = closed photosytems, o
= open photosytems, h = hydrogen ions, r = reactivity, p = NADPH, l = light, q+ = cumulative heat, f+ =
cumulative fluorescence, x = active VDE, y = inactive VDE, v = violaxanthin, z = zeaxanthin.

We introduce the cumulative value of fluorescence and NPQ, called f + and q + respectively, as new substances which will be useful for the application of Log-Gain theory to
our model. The following equations define f + and q + :
f + [j] =

j
X
i=0

f [i],

q + [j] =

j
X

q[i]

(44)

i=0

where the values f [i] and q[i] represent, respectively, the amount of fluorescence and
NPQ observed in the system at the step i.
Almost all elements occurring in the definition of MP system are know, because they
are deduced by macroscopic observations of the biological phenomenon under investigation. The only component which can’t be directly deduced is the set of flux regulation
functions. The problem is that each element of Φ depends on the internal microscopic
processes in which molecules are involved [14]. This means that the key point, for
defining an MP system modelling the NPQ process, is the determination of the set Φ of
functions.
We can understand, from the Definition 1, that the knowledge of the number of moles
transformed by any rule in the temporal interval between two consecutive observation
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steps are essential for the calculation of biological dynamics by means of MP systems.
The first step, in order to approximate the flux regulation maps, is to discover the numeric values of the reaction fluxes at each observation step. In order to determine these
values we use the Log-Gain Principle for MP systems, introduced in [15], which can be
seen as a special case of the fundamental principle called allometry [4]. In this principle
it is assumed that a proportion exists between the relative variation of ur and the relative
variations of tuners of r (in Table 4.1 the set of tuners, for each reaction, are given). In
more formal terms, the relative variation of an element w ∈ X ∪ V is expressed, in
differential notation, by d(lg w)/dt, where the term log-gain comes from [28]. We use
a discrete notion of log-gain, given by the following equation:
Lg(w[i]) = (w[i + 1] − w[i])/w[i]

(45)

on which the following principle is based.
Principle 1. (Log-Gain) Let U [i], for i ≥ 0, be the vector of fluxes at step i. Then the
Log-Gain regulation can be expressed in terms of matrix and vector operations:
(U [i + 1] − U [i])/U [i] = B × L[i]

+

C × P [i + 1]

(46)

where:
• B = (pr,w |r ∈ R, w ∈ X ∪ V ) where pr,w ∈ {0, 1} with pr,w = 1 if w is a tuner
of r and pr,w = 0 otherwise;
• L[i] = (Lg(w[i])|w ∈ X ∪ V ) is the column vector of substances and parameters
log-gains ;
• P = (pr |r ∈ R) is the column offset vector. This vector is constituted by the
difference between tuner log-gains and flux log-gains;
• C is a column binary vector of 0 and 1 which selects some offsets for obtaining a
univocally solvable square linear system (see [14] for a detailed explanation);
• ×, +, −, / are, in this context (with some abuse of notation) the product, the sum,
the subtraction and division over matrix.
We call LG[i] the system of equations obtained by (46).

In an MP system the matrix B and vector L[i] are determined by using the biological
information. In NPQ phenomenon the Log-Gain Principle provides the following matrix
B and vector C × P [i + 1]:
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01

0 1

0 1

1 0


0 0

0 0


0 0
00

110
100
100
000
100
010
001
100

00
00
01
00
00
00
01
10

00
10
00
00
00
00
00
00

001
011
011
010
001
001
000
000

00
00
00
00
00
00
00
00


0

0

0

1

,
0

0


0
0



p1 [i + 1]


p2 [i + 1]


p3 [i + 1]




0




p4 [i + 1]


p5 [i + 1]




p6 [i + 1]
p7 [i + 1]

The transposed L[i]T of vector L[i] of equation (46) is specified by the following equation:
L[i]T = Lg([ a[i] c[i] h[i] p[i] x[i] y[i] v[i] z[i] f + [i] q + [i] l[i] r[i] f [i] q[i] (v/z)[i] ])
We reduce the stoichiometric matrix by removing rows which are linearly dependent
on other rows (continuing to call A this reduced matrix) and we obtain the following
system of equations, called SD[i] [15], which represents the substances variations
X[i + 1] − X[i] = A × U [i]
where:



−1 0
 01


 00

A=
 12 0

 10

 00
00


01 0 0
0 0
00 0 0
0 0


10 0 0
0 0

0 0 −1 0
0 −1 
,

0 0 0 −1
0 0

0 0 0 0 −100 0 
00 0 0
0 1

(47)


c[i]
 q + [i] 


 + 
f [i]



X =
 h[i] 


 p[i] 


 v[i] 


x[i]

If we assume to know the flux unit vector at step i and put together the equations (46)
and (47) at steps i and i + 1 respectively, we get a linear system called offset log-gain
adjustment module at step i, shortly OLGA[i], in which the number of variables is equal
to the number of equations. In [14] it is proved that the OLGA[i] of an MP system M
is univocally solvable for any step i ≥ 0. In this way we obtain the following OLGA[i]
system for NPQ process, where variables are in bold font and constitute the flux unit
vector U [i + 1] and the offset vector P [i + 1]:
A × U[i + 1] = X[i + 2] − X[i + 1]

(48)

U[i + 1] − (C × P[i + 1]) × U [i] = (U [i] × (B × L[i])) + U [i]
Now, as the vectors X[i] and V [i], for 1 ≤ i ≤ 810, are given by experimental measures,
we solve the system (48) for i = 0, . . . , 809 obtaining the vector U [i] for i ∈ [1, 810].
This procedure requires the knowledge of U [0]. Actually, there are several possibilities
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under investigation to obtain this vector. In our case, we consider a system composed
by the set of equations LG[i] + SD[i] and we used a suitable iterative technique [15] in
order to solve a non-linear system of equations giving a good approximation of U [0].
Given the values of the unit reactions for a sequence of steps, the problem, as previously stated, is to discover the set Φ of flux regulation functions. Although a flux
regulation map ϕr depends on the state of the MP system, we can assume that only
some substances and parameters are relevant for it. We call these elements regulators
of ϕr . We use standard multiple regression techniques to find an approximation of ϕr
(with respects to its regulators). The resulting functions, given in Table 4.2, approximate the regulation function Φ associated to each reaction r ∈ R. It is possible to see
in Figure 4.2 that the behaviors of fluorescence and heat obtained by our MP model are
in accordance with the observed values (they are the most interesting parameters of the
phenomenon).
Reactions
r1 : c → o + 12h + p
r2 : c → c + q +
r3 : c → c + f +
r4 : o → c
r5 : h → λ
r6 : p → λ
r7 : x + 100v → x + 100z
r8 : y + h → x

Flux regulation maps
ϕr1 = α1 + β1 ol + γ1 cl + η1 rl + ϑ1 hlp + ρ1 vz l
ϕr2 = α2 + β2 c + γ2 r + η2 z + ϑ2 l + ρ2 h
ϕr3 = α3 + β3 ch + γ3 v + η3 r−1 l
ϕr4 = α4 + β4 ol + γ4 cl + η4 rl + ϑ4 hlp + ρ4 vz l
ϕr5 = α5 + β5 ol + γ5 cl + η5 rl + ϑ5 hlp + ρ5 vz l
ϕr6 = α6 + β6 ol + γ6 cl + η6 rl + ϑ6 hlp + ρ6 vz l
ϕr7 = α7 + β7 v + γ7 x
ϕr8 = α8 + β8 y + γ8 h

Table 4.2 NPQ reactions and flux regulation maps. The values of polynomial coefficients can be downloaded from [29].

5

Conclusions

Our proposed model of NPQ phenomenon, allowed to reproduce quite accurately experimental results for the Arabidopsis wild type case. The predictive ability of computational experiments are so far limited, but it is our objective to progress to an MP model
that will be a valuable tool to suggest biological phenomena easily observable in silicio,
like pH values or effects of mutations.
The analysis of NPQ process here reported is oversimplified in many aspects. In fact,
two kinds of photosystems are involved which play collateral role and may influence the
overall dynamics of chlorophyll deexcitation. It is out of the aim of this paper to take into
account these more detailed aspects. However, we limit ourselves to reproduce in our
mathematical model the observed data of NPQ phenomenon, where fluorescence and
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Fig. 4.2 Value of the fluorescence and NPQ, in a. u., during the experimental measurements (top) and
simulation results obtained by MP system (bottom). Notice that while experimental heat is measured in correspondence of saturating flash, simulated one is continuous. Our results allow to hypothesize that also the
NPQ values are perturbated by flash of light.

heat curves show a particular shape related to the efficiency of this mechanism to dissipating excess of light energy. An interesting property which is predicted by our model
is that fluorescence decreases in dependence of photochemical activity (photochemical
quenching) and non photochemical dissipation. It will be matter of future investigation
to take into account other relevant aspects, when reliable data should be available for
extending out analysis. In particular, we want to consider some different ways that lead
to fluorescence decrease (i.e. LHC migration between photosystems and ROS damages
consequences).
The theory of MP systems is evolving and crucial tasks remain to be performed for a
complete discovery of the underlying MP dynamics which explains the observed dynamics. The principal investigations are directed to the study of systematic ways for
deducing the flux regulation maps from the time series of flux vectors. This problem is
directly related to the search of the best regulators associated to reactions. Different research lines are active in this direction and important roles will be given by statistics and
genetic programming. However, the modeling of real important biological phenomena
is an essential activity for orientating the research of general methods and principles for
the theory of MP systems.
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The page rank of a webpage is a numerical estimate of its importance. In
Google’s PageRank algorithm the ranking is derived as the invariant probability
distribution of a Markov chain random surfer model. The crucial point in this
algorithm is the addition of a small probability transition for each pair of states
to make the transition matrix irreducible and aperiodic. We show how the same
idea can be applied to P systems and allows to define a probability distribution
on the objects, resulting in a new complexity measure for P systems. Another
interesting application is the pathway identification problem, where information about biochemical reactions from public databases allows to construct a
metabolite graph. The invariant distribution should allow to search pathways
in this graph more efficiently than the degree weighted algorithms used at the
moment. From such automatic pathway calculations one can then construct P
system models for targeted metabolic compounds and their reactions.

1

Introduction

Page ranking is the process of assigning a quantitative measure of “authority” to a webpage. Internet search engines usually use a combination of key word related measures
and general page ranks to order the results of a user query. These results are displayed in
a linear order, and the higher the combined rank of a webpage, the higher in the resulting
list it is displayed. Since a higher rank means a higher visibility, there has developed a
large commercial interest in optimizing a webpage’s content with the goal of improving
its ranking, and nowadays the activity of search engine optimization has become a fulltime job for many people. On the other hand, users of a search engine expect results that
lead them to their desired search goals efficiently, so in a way a search engine should
optimize their ranking methods with regards to user preferences. In particular, it can be
argued that a search engine should use ranking strategies which are objective and unbiased. But note that this leads to a dilemma: if a search engine would openly publish its
ranking algorithms, on the one hand this would benefit its users, since then they could,
in principle at least, target their queries better. On the other hand, this knowledge would
enable owners and designers of webpages to target their desired audience by specific
search engine optimization strategies — which might not be what users desire. At the
moment, search engines therefore keep their algorithms and ranking methods as closely
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guarded secrets. This is, of course, not the only possible solution, but seems to also
stem from (i) considerations about competition between distinct search engines, and (ii)
probably the assumption that the benefit for the common user would be negligible, since
on the average s/he would not be able to understand the algorithms, whereas commercial
companies would.
A particular case is Google, probably the most important general purpose search engine
of today. It is believed by professional consultants that its page ranking methods take
into account more than 200 distinct factors7 , but Google states that the “heart of their
software” is an algorithm called PageRank [13], whose name seems to be inspired by
the last name of Google founder Lawrence Page [34].
The original ranking algorithm behind Google has been published [6, 29] and is also
patented (sic!) as a “Method for node ranking in a linked database” (US patent no. 6.285.
999), assigned to Stanford University. It can be shown that PageRank is natural in the
sense that a few axioms, motivated by the theory of social choice, uniquely characterize PageRank [1]. Interestingly, the same method has recently been proposed as a new
method of citation analysis that is more authoritative, as self-citations have less impact
than in traditional citation analysis [24].
In the following we will describe applications of page ranking in the area of membrane
systems. We will specifically concentrate on the original PageRank algorithm, since it
is closely related to Markov chain modelling of dynamical P systems as in [27]. The applications that we will discuss are (i) defining the asymptotic behavior of dynamical P
systems, (ii) approximating this asymptotic behavior in a manageable way, (iii) defining
a new complexity measure for dynamical P systems, and (iv) applications in the identification of P systems, where biochemical databases are used to suggest interesting P
system models via pathway extraction.

2

The PageRank algorithm

The description of the PageRank algorithm is usually given in terms of the so-called
webgraph. This is the directed graph D = (V, A) where each node u ∈ V represents
a webpage and each arc (u, v) ∈ A ⊆ V 2 represents a link. A link from page u ∈ V
to v ∈ V can be thought of as providing evidence that v is an “important” page or,
more generally, as a vote for page v. Intuitively, the more authorative page u itself is,
the higher its vote for page v should count, leading to a recursive definition as follows.
Let
r:

V → R+
v 7→ r(v)

7 An
analysis of the most important factors used by Google
http://www.seomoz.org/article/search-ranking-factors.

can

be

found
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be the ranking function that assigns a numerical value r(v) to each node v in the webgraph. Then
X
r(u)
r(v) :=
outdeg(u)
u∈{V |(u,v)∈A}

where the sum runs over all nodes u linking to the page v and outdeg(u) is the outdegree of node u. In the above interpretation, each page thus transfers its own PageRank
value equally to all of its link targets. Note that webpages can link multiple times to the
same page, but that this counts as only one link, i.e. one arc in the webgraph.
To see that the PageRank ranking function is well defined, we need to turn to the theory
of Markov chains [5]. Since the webgraph is finite, the function r can be normalized
P
|V |
such that v∈V r(v) = 1. One can then interprete r ∈ R+ as a probability distribution
over the set V of webpages. The transition matrix
(
1/outdeg(u) if (u, v) ∈ A,
Puv =
0
if (u, v) ∈
/A
then corresponds to the model for a person surfing between web pages, from now on
simply addressed as a surfer, described in [6]. In this so-called random surfer model a
surfer is considered who randomly follows links, without any preference or bias. The
matrix Puv then describes the probability for the surfer, being at page u, to visit page v
next. The PageRank definition is then equivalent to the following matrix equation:
r = P t r.
In the language of Markov chain theory this means that r is required to be a stationary
distribution. In other words, if a large number of random surfers find themselves, at the
same time, at webpages distributed according to these probabilities, then after randomly
following a link, the individual surfers would end up at different pages, but the number
of surfers visiting each webpage would stay approximately the same (exactly the same
in the limit of an infinite number of surfers).
Markov chain theory tells us when such a stationary distribution exists and when it is
unique. By the ergodic theorem for Markov chains, an aperiodic and irreducible transition matrix P is sufficient. The transition matrix is aperiodic if the least common
multiple of all possible circuits in the webgraph is trivial. This can always be assumed
for general digraphs, since only very special digraphs are periodic. Irreducibility is the
requirement that each webpage is reachable from each other page, i.e. that the webgraph
is strongly connected, and this is usually not fulfilled by the transition matrix. In particular, the webgraph usually has pages without outbound links, so-called dangling pages
or, in the language of Markov chain theory, sinks or black holes. If one were to apply
the PageRank idea to a digraph with one or more of these, they would effectively absorb
all probability, since eventually a random surfer would always end up in a black hole
and stay there forever. To be more precise: One would expect that the resulting invariant
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distribution would be zero for all non-sinks, and each sink would be assigned the probability of ending up in it, starting from a random page, in accordance with the random
surfer model. However, this is not true. There simply would not exist any stationary
distribution in such a case. This “singular” behavior led some people to call such pages
black holes, since the usual laws of Markov chain theory cease to work, when one of
these is encountered.
The solution to this problem is the truly original idea of the founders of Google: In
analogy with the random surfer model, it is assumed that a surfer ending on a sink gets
bored and turns randomly to a new page from the whole webgraph, which is called
teleportation in [17]. Of course, this is a somewhat unrealistic model for actual internet user behavior, since how does a surfer find a random webpage (and with uniform
probablity)? But changing the transition matrix accordingly,


 1/outdeg(u) if (u, v) ∈ A,
P̄uv = 1/|V |
if outdeg(u) = 0,


0
if outdeg(u) > 0 and (u, v) ∈
/A

leads to a matrix with irreducible blocks (which is still not irreducible, though, except
in special cases). Finally, extending this idea and assuming that the surfer has a certain
chance α > 0 of turning to a random page every time s/he follows a link, leads to


if outdeg(u) = 0,
 1/|V |
¯
P̄uv = α/|V |
if outdeg(u) > 0 and (u, v) ∈
/ A, (49)


α/|V | + (1 − α)/outdeg(u) if (u, v) ∈ A
which is truly an irreducible and aperiodic matrix [23]. The stationary distribution r is
then, also by the ergodic theorem, an asymptotic distribution. This means that a random
surfer, starting at an arbitrary webpage, has the chance r(u) to be at page u ∈ V , if he
has followed a large number of links, using Puv as transition matrix:
lim (P t )n x0 = r,

n→∞

(50)

independent of the initial distribution x0 , i.e. his/her starting page(s). Note that there is
a probability α/|V | that the random surfer stays at the same page (we can also say that
the surfer accidentally “jumps” to the same page that he comes from), i.e. we explicitly
allow self-transitions here, since it makes the mathematical analysis simpler.
These results are consequences of the Perron-Frobenius theorem [3], which also shows
that r is the (normalized) dominant eigenvector of P t , i.e. the corresponding eigenvalue
λ = 1 is the largest eigenvalue P t possesses. In practice, the direct computation of
the dominant eigenvector for the (sparse) transitition matrix of the webgraph is very
difficult, due to the graph’s enormous size. On the other hand, Eq. 50, starting from
the uniform distribution x0 (u) = 1/|V | can be used, and is usually called the power
method [12]. See [17] for further improvements.
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Leaky P systems

P system is a general term to describe a broad class of unconvential models of computation that are usually based on multiset rewriting in a hierarchical structure of so-called
membranes [31], but also include computational models based on other mechanisms,
for example string or grammar rewriting. Originally introd uced by Gheorghe Păun in a
seminal paper [30], nowadays there exists a large community of researchers working on
and with different extensions and variants of P systems.
How are we to interprete the above changes in the context of P systems, i.e. when we
are thinking about the random surfer model with possible jumps (Eq. 49) not only as
mathematically necessary and convenient, but rather as a real feature of a P system?
Obviously, such a mechanism can turn the multisets that describe the object content of
a P system into completely different multisets — and we need to control the outcome of
such an operation somehow, since otherwise we would end up with an infinite number
of possibilities, as multisets are (usually) unbounded.
Let us first consider the case of a probabilistic P system as in [9]. Starting from an
initial configuration (multiset) c0 the evolution of a probabilistic P system generates a
rooted tree. The leaves L of this tree are the halting
Pstates and each halting state h ∈ L
is reached with a distinct probability ph , where h∈L ph = 1. If we now introduce
additional transitions from each halting state back to the initial state c0 , we have an
irreducible Markov chain. This system could be periodic, but it is easy to see that for
such a (finite) “closed tree” an invariant probability distribution exists as in the case of
an irreducible and aperiodic Markov chain. In fact, the invariant distribution for a state
i ∈ S is given by µi = 1/|S| · pc0 ,i , where pc0 ,i is the probability of reaching
the state i
P
when starting from c0 . The factor 1/|S| has been introduced such that i∈S µi = 1. So
we see that the concept of invariant distribution generalizes the probability of reaching
a halting state in a probabilistic P system. However, this is not the same as the dynamics
proposed in Eq. 49. It is interesting to ask how the invariant measure changes when we
additionally introduce the teleportation property exhibited by Eq. 49.
Problem 3.1 Given a finite Markov chain on a set V with a unique invariant distribu|V |
tion µ ∈ R+ , how does µ change when we replace the transition probabilities pij by
(1 − α)pij + |Vα | ?
To our knowledge, there has not been much progress on this question, although numerical studies have been done in case of the webgraph (confer [23] for references).
Let us now consider a more general situation. Assume that at each time step8 there is a
8 If time is assumed to be continuous, as in dynamical P systems that are simulated by Gillespie-type algorithms, there is still a discrete sequence of events, and by introducing an exponential waiting time distribution
for such an event the same comments also apply to this case.
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small probability for each object to change spontaneously into another object, analogous
to mutations in DNA, where one base can suddenly change into one of the other three
possible bases (such a change could be caused by UV radiation, for example). Of course,
the objects undergoing such a change cannot be used in another rule at this time step. In
fact, by adding rules of the form u → v for each possible pair of objects (u, v), we can
realize this mechanism easily. Let us call a P system with this property a leaky P system.
Note that leaky P systems are not always irreducible, as the simple example of a system
with the rule 2A → B shows: From the state with only one B we can never get to a
state with more than one A, although the opposite is possible. However, if all rules were
reversible, a leaky P system would be irreducible and have an invariant distribution.
Interesting as these thoughts are, they lead too far here, but we think that leaky P systems
should be investigated more closely. For example, a successful computation in a leaky
P system would need to be robust against the continuous possibility of small changes of
its objects. How could this be realized? Moreover, the following two problems should
be looked into:
Problem 3.2 Given an irreducible aperiodic Markov chain, when adding the teleportation property of Eq. 49 (for some choice of α > 0), do the corresponding invariant
distributions µ(α) converge in the limit α → 0?
Problem 3.3 Although the random surfer model does not apply to a leaky P system,
does the invariant distribution of a leaky P system, in case it exists, converge against
the same invariant distribution as in the random surfer model (of the same underlying
P system), in the limit that α → 0?
Intuition suggests that the answers to both questions should be affirmative.

4

Asymptotic behavior of P systems

A particular interesting application area for P systems is the emerging discipline of
systems biology [21], and in the past years a number of biological systems have been
simulated and anlyzed by P systems [8, 33]. It should be noted, however, that this line
of research is only a small part of the total work on P systems, so we consider P systems
from a particular perspective here.
The original state-transition P systems are characterized by a unique description of their
dynamical behavior in terms of a nondeterministic and maximally parallel application
of rules. The first of these concepts puts the focus not on an actual realization of behavior of a P system, but on all possible computations possible with it, i.e. on the (formal)
language generated by it. The concept of maximal parallelism allows interesting control structures, but seems rather inappropriate when modelling in a biological context.
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Therefore, a number of researchers have turned to dynamical P system models, where
the nondeterministic dynamics is replaced by a sequential and probabilistic evolution
law. Two important approaches are dynamically probabilistic P systems [32] and the
metabolic algorithm developed and propagated by V. Manca and colleagues [4,25]. The
first is directly based on mass action kinetics [15], whereas the latter considers a special
form of competition of rules for objects, called the mass partition principle. Another
approach has been proposed in [33], where rules have fixed reaction rates.
As has been discussed in [27], static9 dynamical P systems are Markov chains. Unfortunately, the state space of a dynamical P system is usually very large.
Example 1. (Brusselator) Consider a membrane system on a set of three objects O =
{A, B, C}, and with the following four rules:
r1 : λ → A,
r3 : 2A + B → C,

r2 : A → B,
r4 : C → 3A,

where λ denotes the empty multiset and can be interpreted as a (yet unspecified) inflow.
This is an equivalent of the Brusselator, a discrete model of the Belousov-Zhabotinskii
chemical oscillation reaction. Its state space X consists, in principle, of all multiset
configurations on three objects, i.e. X = N30 , where we identify a multiset with a vector
of nonnegative numbers N0 = {0, 1, 2, . . . }.

Although no dynamical law has yet been specified, a biochemically motivated law,
based on mass action kinetics, for example, results in a transition matrix Pij , where
i, j ∈ X and the entries of Pij depend, usually nonlinearly, on the state i.
The asymptotic behavior of a dynamical P system can then, in principle, be defined
as its stationary distribution as in the case of the webgraph. Applying ideas from the
PageRank algorithm, halting states of the system, in analogy with dangling links, are
assumed to result in a teleportation to an arbitrary state of X. Also, at each time step
there is a small probability α > 0 that the system teleports to a random state from X.
It should be clear that a prerequisite for the definition of the asymptotic behavior of
a dynamical P system is the finiteness of its state space, so this concept will only be
applicable in some special cases. Even then, due to the potential size of the state space
it is not clear at the moment how to actually perform such an analysis. In the next section
we will therefore propose a much simpler characterization of the “asymptotic behavior”
of a dynamical P system.
9 A P system is static if the membrane structure does not evolve in the course of time. To be more precise:
membrane creation or destruction are not allowed in a static P system.
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Fig. 5.1 The object network (left panel) and the stoichiometric network (right panel) of the Brusselator example.

5

Approximating asymptotic behavior

Since the state space in dynamical P systems is usually infinite, a stationary distribution
usually does not exist, or even if it does, it is not clear how to actually compute it. An
interesting alternative is to simplify the situation considerably. Instead of working with
the state space on which the dynamics takes place, we work with the object network of
the P system.
Definition 1 The object network of a P system is the directed graph D = (V, A), where
the vertex set V is given by the set of objects, and there exists an arc (u, v) ∈ A between
two objects u, v ∈ V if there exists a rewriting rule of the form
p1 u1 + · · · + pn un → q1 v1 + · · · + qm vm ,

pk , ql ≥ 1 for all k ≤ n, l ≤ m,

and furthermore u = ui and v = vj for some indices i ≤ n and j ≤ m.
The connectivity matrix of a P system is then the adjacency matrix of its object network.
Definition 2 The ranking matrix of a P system is the matrix C̄¯ (confer Eq. 49) where C
is its connectivity matrix.

Example 2 The object network of the Brusselator example is shown in the left panel
of Figure 5.1. It is obviously aperiodic and irreducible. Its connectivity matrix and the
corresponding ranking matrix are, respectively,




α/3 1/2 − α/6 1/2 − α/6
011




C̄¯ =  α/3
C = 0 0 1  ,
α/3
1 − 2α/3  .
1 − 2α/3
α/3
α/3
100
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Definition 3 The stationary object distribution of a P system is the dominant eigenvector of its ranking matrix.

Numerical values are given with an accuracy of three digits in the rest of the paper, if
not otherwise stated.
Example 3 For the Brusselator example, choosing α = 0.01, the stationary object distribution is
(0.399, 0.201, 0.399)t,
i.e. in the long-term limit one expects 40 percent of all objects to be of type A, 20 percent
to be of type B, and 40 percent to be of type C. Of course, depending on the actual
dynamical law, the true long-term distributions of these numbers will vary considerably
from these approximate values.

Up to now, only the topological information about how objects can be transformed into
each other has been used. However, in a P system there are two more levels that can be
considered, namely (i) the stoichiometry and (ii) reaction rates.
Definition 4 The stoichiometric network of a P system is the weighted digraph W =
(V, A, w), where (V, A) is the object network and w is the stoichiometric weight on
each arc, i.e. w(u, v) ∈ Z describes the number of objects of type v ∈ V that result
when all the rules are applied simultaneously where u ∈ V appears (somewhere) on
the left-hand side, and v (somewhere) on the right-hand side.

Note that, to avoid multigraphs with parallel arcs, the definition of the stoichiometric
network effectively sums the contributions of all rules to the stoichiometry of a target
object. Normalizing the stoichiometric weights, we arrive at the normalized stoichiometric weights W (1) , conveniently written as a matrix whose rows all sum to one:
Wuv
.
w∈V Wuw

(1)
Wuv
:= P

¯ (1) (confer
Definition 5 The stoichiometric ranking matrix of a P system is the matrix W̄
Eq. 49).

Example 4 The stoichiometric weights, the normalized stoichiometric weights, and the
stoichiometric ranking matrix of the Brusselator example are, respectively
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The latter has dominant eigenvector p ≈ (0.375, 0.25, 0.375)t.

One important question, that we have avoided so far, is the behavior of stationary distributions of a (weighted) digraph under restriction. In applications, we might only be interested in a small part of a P system, or the dynamics of the complement might not even
be known explicitly. To address this question, we interprete the stationary distribution
over the objects as an invariant flow. Given a ranking matrix R and a stationary distribution p for R, its nonnegative entries Ruv multiplied by the (probability)
P mass pu are
interpreted as a flow from node u to node v. The totalP
sum of inflows w∈V (pw Rwu )
into a node u P
∈ V , and the total sum of outflows pu · w∈V Ruw are equal. Moreover,
the total flow u,v∈V (pu Ruv ) is equal to one.

Given a cut of V , i.e. a set A1 ⊂ A of arcs that separates V1 ⊂ V from its complement
V \ V1 , the corresponding partition of arcs is [A1 , A \ A1 ], where A1 = {(u, v) |
exactly one of u or v lies in V1 }. We interprete V1 as a subnetwork of V . It is clear that
the invariant in- and outflows across the cut are equal:
X
X
pu Ruv .
pu Ruv =
(u,v)∈A1 ,u∈V
/ 1

(u,v)∈A1 ,u∈V1

If we replace V \ V1 by a single node e ∈
/ V and all relevant arcs by their obvious
connections with e, the invariant distribution of the network V1 ∪ {e}, restricted to V1
and then normalized, will be the same as that of V for a certain effective choice of
in-weights w(e, V1 ).
However, to compute these effective in-weights, one needs to know the structure of the
complement of V1 — or one has to treat the weights w(e, V1 ) as unknowns and use
further constraints to determine them.
Example 5 Consider the network shown in the left panel of Figure 5.2. Its dominant
eigenvector is p = (0.300, 0.150, 0.275, 0.275, 0.075, 0.125)t.
The dotted arcs represent a cut separating the subnetwork V1 = {A, B, C} from {D, E,
F }. Replacing the latter by the single node S results in the network shown in the right
panel of Figure 5.2. With the effective edge weights from the figure, w(S, A) = 1/6
and w(S, C) = 5/6, its dominant eigenvector is p′ = (12/35, 6/35, 11/35, 6/35)t. The

319

Applications of Page Ranking in P Systems

F

2/3

E

1

C
1/2

1

5/6
C

1/4

1/3

D

S

1/4

1/2

1

B

1/6

1
1/4

1/2

1/2
A

2/4

B

2/4

1/4
A

Fig. 5.2 Extended Brusselator system, where three additional objects have been added. The numbers on the edges are the normalized stoichiometric weights. The network in the right panel is
derived from the left one by the construction described in the text.

(normalized) restriction of p to V1 is p1 = (0.414, 0.207, 0.379)t, which is the same as
the restriction of p′ to V1 .

More important is the situation in which we are given the flows
P across the cut as an
external constraint. Normalizing the sum of inflows such that (u,v)∈A1 ,u∈V
/ 1 pu Ruv =
1, we can interprete this flow as a probability flow. It is then possible to calculate an
invariant distribution for the subnetwork by closing the system, connecting in- with
outflows. Of course, to avoid the reducibility and aperiodicity problems, we need to
introduce some teleportation, as before.
Let us also briefly consider the analysis of steady state fluxes in biochemical networks.
Given a stoichiometric matrix S ∈ Zm×n that describes the possible transitions of a
n
chemical system, and some external fluxes b ∈ Rm
+ , one searches for a solution x ∈ R
of the equation S · x = 0, which is interpreted as a steady state flux. In the context
of P systems, we can think of x as an application vector, telling us how often each
rule has to be used. Unfortunately, linear algebra cannot be used, since the solutions
need to be positive, i.e. it is necessary that xi ≥ 0 for some of the components of x =
(x1 , . . . , xn ), since we cannot have negative rule applications. Therefore, one resorts to
convex analysis and calculates the convex cone of all possible solutions [20]. This cone
is usually not unique, so there are many possible steady state fluxes across the system.
But consider now what happens if we make use of the probabilities for transitions, not
only the topology. The invariant distribution then induces a unique steady state flux,
in contrast to the topological case. The implications of this, especially with regard to
pathway analysis, have yet to be fully realized (see below).
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A new complexity measure

From a stationary distribution of the object network we immediately derive a complexity
measure for P systems.
Definition 6 The object entropy of a P system is the entropy of its stationary object
distribution. That is, if p ∈ Rn+ is its stationary object distribution, then
Pn
− i=1 pi log pi
h=
log n
is its object entropy, where 0 log 0 is interpreted as 0.
The denominator has been chosen such that 0 ≤ h ≤ 1 holds. A low value of h signifies
a very ordered state, whereas a value of h close to one signifies that the stationary object
distribution is almost uniform.
Example 6 For the Brusselator example, the object entropy is h = 0.961. For the
extended Brusselator example in the left panel of Figure 5.2, the object entropy is
h = 0.921, corresponding to the higher complexity of it. The system on the right panel
of that figure has object entropy h = 0.963.
This idea generalizes the global entropy of [9], where a similar complexity measure
has been introduced for probabilistic P systems with an evolution tree. Of course, the
question arises what the advantage of such a measure is, compared to other complexity
measures (for a list of possible candidates, see [7]). An important point here is that the
definition of entropy of an invariant distribution is a mathematically elegant concept that
quantifies the complexity of the dynamics of a P system in a way that easily relates to
complexity considerations in other fields of science (confer [2]).

7

Page ranking in P system identification

In a previous work [26] we have discussed the general problem of identification of P
systems; here we will focus on the application of page ranking to this problem. System
identification can be considered the reverse of the usual modelling and analysis process.
Instead of analyzing a given P system, the problem is to find an interesting P system that
then can be analysed, for example by simulation studies. This is particularly interesting
in the application of P systems to biochemical systems. To this extent, public databases
on the internet can be used that store and collect information about biochemical reactions. These include WIT, EcoCyc, MetaCyc [19], aMAZE and KEGG [18]. We will
only consider the LIGAND database here [14], which is a particular database inside
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the KEGG repository. As of version 42.0, LIGAND contains information about 15053
chemical compounds (KEGG COMPOUND), 7522 biochemical reacions (KEGG REACTION) and 4975 enzymes (KEGG ENZYME) in ASCII text files that are easily
parseable by computer.
In the usual approach [10, 28] one constructs an undirected metabolite network graph
G = (V, E) from these files, where nodes represent compounds, and edges represent
reactions (for simplicity, we do not consider enzymes here). Two compounds u, v ∈ V
in the metabolite graph are connected by an arc (u, v) ∈ E ⊆ V 2 if there exists a
reaction in which both u and v participate. Note that u and v can both occur on the
same side of a reaction, in contrast to what we have done for P system object networks,
resulting in an undirected as opposed to a directed graph. The main problem considered
in the bioinformatics community is the extraction of (meaningful) possible pathways
that allow to transform one compound s ∈ V into a target compound t ∈ V , which is
equivalent to the k shortest path problem [11].
A particular problem with this approach is the existence of so-called currency metabolites [16]. These are usually small biomolecules that participate in a large number of
reactions, and are used to store and transfer energy and/or certain ions. Examples of
currency metabolites include H2 O, ATP, and NADH. Because of them, for example,
there exist more than 500000 distinct pathways of length at most nine between glucose
and pyruvate [22], most of which are not biochemically feasible. The solution considered by Croes and co-workers is to weight the paths by the (out-) degrees of their
vertices, such that vertices with a large degree are punished relative to compounds with
a higher specifity, i.e. a lower degree [10].
Here we propose to use a directed metabolite graph that more realistically captures the
flow constraints of the biochemical reaction network, and to use the stationary distribution of such a biochemical object network to weight the paths. Currency metabolites
are expected to have a large stationary probability, since they partake in many circular
reaction patterns, and interesting pathways should then be found more effectively by
bounding the total path weight.
We shall demonstrate this here by way of a simple example.

Example 7 Consider the network graph in the left panel of Figure 7.3. This has been
generated by starting at Caffeine (C007481) in the KEGG COMPOUND database. All
paths of length at most 2 have been generated, and the resulting graph has been pruned,
such that no leaves remains (i.e. such that no vertices remain with only one arc). The
resulting network is shown in Figure 7.3 on the right. From this, the stoichiometric network graph on the left has been created. For each pair of compounds (u, v) ∈ V , we sum
over the contributions to the stoichiometry from all rules. These weights are then normalized, such that they can be interpreted as transition probabilities, and are displayed
in the left figure. The stationary eigenvector (using α = 0.01) of the stoichiometric
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Fig. 7.3 Normalized stoichiometric network graph (left panel) for Caffeine example in the text.
The right panel shows the underlying reaction network in a (place-transition) Petri net representation, where boxes correspond to distinct chemical reactions.

ranking matrix is
p = (0.487, 0.122, 0.122, 0.146, 0.122)t,
corresponding to the compounds
(C00067, C07130, C07480, C07481, C13747),
and we see that Formaldehyde (C00067) qualifies as a currency compound. In KEGG
REACTION there are 57 reactions in which it participates, in fact. Note that the stoichiometric network graph where paths of length up to three are allowed cannot be drawn
sensibly anymore, since it already contains 58 vertices, many of which are due to reactions with Formaldehyde. The invariant distribution can be calculated easily, however.

P systems identification is then possible by first generating a large stoichiometric network graph, calculating its invariant distribution p ∈ RN
+ , and using its components pi ,
1 ≤ i ≤ N , to define weights N · pi for a second pathway search (the constant N is
used to ensure that the average weight is one). Only compounds encountered on paths
with a weight below a certain, user-defined threshold are then used to define a P system
model that captures the (hopefully) relevant biochemical reactions.

8

Discussion

In this paper we have shown some applications of page ranking to the analysis and
identification of P systems. Dynamical P systems can be considered Markov chains, and
Google’s page ranking then corresponds to the stationary eigenvector of the transition
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matrix, after adding a small positive constant to ensure irreducibility and aperiodicity.
For P systems, page ranking allows to define a probability distribution on the objects
(and, dually, also on the rules), and this in turn allows to define the entropy of a P
system, generalizing ideas of [9]. A different application has been in the identification
of P system models from biochemical databases. There, the invariant distribution should
allow to search more effectively for pathways, improving the degree weights introduced
by Croes and co-workers. Although the complete stoichiometric graph available in the
LIGAND database is quite large (more than 10000 vertices), the eigenvector calculation
has to be done only once. The test of this idea is underway.
We have also presented some interesting problems and directions for future work. Lastly,
let us remark that it is possible to generalize the page ranking approach to systems
with an infinite state space (by normalizing the average page rank, and not the sum
of all ranks). This should be especially interesting for the analysis of (pseudo-) lattice
digraphs, being a continuation of the work in [27]. More generally, this work was motivated by the urge to adapt the methods of dynamical systems theory to P systems,
and from this perspective the invariant distribution of a P system can be considered to
represent the asymptotical dynamical behavior of a given system. In particular, we can
now give operational definitions of the concept of “stable fixed points” for P systems
as states with a large invariant probability, whereas “transient” states will have a very
small invariant probability (on the order of α).
Acknowledgements. This work has been supported by the Dutch Science Foundation
(NWO) under grant no. 635.100.006.
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[5] Brémaud, P.: Markov Chains. Gibbs Fields, Monte Carlo Simulation, and Queues .
Springer-Verlag (1999)
[6] Brin, S., Page, L.: The anatomy of a large-scale hypertextual Web search engine.
Computer Networks and ISDN Systems 30 (1998) 107–117
[7] Chakrabarti, D., Faloutsos, C.: Graph Mining: Laws, Generators, and Algorithms.
ACM Computing Surveys 38 (2006) 1–69

324

Applications of Page Ranking in P Systems
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We have recently developed a prototype hardware implementation of membrane
computing using reconfigurable computing technology. This prototype, called
Reconfig-P, exhibits a good balance of performance, flexibility and scalability.
However, it does not yet implement nondeterministic object distribution. One of
our goals is to incorporate nondeterministic object distribution into ReconfigP without compromising too significantly its performance, flexibility or scalability. In this paper, we (a) propose an algorithm for nondeterministic object
distribution in P systems, and (b) describe and evaluate a prototype hardware
implementation of this algorithm based on reconfigurable computing technology. The results of our evaluation of the prototype implementation show that
our proposed algorithm can be efficiently implemented using reconfigurable
computing technology. Therefore there is strong evidence that it is feasible to
incorporate nondeterministic object distribution into Reconfig-P as desired.

1

Introduction

We have recently developed a prototype hardware implementation of membrane computing using reconfigurable computing technology. This prototype, called Reconfig-P, exhibits a good balance of performance, flexibility and scalability. However, it does not
yet implement nondeterministic object distribution. One of our goals is to incorporate
nondeterministic object distribution into Reconfig-P without compromising too significantly its performance, flexibility or scalability. In this paper, we (a) propose an algorithm for nondeterministic object distribution in P systems, and (b) describe and evaluate a prototype hardware implementation of this algorithm based on reconfigurable
computing technology. The results of our evaluation of the prototype implementation
show that our proposed algorithm can be efficiently implemented using reconfigurable
computing technology. Therefore there is strong evidence that it is feasible to incorporate nondeterministic object distribution into Reconfig-P as desired.
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The contents of the paper are as follows. In Section 2, we discuss the background to
the research problem. In Section 3, we state the research problem. In Section 4, we
present and explain our proposed algorithm for nondeterministic object distribution in
P systems. In Section 5, we evaluate the correctness and theoretical efficiency of the
algorithm. In Section 6, we describe our prototype hardware implementation of the algorithm. In Section 7, we present and discuss empirical results related to the efficiency
of the prototype implementation. Finally, in Section 8, we draw some conclusions regarding the significance of our research results.

2

Background

In this section, we present the background to the problem that motivates the research
described in this paper. First, we present a brief overview of membrane computing.
Second, we present formal definitions of nondeterminism and maximal parallelism in
the context of object distribution in P systems. Third, we discuss our overall research
program, which thus far has produced a prototype hardware-based computing platform
for membrane computing called Reconfig-P. Finally, we introduce the reconfigurable
computing technology used in Reconfig-P.
2.1 Membrane computing Membrane computing is a branch of bio-inspired computing. It investigates models of computation inspired by certain structural and functional
features of biological cells, especially features that arise because of the presence and activity of biological membranes. There are several types of membrane computing models.
These include cell-like models, tissue-like models and neural models. As many of the
fundamental features of membrane computing models are present in cell-like models,
we focus on cell-like models in our research.
Biological membranes define compartments inside a cell or separate a cell from its
environment. The compartments of a cell contain chemical substances. The substances
within a compartment may react with each other or be selectively transported through
the membrane surrounding the compartment (e.g., through protein channels) to another
compartment as part of the cell’s complex operations.
In a membrane computing model, called a P system, multisets of objects (chemical substances) are placed in the regions defined by a hierarchical membrane structure, and the
objects evolve by means of reaction rules (chemical reactions) also associated with the
regions. The reaction rules are applied in a maximally parallel, nondeterministic manner (in a sense to be defined below). The objects can interact with other objects inside
the same region or pass through the membrane surrounding the region to neighbouring
regions or the cell’s environment. These characteristics are used to define transitions
between configurations of the system, and sequences of transitions are used to define
computations. A computation halts when for every region it is not possible to apply any
reaction rule.
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Fig. 2.1 (a) A P system with one region and four reaction rules, and (b) a list of the possible ways
in which the reaction rules in the P system can be applied in the current transition given that they
must be applied in a maximally parallel manner.

For more information about the fundamentals of membrane computing, we refer the
reader to [6].
2.2 Nondeterministic, maximally parallel application of reaction rules in P systems Nondeterminism and maximal parallelism are key features of P systems. We
define these features below, first informally and then formally.

Definition of maximal parallelism In a transition of a P system, if any reaction rule
can be applied, it must be applied. That is, in a transition, if a reaction rule is able to
consume a multiset of objects that have not been consumed by other reaction rules, then
it must consume that multiset of objects. This is the maximal parallelism property of P
systems.
Figure 2.1 shows an example P system, and lists the possible ways in which the reaction
rules in the P system’s only region can be applied given that they must be applied in
a maximally parallel manner. The actual way in which the reaction rules are applied
is selected nondeterministically (in a sense to be defined below) from this range of
possibilities.
Suppose that zero instances of R1 , one instance of R2 , one instance of R3 and one instance of R4 were to be applied in the current transition. This would not be a maximally
parallel application of the reaction rules. This is because, after the application of the
reaction rules, the multiset of objects remaining in the region would have been a5 b5 c2 ,
in which case an additional instance of R3 could have been applied.
Note that the case in which the number of instances for each reaction rule in a region is
zero is regarded as an application of the reaction rules.
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Definition of nondeterminism As illustrated in Figure 2.1, when the reaction rules in
a region are applied in a maximally parallel manner during a transition, there are often
multiple ways in which the objects in the region can be distributed to the reaction rules.
(For instance, in the current transition of the P system depicted in Figure 2.1, the objects can be distributed in eleven different ways, so there are eleven possible maximally
parallel applications of the reaction rules.) If the maximally parallel application that
actually occurs is selected from this range of possibilities at random, we say that the
application is nondeterministic. Otherwise, we say that the application is deterministic.
Formal definitions We now present formal definitions of maximal parallelism and
nondeterminism.
Let the n ≥ 1 reaction rules in a region of a P system be:
R1 : oa1 11 oa2 21 ... oamm1 → ...
R2 : oa1 12 oa2 22 ... oamm2 → ...
.

...

Rn : oa1 1n oa2 2n ... oammn → ...,
where o1 , o2 , ..., om are the object types in the P system, and each aij (1 ≤ i ≤ m, 1 ≤
j ≤ n) is a nonnegative integer. Let the multiset of objects available in the region be
ob11 ob22 ...obmm , where each bi (1 ≤ i ≤ m) is a nonnegative integer. And let x1 , x2 , ..., xn
denote the numbers of instances of the reaction rules R1 , R2 , ..., Rn , respectively, to be
applied in the current transition.
Suppose that the n reaction rules in the region are applied during a transition. As it is
not possible to consume more objects of a given type than are initially available, each
of the following conditions must be satisfied:
a11 x1 + a12 x2 + ... + a1n xn ≤ b1
a21 x1 + a22 x2 + ... + a2n xn ≤ b2
.

...

am1 x1 + am2 x2 + ... + amn xn ≤ bm
Definition of maximal parallelism Let s = (s1 , s2 , ..., sn ) be a solution to the linear
system of inequalities given above, where s1 , s2 , ..., sn are nonnegative integers. This
solution represents values of x1 , x2 , ..., xn for which all of the inequalities in the lin-
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ear system hold. Then s corresponds to a maximally parallel application of the reaction
rules R1 , R2 , ..., Rn if and only if the solution v = (v1 , v2 , ..., vn ) (where v1 , v2 , ..., vn
are nonnegative integers) of the linear system
a11 x1 + a12 x2 + ... + a1n xn ≤ b′1
a21 x1 + a22 x2 + ... + a2n xn ≤ b′2
.

...

am1 x1 + am2 x2 + ... + amn xn ≤ b′m ,
where
b′1 = b1 − a11 s1 − a12 s2 − ... − a1n sn
b′2 = b2 − a21 s1 − a22 s2 − ... − a2n sn
b′m = bm − am1 s1 − am2 s2 − ... − amn sn
is such that v is the zero vector.
(Note that if v1 , v2 , ..., vn were real numbers rather than integers, we would have that
each of these values is greater than or equal to zero and less than 1.)
Definition of nondeterminism There are p ≥ 0 possible values for s. If the value for s is
selected at random from this range of p possibilities, then s corresponds to a nondeterministic maximally parallel application of the reaction rules. Otherwise, it corresponds
to a deterministic maximally parallel application of the reaction rules.
2.3 Our overall research program To exploit the performance advantage of the
large-scale parallelism of P systems, it is necessary to execute them on a parallel computing platform. To this end, researchers have investigated parallel computing platforms
for membrane computing, including platforms based on software (see, e.g., [1]) and
platforms based on hardware (see, e.g., [4], [5] and [7]).
Our overall research program is focused on hardware-based parallel computing platforms for membrane computing. Hardware-based parallel computing platforms execute
algorithms that have been directly implemented in hardware. The hardware platform implements the algorithm in terms of the parallel activities of a certain number of processors that are spatially, rather than temporally, related. The ability to use parallel processors brings a potentially very significant improvement in execution time performance.
However, the use of the spatial dimension means that the number of processors, and
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therefore the class of algorithms, that can be implemented on the platform is constrained
by the amount of hardware resources available on the platform.
Our research involves an investigation of a certain novel approach to the development
of a parallel computing platform for membrane computing. This approach involves the
use of reconfigurable hardware and an intelligent software component that is able to
configure the hardware to suit the specific properties of the P system to be executed.
We have developed a prototype computing platform called Reconfig-P based on the approach [4] [5]. Reconfig-P is currently able to execute P systems that are the same as
basic cell-like P systems, except that objects are distributed to reaction rules in a deterministic (rather than a nondeterministic) manner. It is the first hardware-based parallel
computing platform for membrane computing to implement parallelism at both the system and region levels, and is one of the most complete hardware implementations of
membrane computing published to date.
The implementation approach on which Reconfig-P is based involves
• use of a reconfigurable hardware platform,
• generation of a customised digital circuit for each P system to be executed, and
• use of a hardware description language that allows digital circuits to be specified at
a level of abstraction similar to the level of abstraction at which a general-purpose
procedural software programming language (such as C) allows algorithms to be
specified.
In the approach, a software component of the computing platform is responsible for
analysing the structural and behavioural features of the P system to be executed and
producing a hardware description for the P system that is tailored to these features.
When determining the hardware description for the P system, the software component
aims to maximise performance and minimise hardware resource consumption. The empirical results presented in [4] show that for a variety of P systems Reconfig-P achieves
very good performance while making economical use of hardware resources.
The natural next step in the development of Reconfig-P is to attempt to incorporate nondeterministic object distribution into Reconfig-P. Although it is quite clear that supporting nondeterminism will result in higher hardware resource consumption and a degradation in execution time performance, it is unknown just how efficient an implementation of nondeterministic object distribution could be made to be. Therefore, despite the
positive results mentioned above, it is unknown whether nondeterministic object distribution could be incorporated into Reconfig-P without compromising too significantly
its performance, flexibility and scalability.
2.4 Reconfigurable computing technology As already mentioned, hardware-based
computing platforms execute algorithms that have been directly implemented in hardware. In one approach, an application-specific integrated circuit (ASIC) is used. The
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Fig. 2.2 An FPGA chip with different types of memory.

design of an ASIC is tailored to a specific algorithm. As a consequence, ASICs usually achieve a higher performance than software-programmed microprocessors when
executing the algorithm for which they were designed. However, with this higher performance comes reduced flexibility: as the implemented algorithm is fabricated on a
silicon chip, it cannot be altered without creating another chip. In another approach,
reconfigurable hardware is used. Unlike ASICs, reconfigurable hardware can be modified. Therefore, by using reconfigurable hardware, it is possible to improve on the performance of software-based computing platforms while retaining some of their flexibility. The computing paradigm based on the use of reconfigurable hardware is known
as reconfigurable computing. We now briefly introduce the reconfigurable computing
technology used in Reconfig-P.

FPGAs A field-programmable gate array (FPGA) is a type of reconfigurable hardware
device. A standard FPGA consists of a matrix of configurable logic blocks (CLBs). The
CLBs are connected by means of a network of wires. They can be used to implement
logic or memory. Each CLB is composed of a number of slices, each of which consists
of two four-input lookup tables (LUTs), two flip-flops and some internal logic (e.g.,
carry logic used in the implementation of arithmetical operations). The LUTs can be
used to implement logic gates or small memories. The flip-flops can be used to create
state machines. The CLBs at the periphery of the FPGA can perform I/O operations.
The functionality of the CLBs and their interconnections can be modified by loading
configuration data from a host computer. In this way, any custom digital circuit can be
mapped onto the FPGA, thereby enabling the FPGA to execute a variety of applications.
Figure 2.2 shows an FPGA chip with different types of memory.

Handel-C Digital circuits are specified in hardware description languages. A popular
high-level hardware description language is Handel-C. Handel-C allows a hardware cir-
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cuit to be specified at the algorithmic level rather than at a level at which the structure
of the circuit is apparent, and therefore eases the process of designing a circuit for an
application. Handel-C includes a small subset of the C programming language as well
as additional constructs for the configuration of a hardware device, including constructs
related to parallelism, communication, timing and bit manipulation. Every Handel-C
statement takes exactly one clock cycle to execute. Therefore it is relatively easy for
programmers to measure the number of clock cycles that it takes to execute a particular
algorithm on the hardware device. In terms of data storage, Handel-C provides several
options, including arrays, on-chip distributed RAMs, on-chip dedicated RAMs and offchip RAMs. Each of the storage options has its own benefits and drawbacks, depending
on the specific data to be stored. We discuss the storage options below.

Data storage
Arrays An array in Handel-C is a collection of individual registers, each of which is
implemented directly as one or more flip-flops. An element of an array may be used
exactly like an individual register (by means of an index into the array) and therefore all
elements of the array can be accessed in parallel. However, this is achieved by means
of a multiplexer between the registers, which can be expensive to implement, both in
terms of the hardware resources required and in terms of the logic delay induced.

On-chip distributed RAMs The LUTs in CLBs can be configured to operate as 16
× 1 RAMs (i.e., 16-deep, 1-bit-wide RAMs). In this way, RAMs can be placed at arbitrary locations on the chip. These RAMs are called distributed RAMs. In terms of the
hardware resources required, a distributed RAM is more efficient to implement than an
array, because there is no switching between the various RAMs and therefore no need
for a multiplexer. However, this efficiency comes at a cost: only one entry of a distributed RAM can be accessed in any one clock cycle, and therefore distributed RAMs
are unsuitable in situations where concurrent access to different entries in a RAM is
required.
On-chip block RAMs To complement the shallow distributed RAMs that are implemented in CLBs, some FPGAs provide dedicated RAMs known as block RAMs or
BRAMs, which allow for on-chip storage of kilobits of data. Block RAMs are set aside
for use as memory, and cannot be used for any other purpose. Therefore, using block
RAMs instead of distributed RAMs for on-chip data storage allows one to dedicate
more of the configurable hardware resources on the FPGA to the implementation of
processing logic. However, using block RAMs has three main disadvantages. First, a
block RAM has greater access latency than a distributed RAM, and therefore the use
of block RAMs instead of distributed RAMs can result in a slower circuit. Second,
because block RAMs have fixed locations, the use of block RAMs reduces the routing
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options available to the compiler, and consequently may result in greater routing delays.
Third, although a single block RAM holds a large amount of data, the number of block
RAMs available on an FPGA is limited. This limits the amount of parallelism across
data structures implemented as block RAMs. Block RAMs are suitable in situations
where a large amount of data needs to be stored on the chip and where each block RAM
is not accessed from many locations on the chip.

Off-chip RAMs In addition to allowing data to be stored on the chip, some FPGAs
allow data to be stored in RAMs located off the chip. These RAMs, called off-chip
RAMs, provide for the storage of megabytes of data. However, there is a higher latency
associated with accessing an off-chip RAM than with accessing an on-chip RAM, and
off-chip RAMs allow only one read or write access per clock cycle.

3

Research problem

The problem that motivates the research described in this paper is (a) to devise an efficient algorithm for nondeterministic object distribution in P systems, and (b) to develop
and evaluate the efficiency of a prototype hardware implementation (based on reconfigurable computing technology) of the devised algorithm.
This research problem fits into our overall research program , which is aimed at the development of a complete hardware implementation of basic cell-like P systems which
effectively balances the requirements of performance, flexibility and scalability. In particular, the extent to which the problem can be solved is directly relevant to the question
of the feasibility of incorporating an implementation of nondeterministic object distribution into Reconfig-P, our existing hardware implementation of membrane computing.

4

An algorithm for nondeterministic, maximally parallel object
distribution in P systems

In this section, we propose an algorithm for nondeterministic, maximally parallel object
distribution in P systems.
In order to indicate some of the important issues that were negotiated during the development of the proposed algorithm, and in order to facilitate a comparison of our
algorithm with possible alternative algorithms, we present and discuss our algorithm
in the context of a wider discussion of the main potential strategies for the solution of
the nondeterministic, maximally parallel object distribution problem (henceforth to be
referred to as the object distribution problem).
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4.5 Potential approaches Fundamentally, any effective approach to the object distribution problem must (a) consider a certain space of possible solutions which contains
all of the solutions to the object distribution problem, (b) be able to correctly distinguish
(either explicitly or implicitly) between solutions and non-solutions within this space of
possible solutions, (c) randomly select a solution in such a way that all solutions have
the same nonzero probability of being selected, and (d) output a solution in a timely
manner.
Approaches may differ with respect to the size of the space of possible solutions that is
considered. Some approaches may involve an explicit determination of the boundaries
of the space of possible solutions to be considered, whereas other approaches may be
designed in such a way that an explicit determination is not required.
Approaches may also differ with respect to the way in which they navigate the space of
possible solutions. Some approaches are designed in such a way that all non-solutions
are avoided, so that only solutions are considered during the navigation of the space of
possible solutions. We call such approaches direct approaches. Other approaches consider both solutions and non-solutions during the navigation. We call such approaches
indirect approaches.
To fulfil requirement (c), an approach obviously requires one or more sources of randomness.
4.6 Indirect approaches

Indirect straightforward approach The indirect straightforward approach is to simply
enumerate all the possible solutions to the object distribution problem that are contained
in a certain space of possible solutions (which is known to contain all the solutions to
the object distribution problem), and then pick possible solutions at random, checking
whether they are actually solutions, until a solution is found.
The indirect straightforward approach considers both non-solutions and solutions as
it navigates the space of possible solutions. More specifically, it considers a number
of non-solutions before it finds a solution. The algorithm eliminates only one possible
solution at a time. The first solution to be found is the solution that is output.
The designers of an algorithm for the solution of the object distribution problem should
regard the efficiency of the indirect straightforward approach as a baseline efficiency,
and aim for an efficiency significantly higher than this baseline efficiency.

Incremental approach Nondeterministic, maximally parallel distribution of objects to
reaction rules is perhaps most intuitively implemented in an incremental manner. In the
incremental approach, the distribution of objects to a particular reaction rule is accomplished in rounds; that is, a reaction rule may potentially be processed many times. It
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is an indirect approach. Martinez, Fernandez, Arroyo and Gutierrez (2007) have proposed an incremental algorithm for nondeterministic, maximally parallel distribution of
objects to reaction rules. This algorithm has significantly better efficiency than the indirect straightforward approach. We now describe the algorithm in order to illustrate the
fundamental features of the incremental approach.
In the incremental approach, those reaction rules to which it is possible that objects will
be distributed are placed in a pool. Initially, all of the reaction rules are in the pool.
During the course of the object distribution process, reaction rules are removed from
the pool. At any given time, the reaction rules in the pool are those that are still under
consideration, whereas the reaction rules out of the pool are no longer under consideration. In each iteration, one of the reaction rules in the pool is selected at random, and
its number of instances is incremented by a random amount (such that the total number of instances of the reaction rule does not exceed its maximum possible number of
instances given the multiplicities of the object types in the region). The multiplicities of
the object types in the region are then updated (decreased) according to the number of
instances of the reaction rule added in the previous step. At this point the applicability
of each of the reaction rules in the pool (given the updated multiplicity values) is checked. If it is impossible for there to be additional instances of a particular reaction rule,
then that reaction rule is removed from the pool; otherwise, it remains in the pool. The
process repeats until there are no more reaction rules in the pool.
Like the indirect straightforward approach, the incremental approach considers a number of non-solutions before it finds a solution, and outputs the first solution it finds.
Unlike the indirect straightforward approach, it may eliminate more than one possible
solution at a time (i.e., in a round). As it is impossible for the number of instances of a
reaction rule to decrease, at any given time all possible solutions for which the number
of instances of any reaction rule is less than the current value for the number of instances
of that reaction rule is no longer under consideration. Therefore, in general, the incremental approach converges on a solution more quickly than the indirect straightforward
approach.
This approach can be more efficient for many applications. However, the efficiency of
the incremental approach depends on the random number of instances that is added
to the current number of instances of the selected reaction rule at each iteration. If the
random numbers generated are small, the approach can take many iterations to distribute
the objects to the reaction rules. This is particularly true when there is a large number
of applicable reaction rules in the region and the number of available objects for each
object type is large.
It might be more desirable, particularly from the point of view of efficiency, to determine the final number of instances of a reaction rule directly rather than indirectly. In
a direct approach, the distribution of objects to a particular reaction rule occurs in one
step. To the best of our knowledge, no instances of the direct approach to the implementation of nondeterministic, maximally parallel object distribution have been reported in
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the literature. This is a reflection of the general lack of research done so far on implementations of nondeterministic, maximally parallel object distribution, and does not
suggest that the direct approach is infeasible. We now describe two direct approaches:
the direct straightforward approach and our own proposed algorithm.
4.7 Direct approaches

Direct straightforward approach In the direct straightforward approach, all the solutions to the object distribution problem are given as input, and one of these solutions
is simply selected at random. This would be a feasible approach if the multiplicity of
each object type in the region were static. In that case, all the possible solutions could
be calculated at compile-time, and one of these solutions could be randomly selected
at run-time during each transition of the P system. However, given that the multiplicities of the object types in the region change throughout the execution of the P system,
the approach is infeasible, mainly because of the large amount of time and hardware
resources required for the calculation of all the possible solutions at run-time.
Our proposed approach: the DND algorithm We have devised an algorithm for nondeterministic, maximally parallel object distribution in P systems. Our algorithm, which
we call the Direct Nondeterministic Distribution algorithm or DND algorithm, performs
the distribution of objects to a reaction rule in one step (with a possible adjustment step
performed before the termination of the algorithm), finds a solution without needing to
enumerate possible solutions, and is able to operate without being explicitly aware of
many of the characteristics of the space of possible solutions. We now describe how the
DND algorithm works.
As shown in Section 2.2, the number of objects available in the region in the current
transition and the number of objects for each object type required by each reaction rule
can naturally be represented as a linear system of inequalities. If the number of reaction
rules is n, then the linear system, if interpreted geometrically, defines an n-dimensional
space. This space is the space bounded by the hyperplanes defined by the n inequalities
(taken as equations) of the linear system. The possible maximally parallel applications
of the reaction rules correspond to certain points within the space. Our approach selects
one of these points at random in a direct manner: the random value for each coordinate
of the point is determined in one step (plus a possible additional adjustment step in
which the value is confirmed or adjusted).
Under the geometric interpretation, each reaction rule corresponds to one of the n dimensions of space. The point closest to the origin at which a hyperplane intersects the
axis for a dimension is the least upper bound (boundary value) for the number of instances of the reaction rule associated with the dimension. This boundary value is simply
the minimum ratio of all the ratios of the number of available objects for an object type
and the number of objects of that object type required by the reaction rule.
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procedure obtainASolutionNondeterministically (
.
m: number of object types required by a reaction rule
.
n: number of reaction rules in the region
.
A: an m×n matrix (with initially unmarked columns) used to store the coefficients
of the linear
.
system
.
B: an initially empty m×n matrix that contains results of calculations carried out
on A
.
C: an m×1 matrix that contains the RHS constants of the linear system
.
X: an n×1 matrix used to store the solution
.
V: an m×1 matrix used to store accumulated sums used in the calculation of values
to be
.
stored in B
.
Z: a list of integer labels for columns of A (ordered according to the order in which
the columns
.
of A are processed)
.

Z(k): the k th element of Z

.
//Forward phase
1.. for u = 1 to n
2..
3..

Randomly select a column p from all the unmarked columns in A (1 ≤ p ≤ n).
Add p to Z.

4..
5..
6..
7..

if B is empty
let q be the minimum value of all ci /aip . (1 ≤ i ≤ m).
else
let q be the minimum value of all bi (u-1) /aip . (1 ≤ i ≤ m).

8..
9..
10..
11..
12..
13..
14..
15..
16..
17..
18..
19..
20..

if p is the only unmarked column in A
if q is an integer
Set xp = q. End procedure.
else
Set xp = ⌊q⌋. Go to 22.
else
if q = 0
Set xp = q and mark xp as final.
else
Randomly select r ∈ {0, 1, ..., ⌊q⌋} and set xp = r.
For all i (1 ≤ i ≤ m), set vi = vi + r aip .
For all i (1 ≤ i ≤ m), set biu = ci – vi .
Mark column p in A.

21.. end for
.
//Backward phase
22.. Reset V and set vi = x Z(n) ai Z(n) for all i (1 ≤ i ≤ m).
23.. for s = n – 1 to 1
if xZ(s) is not marked as final
24..
25..
if s = 1
let q’ be the minimum value of all (ci – vi )/ ai Z(1) (1 ≤ i ≤ m).
26..
else
27..
let q’ be the minimum value of all (bi (s – 1) – vi )/ ai Z (s) (1 ≤ i ≤ m).
28..
29..
if xZ(s) 6= q’ set xZ(s) = ⌊q’⌋ .
For all i (1 ≤ i ≤ m), set vi = vi + ⌊q’⌋ ai Z(s) .
30..
31..
end if
32.. end for

Fig. 4.3 Pseudocode for the DND algorithm. (For the sake of simplicity of presentation, it is
assumed that the coefficient matrix contains only nonzero values.)

340

An algorithm for nondeterministic object distribution in P systems

At the beginning of the DND algorithm, the linear system is said to have n − 1 degrees
of freedom. This is because, if n − 1 of the dimensions have been assigned a value, the
value for the remaining dimension is fixed at a particular value (obviously dependant
on the values assigned to the other dimensions). The algorithm starts by selecting a dimension i (1 ≤ i ≤ n) at random. An integer value vi ∈ [0, β], where β is the boundary
value for the dimension, is then selected at random. The value of xi , the number of
instances of the reaction rule associated with dimension i, is set to vi . The value of xi
is provisional at this stage, unless xi = 0, in which case the value of xi is final. Even
if the current value of xi is provisional, the algorithm proceeds for the time being on
the assumption that the value of xi is final. That is, the value for dimension i of the
random solution is assumed to be determined. (It is this fact that makes the algorithm
an instance of the direct approach to the object distribution problem.) The value of xi is
substituted into the linear system, which results in a new linear system with one fewer
degree of freedom. This in effect removes the dimension i from consideration and implicitly changes the boundary values for the remaining dimensions. At this point, one
of the remaining dimensions — call it dimension j — is selected at random. This dimension is processed in a similar manner to the previously processed dimension (i.e.,
dimension i): xj is calculated (and regarded as provisional unless xj = 0), xj is substituted into the linear system, and a new linear system with one fewer degree of freedom
results. The remaining dimensions are processed in a similar manner. When the last dimension is processed — call it dimension k — the degree of freedom is 0. This means
that the random value for the dimension (i.e., xk ) has already been determined. Because
of the mathematical properties of the object distribution problem, it turns out that xk is
always the floor of the boundary value for the dimension. This value is the final value
for xk , even if it is nonzero. This completes the first phase of the algorithm, which we
call the forward phase.
At the end of the forward phase, a provisional solution to the object distribution problem
has been obtained. Each xp value (1 ≤ p ≤ n) is the number of instances of the reaction
rule associated with dimension p in the provisional solution. It is a key feature of the
DND algorithm that the provisional solution obtained during the forward phase is either
an actual solution or close to an actual solution that uniquely corresponds to it. If the
boundary value calculated for the last dimension to be processed in the forward phase
(i.e., dimension k) is an integer, and each reaction rule requires at least one object of
each object type (so that the relevant coefficients in the linear system are all nonzero),
then the provisional solution is an actual solution. In this case, no further computation
is required, and the algorithm terminates. Otherwise, a phase of the algorithm called the
backward phase commences. In the backward phase, the provisional solution that was
obtained during the forward phase is adjusted (if necessary) so that it coincides with its
corresponding actual solution.
In the backward phase, the dimensions are processed in reverse order (with respect to
the order randomly chosen in the forward phase). Dimension k, the last dimension to
be processed in the forward phase, is skipped, because the value for xk is already final.
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In processing a dimension q (q 6= k), the xr values (r 6= q) for the other dimensions
(regardless of whether they are provisional or final) are regarded as fixed (i.e., these
values are substituted as is into the linear system), and mq — the maximum value of xq
(given the inequality associated with dimension q in the linear system) — is determined.
The value of xq is either confirmed (if it is the same as mq ) or adjusted to mq . When the
final xp values (1 ≤ p ≤ n) for all dimensions have been determined, the final solution
to the object distribution problem has been obtained, and the algorithm terminates.
Unlike algorithms based on the incremental approach, the DND algorithm does not need
to navigate through a series of non-solutions. It is designed in such a way that it always
converges on a solution without needing to process non-solutions. In fact, it avoids the
processing of non-solutions, and exhibits no bias towards any solution, without needing
to perform any explicit reasoning about the space of possible solutions as a whole.
Pseudocode for the DND algorithm is shown in Figure 4.3.
4.8 Explanation of our proposed approach In this section, we attempt to provide
some intuition for the principles behind the operation of the DND algorithm. Again we
exploit the analogy with n-dimensional geometry.
To allow a graphical presentation, we project all the solutions to the object distribution
problem (i.e., all the possible maximally parallel applications of the reaction rules) in
n-dimensional space onto two-dimensional space using parallel coordinates. Parallel
coordinates are often used in the visualisation and analysis of data in n > 3 dimensions.
If one regards an n-dimensional datum as a point in n-dimensional space, then the
method of parallel coordinates can be explained as follows. To show a set of points in
n dimensions, a backdrop consisting of n vertical and equally spaced parallel axes is
drawn. A point is represented as a polyline with vertices on the parallel axes, where the
position of the vertex on the ith axis corresponds to the ith coordinate of the point.
We use parallel coordinates in the following way. Each parallel axis corresponds to one
of the xi (1 ≤ i ≤ n) (i.e., the number of instances of the reaction rule associated with
dimension i). There are n reaction rules, and so there are n parallel axes.
A solution to the object distribution problem corresponds to a polyline with exactly one
vertex on each parallel axis, where the position of this vertex corresponds to the number
of instances calculated for the reaction rule associated with the axis.
In Figures 4.4 and 4.5 we present two examples to show in broad outline how the DND
algorithm works. The P system used in the examples is shown in Figure 2.1. Thus we
have n = 4. In the examples, we suppose that the random order in which the reaction
rules are to be processed is r4 , r2 , r3 , r1 . All of the solutions to the object distribution
problem for the current transition of the example P system are shown in Figure 2.1.
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Example 1
Initially, the linear system has n − 1 (= 3) degrees of freedom. Since in the DND algorithm, each reaction
rule is processed in only one step, the algorithm determines the solution (in the forward phase) in n (=
4) steps. The algorithm starts by selecting a reaction rule at random. According to our assumption, the
reaction rule that is chosen first is r4 . The algorithm determines the maximum possible value (boundary
value) for x4 (i.e., the number of instances of r4 ). The boundary value is determined to be 3, so the range
of values on the parallel axis associated with x4 is [0, 3]. The algorithm then selects an integer value
in this range at random. Suppose that the value it selects is 0. This means that the value of x4 is set to
0. This provisional value of x4 will either be equal to the final value of x4 (if the algorithm ‘guessed’
correctly) or smaller than the final value of x4 (if the algorithm guessed incorrectly). Consequently, all
values smaller than the provisional value are filtered out. Nevertheless, as there are no solutions to the
object distribution problem for which x4 < 0, no solutions are eliminated, and so all of the solutions
still have a chance of being output by the algorithm (see Figure 6a). The provisional value of x4 is
substituted into the linear system, which means that the algorithm now proceeds on the assumption that
x4 = 0. In effect r4 is no longer under consideration, and so the updated linear system now has 2
instead of 3 degrees of freedom. At this point, the algorithm selects another reaction rule at random. By
our assumption, r2 is selected. When processing r2 (see Figure 4.6b), the algorithm determines that the
updated boundary value for x2 is 2, so the range of values on the parallel axis associated with x2 is [0, 2].
Suppose that the algorithm selects 1 as the provisional value for x2 . This eliminates all the solutions to
the object distribution problem for which x2 < 1. The polylines associated with the eliminated solutions
are now shown in grey on the graph. The value of x2 is then substituted into the linear system, effectively
removing r2 from consideration, and resulting in a new linear system with 1 degree of freedom. At this
stage, the algorithm randomly selects the reaction rule r3 . When processing r3 (see Figure 4.6c), the
algorithm determines that the updated boundary value for x3 is 4. Therefore the range of values on the
parallel axis associated with r3 is [0, 4]. Suppose that the algorithm selects 1 as the provisional value
for x3 . As a result, all solutions to the object distribution problem for which x3 < 1 (that have not yet
been eliminated) are eliminated. The polylines associated with these eliminated solutions are now shown
in grey. The provisional value for x3 is substituted into the linear system, effectively removing r3 from
consideration, and resulting in a new linear system with 0 degrees of freedom. The algorithm now moves
on to process r1 , the last remaining reaction rule. As the degree of freedom now is 0, x1 is set to be the
updated boundary value for x1 , which is 1. This eliminates all the possible solutions for which x1 < 1.
Since the boundary value is an integer, no application of the floor function is required, no backward phase
is required, and the algorithm terminates.
Thus the nondeterministically chosen solution to the object distribution problem is: x1 = 1, x2 = 1,
x3 = 1, x4 = 0. This solution corresponds to the only remaining polyline in Figure 4.6d.

Fig. 4.4 An example of the operation of the DND algorithm, in which only the forward phase is
executed.

5

Evaluation of the DND algorithm

In this section, we evaluate the correctness and theoretical time and space complexity
of the DND algorithm.
5.9 Time complexity We now compare the time complexity of the DND algorithm
with the time complexity of the incremental algorithm described in Section 4.6. In our
time complexity analysis, we make a number of simplifying assumptions. First, the
comparison is done at the conceptual/algorithmic level rather than at the implementation
level. Second, we do not take into account relatively insignificant operations performed
by the algorithms. Third, we assume, for both algorithms, that certain operations have
the same time complexity in all situations, even though in reality this time complexity
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Example 2
In Example 1 (see Figure 4.4), it was not necessary for the DND algorithm to execute the backward phase. We now alter the example slightly in order to illustrate the backward phase.
Suppose that in Example 1 the algorithm had set the value of x3 to 3 instead of to 1. In this case, all
solutions to the object distribution problem that had not yet been eliminated for which x3 < 3 would
have been eliminated. However, since there is no solution to the object distribution problem for which
x3 = 3, a new polyline going through x3 = 3 needs to be introduced (see the dotted polyline in Figure
4.6e). With the value of x3 set to 3, the boundary value calculated for x1 is 0.5 (see Figure 4.6f). Since
the value for each xi (1 ≤ i ≤ n) must be an integer, the algorithm performs the floor function on 0.5
and therefore sets the value of x1 to 0 (see Figure 4.6g). The fact that the boundary value for the last
processed xi value (i.e., x1 ) was not an integer alerts the algorithm to the fact that it needs to execute
the backward phase. In the backward phase, the algorithm processes each of the xi values in reverse
(with respect to the order followed in the forward phase), with the exception of the last xi value to have
been processed in the forward phase, which is skipped. In this example, the algorithm skips x1 (leaving
its value set to 0), processes x3 (increasing its value to 4), processes x2 (leaving its value at 1), and then
finally processes x4 (leaving its value at 0). When processing an xi value, the algorithm calculates the
maximum possible value for the xi value on the supposition that the other xi values are fixed at their
current (not necessarily final) values. For example, when processing the x3 value, it is assumed that
x4 = 0, x2 = 1 and x1 = 0. Given these constraints, the maximum possible value for x3 is 4, so the
algorithm sets the value of x3 to 4.
The solution that is output by the algorithm in this example corresponds to the polyline shown in Figure
4.6h. Thus the nondeterministically chosen solution to the object distribution problem is: x1 = 0,
x2 = 1, x3 = 4, x4 = 0.

Fig. 4.5 An example of the operation of the DND algorithm, in which both the forward phase
and backward phase are executed.

may vary depending on certain characteristics of the input. For example, the time taken
to find the boundary value associated with a reaction rule depends on the specific definition of the reaction rule, but in our analysis we do not take into account the specifics
of this definition, and so assume a fixed time complexity for the operation. Finally, we
assume that all the reaction rules in the region are applicable in the current transition.
We consider the performance of the algorithms in the best-case, average-case and worstcase scenarios. The best-case scenario is the situation in which it so happens that as
many objects as possible are distributed to the first reaction rule to be selected, and there
are not enough objects remaining for any objects to be distributed to any of the other
reaction rules. The average-case scenario is the situation in which all reaction rules are
processed10 . The worst-case scenario is the situation in which all relevant factors that
cause an increase in time complexity are in effect.
The results of the time complexity analysis are shown in Table 5.1. We now comment
on the time complexity results.
In the best case, the two algorithms have similar time complexities. However, the DND
algorithm devotes more time than the incremental algorithm to the random selection
of reaction rules. The incremental algorithm is able to detect, straight after distributing
10 Note

that a reaction rule may be processed without being assigned any objects.
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Fig. 4.6 Graphs used in the explanation of the examples presented in Figures 4.4 and 4.5.
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.
Definitions.
n is the number of reaction rules in the region.
tsr is the time taken to randomly select a reaction rule from a collection of reaction rules
. whose size is unknown at compile-time.
t′sr is the time taken to randomly select a reaction rule from a collection of reaction rules
. whose size is known at compile-time.
tbv is the time taken to calculate the boundary value for the number of instances of a reaction
. rule.
trv is the time taken to select a value from a range of valid values at random and assign this
. value to a reaction rule as its number of instances.
tu is the time taken to update the multiplicities of available object types in the region.
tcv is the time taken to check whether the current value for the number of instances of a
. reaction rule is final.
pi is the number of times reaction rule ri is processed.
qij is the number of reaction rules still under consideration when reaction rule i is
. being processed in the j th iteration of the algorithm (a positive integer).

In the table below, we abbreviate tbv + trv + tu (i.e., the time taken to process a reaction rule) as tpr .
Time complexities

..

. Best case.

. Average case .

. Worst case .

DND
.algorithm.

nt′sr + tpr + ntcv

Between n(t′sr + tpr )
and n(t′sr + tpr + tu + tcv )

n(t′sr + tpr + tu + tcv )

Incremental
.algorithm.

tsr + tpr + ntcv

Pn

i=1

pi (tsr + tpr

Ppi
+ j=1
qij tcv ), where
pi , qi are relatively small

Pn

i=1

+

pi (tsr + tpr

P pi

j
j=1 qi tcv ),

where
pi , qi are large

Table 5.1 Time complexity analysis for the DND algorithm and incremental algorithm.

objects to the first selected reaction rule, that none of the remaining reaction rules is
able to obtain any of the remaining objects by checking in a pre-defined order the applicability of each reaction rule given the updated multiplicities of objects in the region,
and so does not need to make any further random selections of reaction rules. The DND
algorithm, on the other hand, checks the remaining reaction rules in a random order,
and therefore must perform one random selection per remaining reaction rule.
In the average case, in the DND algorithm, every reaction rule is processed at least once,
and possibly some of the reaction rules are subjected to an additional checking process,
during which it is determined whether the number of instances of the reaction rule
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should be adjusted and, if so, by how much. In
incremental algorithm, each reaction
Pthe
pi
rule is processed pi times and is subject to j=1
qij checking processes, during each
of which it is determined whether the number of instances of the reaction rule can be
increased. The values for pi and qi are in general of a moderate magnitude.
In the worst case, in the DND algorithm, each reaction rule is processed once and also
subjected to one checking process. In the incremental algorithm, the time complexity is
the same as in the average case, but the values for the constants pi and qi are in general
much larger.
The above observations suggest that the performance of the DND algorithm, at least in
terms of theoretical time complexity, is similar to that of the incremental algorithm in
the best case, clearly surpasses that of the incremental algorithm in the average case,
and significantly surpasses that of the incremental algorithm in the worst case. For the
average and worst cases, the time complexity of the DND algorithm depends on n,
whereas the time complexity of the incremental algorithm depends on n, each pi and
each qi (1 ≤ i ≤ n). In the average case, if the pi and qi values are small, although
the DND algorithm performs better than the incremental algorithm, the difference in
performance between the algorithms is not large (especially if n is small). However, as
the pi and qi values increase, the performance of the incremental algorithm diminishes
in comparison with the performance of the DND algorithm. In the worst case, the pi
and qi values are very large, and the performance of the DND algorithm is much better
than that of the incremental algorithm.
5.10 Space complexity Let m be the number of object types in the region and n
the number of reaction rules in the region. Both the DND algorithm and incremental
algorithm need to store (a) for each reaction rule in the region, the number of objects
of each object type required for the application of one instance of the reaction rule, and
(b) for each object type in the region, the current multiplicity of the object type. The
space complexity for these two items in both algorithms is O(mn + m). The DND
algorithm, unlike the incremental algorithm, requires an additional matrix, called the
traceback matrix (see Section 6.12), for the storage of data related to the updating of
the linear system. The traceback matrix contains mn elements. Therefore the overall
space complexity for the DND algorithm is O(2mn + m), whereas the overall space
complexity for the incremental algorithm is O(mn+m). Thus, at least at the algorithmic
level, the incremental algorithm is more efficient in terms of space consumption than
the DND algorithm.
5.11 Evaluation of the correctness of the DND algorithm A software program
written in Java has been developed in order to empirically verify the correctness of the
DND algorithm. This program is able to (a) create linear systems with random numbers of rows and columns and random values for the coefficients and RHS constants,
(b) generate all solutions to the object distribution problem for a given linear system,
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(c) generate a random solution to the object distribution problem for a given linear system using the DND algorithm, and verify that this solution is indeed a solution, and
(d) record the sequence of random solutions to the object distribution problem for a
given linear system, determine the frequency of occurrence of each random solution,
and compare the set of random solutions obtained with the set of all solutions.

Verification of the correctness of the results produced by the DND algorithm We have
empirically tested, using the Java program mentioned above, the correctness of the results produced by the DND algorithm. One million different randomly generated linear
systems were used as input during the testing. Both the number of rows and the number
of columns in a matrix in the linear system were limited to 20, and the value of each
coefficient and RHS constant was limited to 20. It was found that every solution output
by the DND algorithm during the testing was correct.
Verification of the ability of the DND algorithm to cover all solutions Since it might
appear that the DND algorithm takes a ‘short cut’ when finding a solution to the object
distribution problem, it is important to verify that (a) the algorithm is able to generate
all the solutions in the solution space for an instance of the object distribution problem,
and (b) the algorithm does not have any positive or negative bias towards any solution.
To verify these two properties of the algorithm, we have performed statistical analyses of the results produced by the algorithm for various input linear systems. Figure
5.7b illustrates the coverage exhibited by the algorithm for an example input linear system, for which there are 19 possible solutions, and where the algorithm was executed
approximately two million times.
Verification of the sufficient randomness of the sequence of solutions output by the
DND algorithm The solutions output by the DND algorithm must be produced in
a sufficiently random manner. To investigate the ability of the algorithm to produce
solutions in a sufficiently random manner, it is necessary to analyse the sequence of
solutions it generates when executed many times. Figure 5.7a shows the sequence of
solutions that were output by the algorithm, and the frequency of occurrence of each
solution, for a particular experiment. In this experiment, there were 56 solutions and the
algorithm was executed 560 times. The results of the experiment suggest that the DND
algorithm produces solutions in a sufficiently random manner.

6

Description of a hardware implementation of the DND
algorithm

In this section, we describe a prototype hardware implementation of the DND algorithm
that uses the reconfigurable computing technology outlined in Section 2.4. For the prototype, we used a Xilinx Virtex II FPGA. First we describe the major data structures and
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Fig. 5.7 (a) The sequence of solutions output by the DND algorithm, and (b) the frequency of
occurrence of each solution, for a particular experiment.

processing units in the implementation, and show how they interact during the execution of the DND algorithm. Then we discuss the degree to which parallelism is achieved
in the implementation. Finally, we discuss optimisations that we implemented in order
to increase the efficiency of the implementation.
In order to reduce the hardware resource consumption and increase the execution time
performance of an implementation based on reconfigurable hardware, attempts are commonly made to (a) tailor the design of the hardware components to the special characteristics of the input, (b) minimise communication between hardware components, and (c)
use constants instead of variables where possible (since constants, but not variables, can
be hard-coded into the circuit). We employed these strategies during the development of
Reconfig-P, and the result was a substantial benefit in terms of hardware resource consumption and execution time performance. However, the effectiveness of these strategies is limited when they are applied to the implementation of nondeterministic object
distribution. As nondeterministic object distribution is an inherently uncertain process,
multiple alternative scenarios need to be accommodated. This places constraints on the
use of constants and hard-coded logic, and therefore limits the ability to optimise the
hardware circuit that is generated for a particular input application. In addition, the introduction of nondeterminism inevitably increases the amount of communication between
hardware components, mainly because of the more complex interplay between reaction
rules. Thus implementing nondeterministic object distribution is more challenging than
implementing deterministic object distribution. Our purpose in developing a prototype
hardware implementation of the DND algorithm was to investigate the feasibility of
producing an efficient implementation of nondeterministic object distribution.
6.12 Data structures The major data structures in our prototype implementation
are: (a) the two-dimensional coefficient matrix for the linear system, (b) a two-dimensional
traceback matrix that records intermediate results obtained during the forward phase of
the algorithm, (c) the one-dimensional matrix containing the RHS constants of the linear
system, (d) an array for the storage of accumulated sums that are calculated during the
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execution of the algorithm, and (e) an array for the storage of the solution to the object
distribution problem that is output by the algorithm. We describe the implementation of
these data structures below.

Coefficient matrix The coefficient matrix (called CoefficientMatrix) corresponds
to the matrix A in the pseudocode for the DND algorithm in Figure 4.3. Hence it is a
two-dimensional matrix with m rows and n columns, where m is the number of object
types in the region and n is the number of reaction rules in the region.
Although our prototype implementation of the DND algorithm does not aim to support parallelism across reaction rules, we leave open the possibility of implementing
some degree of parallelism in a future implementation by using registers rather than
RAMs in the implementation of CoefficientMatrix. In our implementation, each
row of CoefficientMatrix is implemented as an array of read-only registers called
CoefficientMatrixRow. This allows parallelism both across the rows (corresponding to the object types) and across the columns (corresponding to the reaction rules)
of the matrix. However, this high degree of potential parallelism comes at the cost of
a more complicated hardware circuit when the implemented array is large (i.e., when
there is a large number of reaction rules in the region).

Traceback matrix The traceback matrix (called TracebackMatrix) corresponds to
the matrix B in the pseudocode for the DND algorithm in Figure 4.3. Each column
in this matrix records intermediate results obtained during the forward phase of the
algorithm. Only one column of the matrix is accessed at a time. Since concurrent access
to the elements in a matrix row is not required, each matrix row is implemented as an
n-entry p-bit distributed RAM called TracebackMatrixRow, where p is the bitwidth
of the coefficient values stored in the matrix. With each matrix row implemented as a
separate RAM, all elements in a column can be accessed concurrently.
It might be thought that, if the coefficient matrix has a large number of columns (i.e., if
there is a large number of reaction rules in the region), it would be better to implement
the matrix using block RAMs instead of distributed RAMs, because in this way hardware resources (specifically, LUTs) could be saved for other purposes. The Xilinx II
FPGA used in the implementation provides up to 3 MB of dedicated on-chip memory,
organised into 144 18Kb block RAMs. As the default bitwidth for a coefficient value
is 8 bits, each block RAM on the FPGA has a depth of approximately 2 Kb, which
is enough to meet the storage requirements for a large number of columns. However,
given the disadvantages of block RAMs identified in Section 2.4, using block RAMs is
most suitable when the number of reaction rules per region is large and the number of
object types per region and/or the number of regions is small. If these conditions are not
satisfied, then it is probably more efficient to use distributed RAMs.
In our implementation, by default, TracebackMatrix is implemented using distributed
RAMs. However, depending on the specific characteristics of the input application, the
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user can change the default setting in order to configure the implementation to use block
RAMs only or to use both block RAMs and distributed RAMs.

Other matrices Matrices C, V and X in the pseudocode for the DND algorithm in Figure 4.3 are implemented as RHSConstantsArray, AccumulatedArray and Solution
Array, respectively. Each of these matrices is implemented as an array of registers to
allow its elements to be accessed in parallel.
6.13 Processing units The major processing units in the prototype implementation
of the DND algorithm include a random number generator and processing units that
implement the logic of the DND algorithm. We describe the implementation of these
processing units below.

Random number generator A random number generator (called RandomNumber
Generator) is included in the implementation in order to realise (as closely as reasonably practicable) the nondeterminism of the DND algorithm.
A variety of methods of generating random numbers (really, pseudorandom numbers)
have been studied. Most of these methods involve the use of arithmetical functions.
However, because the implementation of arithmetical functions can generate deep logic
when a language such as Handel-C is used, many of these methods are not suitable for
adoption in our implementation.
A random number generator that is commonly implemented on FPGAs is the Linear
Feedback Shift Register (LFSR). An LFSR is a shift register whose input is the result
of performing the XOR (or XNOR) operation on certain bits of the shift register in its
previous state. Initially, the bits in an LFSR are initialised in a random manner11 . Then
a right-shift operation is performed. An XOR (or XNOR) operation is performed on
certain bits in the shift register, and then the result is put into the left-most bit of the shift
register. This bit may be regarded as the random number generated by the LFSR. Then
the process iterates. Although it reduces the quality of the random numbers generated
somewhat, it is possible to construct a random number by stringing together n distinct
bits from the LFSR in one of its states, rather than by using n LFSRs and stringing
together the random bits from each of the LFSRs. As the XOR/XNOR operation is
very efficient to implement on an FPGA, LFSRs are among the most efficient random
number generators for FPGAs. Figure 6.8 shows an example 32-bit LFSR.
Implementing a 32-bit shift register in a standard way using flip-flops (registers) consumes approximately 16 slices (4 CLBs) since there are two flip-flops per slice (see
Figure 2.2). However, the Virtex II FPGA used in the implementation provides a particularly efficient means of implementing LFSRs. It provides a macro that can configure
11 The ultimate source of this randomness is an external random number generator used by the software
program that generates the Handel-C code for the implementation.
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Fig. 6.8 A 32-bit Linear Feedback Shift Register (LFSR). In this LFSR, bits 9, 29, 30 and 31 are
the only bits to which the logical operation (in this case the XOR operation) is applied.

an LUT into a 16-bit shift register, thereby enabling the implementation of a 32-bit shift
register using only two LUTs (i.e., approximately one slice).
In our implementation, since the object distribution processes for different regions occur
in parallel, a 32-bit LFSR was included for each region. These LFSRs execute in parallel
with the other processing units, and constantly produce random numbers. Since the
default bitwidth for data types in the implementation is 8 bits, the last 8 bits of the
LFSR are regarded as representing the random number generated by the LFSR.
The DND algorithm requires random numbers within a certain dynamically determined
range to be generated. Although an LFSR can generate random numbers with a certain
number of bits, it is unable by itself to generate random numbers within a dynamically
determined range. In our implementation, a random number within the desired range is
obtained by dropping one bit every clock cycle (starting from the most significant bit)
from the original 8-bit random number until the random number is within the required
range.

Processing units that implement the logic of the DND algorithm As described in Section 4.7, the DND algorithm proceeds in two phases: a forward phase and a backward
phase. Similar operations are performed in the forward phase and backward phase. To
prevent the Handel-C compiler from generating redundant hardware components, the
operations that are expensive in terms of hardware resources are implemented as separate modules which can be invoked by the components that implement the main procedures for the forward phase and backward phase. These operations are FindBoundary
Value, SubstituteValue and UpdateRHSConstants. FindBoundaryValue calculates the ratios between the RHS constants and the respective coefficient values of
a variable, and returns the floor of the minimum ratio as the boundary value for the
variable. SubstituteValue computes for each coefficient value associated with a
variable the product of the coefficient value and the value of the variable, and updates
Accumulated
Array by adding each of the products to the value currently stored in the appropriate element of AccumulatedArray. UpdateRHSConstants calculates for each RHS

constant value the difference between the RHS constant value and the corresponding
value stored in AccumulatedArray, and stores these differences in the column of
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Fig. 6.9 An illustration of a hardware module implemented according to the client-server architecture.
TracebackMatrix that corresponds to the variable currently being processed.

The FindBoundaryValue, SubstituteValue and UpdateRHSConstants processing units are each implemented using a client-server architecture (see Figure 6.9). At the
centre of the client-server architecture is a data structure that consists of input registers
and output registers. A server processing unit is responsible for performing a computation using the data in the input registers and storing the output of the computation in the
output registers. It performs the computation constantly. A client processing unit that
wishes to use the server uses a client API to feed new input into the input registers when
it requires the computation to be performed, and to read the result of the computation
from the output registers (after waiting for the appropriate number of clock cycles).
Figure 6.10 shows the Handel-C code for a specific instance of the SubstituteValue operation.

For each region of the P system, the implementation includes — in addition to the
FindBoundaryValue, SubstituteValue and UpdateRHSConstants processing units
for the region — two processing units called ForwardPhaseProcessor and Backward
PhaseProcessor.
ForwardPhaseProcessor and BackwardPhaseProcessor are clients to the FindBoundaryValue, SubstituteValue and UpdateRHSConstants processing units.
ForwardPhaseProcessor implements the main procedure of the forward phase of the DND

algorithm. When processing a reaction rule, it invokes the aforementioned processing
units, and also performs its own operations, such as assigning a random value to the reaction rule and writing intermediate results into TracebackMatrix. BackwardPhase
Processor implements the main procedure of the backward phase of the DND algorithm. It operates in a similar manner to ForwardPhaseProcessor, but processes the
reaction rules in reverse order. When processing a reaction rule, BackwardPhaseProc
essor either adjusts or confirms the value that was assigned to the reaction rule in the
forward phase.
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struct SubstituteValueStructure
{
. unsigned int 8 A0, A1;
. unsigned int 8 B ;
. unsigned int 8 C0, C1;
}
typedef struct SubstituteValueStructure
SVStruct;
macro proc SubstituteValueServer(SVPtr)
{
. /* Constantly performs the computation
*/
. while(1)
. {
. par
. {
.
SVPtr->C0= SVPtr->B∗SVPtr->A0;
.
SVPtr->C1= SVPtr->B∗SVPtr->A1;
. }
}
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macro proc SubstituteValueAPI
(SVPtr, Address, Value)
{
. /* Send data to server */
. par
. {
. SVPtr->A0=CoefficientMatrixRow0[Address];
. SVPtr->A1=CoefficientMatrixRow1[Address];
. SVPtr->B=Value;
. }
. /* Wait for substitution to be
performed */
. delay;
. /* Receive (and store) data from
server */
. par
. {
. AccumulatedArray[0]+=SVPtr->C0;
. AccumulatedArray[1]+=SVPtr->C1;
. }
}

Fig. 6.10 An example of Handel-C code for the SubstituteValue operation, an operation
which uses the client-server architecture.

6.14 Interaction between the data structures and processing units Figure 11
shows a high-level view of the interactions that occur between the various data structures and processing units during the execution of the DND algorithm.
6.15 Parallelism The presentation of the DND algorithm in Figure 4.3 is intended
to indicate the fundamental nature of our proposed approach to the solution of the object distribution problem. It does not take into account characteristics of the specific
computing platform on which the algorithm is to be executed. However, because any
consideration of the implementation of the DND algorithm on a hardware-based parallel computing platform should include an investigation of possible ways of implementing the algorithm as a parallel algorithm in order to minimise its time complexity, we
now indicate some of the ways in which the DND algorithm can be implemented in a
parallel manner.
Regarding system-level parallelism, it is obvious that the instances of the DND algorithm for the different regions of the P system can be executed in parallel. Regarding
region-level parallelism, during the processing of a reaction rule, operations that are
performed on individual object types associated with the reaction rule (i.e., performed
on rows of the relevant matrices) can be executed in parallel. That is, parallelism across
object types can be achieved. However, because of the interdependence between the
numbers of instances of the reaction rules to be processed by the DND algorithm, there
is no potential for the exploitation of parallelism across the main processing performed
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Forward phase
1:
2:
3a:
3b:
3c:
3d:
4:
5a:
5b:
6:
7:
8a:
8b:
9a:
9b:
10:
11a:
11b:
12a:
12b:

obtain address for current variable from
pass address of current variable to
obtain intermediate RHS constants for current
variable from
obtain coefficients for current variable from
obtain RHS constants for current variable from
pass RHS constants (or intermediate RHS
constants) and coefficients to
obtain boundary value for current variable from
obtain random number from
process random number to make it less than or
obtain RHS constants from
store random provisional value or final value for
variable in
pass random provisional value for current
variable to
obtain coefficients for current variable from
pass coefficients to
obtain products of variable value with
coefficients from
store products in
pass address of current variable to
obtain RHS constants for current variable from
pass RHS constants to
obtain intermediate RHS constants from
store intermediate RHS constants in

.

Backward phase
a:
b1:
b2:
c1:
c2:
d1:
d2:
e:
f1:
f2:
f3:
g1:
g2:
h:
i1:
i2:
i3:
i4:
j:
k:

obtain addresses for previous, current and next
variables from
obtain final value of previous variable from
pass final value to
obtain coefficients for previous variable from
pass final value and coefficients to
obtain products of final value with coefficients
from
store products in
pass addresses of current and next variables to
obtain RHS constants from
obtain intermediate RHS constants for next
variable from
pass RHS constants or intermediate RHS
constants to
obtain updated intermediate RHS constants for
current variable from
store intermediate RHS constants in
pass address of current variable to
obtain coefficients for current variable from
obtain intermediate RHS constants for current
variable from
obtain RHS constants for current variable from
pass RHS constants (or intermediate RHS
constants) and coefficients to
obtain boundary value for current variable from
store boundary value for current variable in

Fig. 6.11 A high-level view of the interactions that occur between the various data structures and
processing units in the prototype implementation during the execution of the DND algorithm.
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for these reaction rules (i.e., across columns of the relevant matrices)12 . Even so, there
are some operations that can be carried out in parallel in order to speed up the DND
algorithm (in both the forward phase and backward phase). For instance, lines 5, 14 and
15 in the pseudocode in Figure 4.3 can be executed for all the reaction rules before the
start of the DND algorithm so that those reaction rules to which it is impossible that
objects be distributed can be entirely removed from consideration immediately. In this
way, the DND algorithm would need only to process a subset of the reaction rules. In
addition, during the execution of the DND algorithm, lines 7, 14, 15 and 28 can be concurrently and constantly executed for all the reaction rules other than the reaction rule
currently being processed in the usual way by the DND algorithm. This would result in
the numbers of instances of some of the reaction rules being preemptively set to zero or
finalised. These reaction rules would not need to be processed by the DND algorithm in
the usual way. This would enable the detection of the following two types of situations:
(a) at the end of the forward phase, no values need to be adjusted, and (b) at some point
during the backward phase, none of the remaining values needs to be adjusted. In the
first case, the backward phase can be skipped entirely, even if the boundary value for the
last reaction rule to be processed in the forward phase is not an integer. In the second
case, it would be possible to preemptively terminate the backward phase.
The purpose of our existing implementation of the DND algorithm is to investigate the
feasibility of incorporating an efficient implementation of nondeterministic object distribution into Reconfig-P. So in this work we are interested primarily in the average-case
execution of the DND algorithm. In the average case, all of the reaction rules need to
be processed in the usual manner, one after the other (i.e., it is not possible to preemptively set the number of instances of any of the reaction rules to zero). Thus, our current
implementation of the DND algorithm achieves full parallelism at the system level and
parallelism across object types at the region level. If we determine that it is feasible to
incorporate an efficient implementation of the DND algorithm into Reconfig-P, we will
take advantage of the existing parallelism across reaction rules achieved by the current
version of Reconfig-P in the implementation of the parallelised preemptive termination
strategies outlined above. At present, CoefficientMatrix is implemented as an array
of registers to make the realisation of these strategies possible.
Given that our prototype implementation achieves system-level parallelism, the number of clock cycles taken to complete the object distribution process for every region
is equal to the number of clock cycles taken to complete the most time-consuming of
these processes. Within each region, the major processing units that perform computations across object types (such as SubstituteVariableServer and UpdateSystemServer) take only one clock cycle to complete their respective computations. Also performing its computation across object types, the Find
BoundaryValueServer processing unit, provided that the standard Handel-C imple12 Although it is conceivable that one could develop a nondeterministic algorithm that implements parallelism across the main processing for the reaction rules, such an algorithm is likely to involve complicated
and potentially numerous rollbacks.
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mentation of division is used, takes log2 m clock cycles to complete its operations, where
m is the number of object types.
6.16 Optimisations aimed at reducing path delays in the circuit Typically the
execution of an operation on a digital circuit involves a routing delay (because of the
time taken for the transmission of inputs and outputs) and a logic delay (because of
the time taken for data to be passed through a series of logic gates). Roughly, the path
delay for an operation is the sum of the routing delay and the logic delay associated
with the execution of that operation. As the clock rate of the whole hardware system is
determined by the longest path delay on the circuit, it is important to evenly distribute
the path delays among the various operations.
Instead of manually placing hardware components at specific locations on the chip, it
is possible in our case to reduce the path delay in an indirect manner by generating the
Handel-C code in such a way that it can be converted by the Handel-C compiler and
Xilinx synthesis tools into a circuit with efficient placement and routing.
We now briefly describe two methods by which we reduced path delays in our implementation: duplication of hardware components and logic depth reduction.

Duplication of hardware components In the implementation of an operation, wherever possible, if the cost of routing data to/from a component is greater than the cost of
implementing a duplicate component at a more optimal location, then a duplicate component is implemented. For example, in the forward and backward phases of the DND
algorithm, different arrays of column indices are used, even though in principle a single
array of column indices could be used for both phases.
Logic depth reduction In our implementation, since an operation expressed as a single
Handel-C statement will always execute in exactly one clock cycle, the execution time
performance of the implementation can be improved by reducing the logic depth generated by the statement that generates the greatest logic depth. The logic depth generated
by a statement can be reduced by decomposing complex logical operations into several less complex operations by introducing local registers to store intermediate results
and consequently spreading the operation over multiple clock cycles. For example, in
FindBoundaryValueServer, the process of comparing the list of ratios between the
number of objects available and the number of objects required by a reaction rule for
each object type is performed in a tree-like fashion with each level of the tree processed
in one clock cycle.
The logic depth of a statement can also be reduced by avoiding the use of operations
that generate very large combinatorial circuits. For example, to calculate the ratios in
the FindBoundaryValueServer, one could use the standard Handel-C division operator. When implemented at the hardware level, the operation denoted by this operator
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consumes only one clock cycle, but generates deep logic and uses significant hardware
resources. As a consequence, alternative means of performing the division operation
may be considered. One option is to implement the division operation using bit shifts.
Because bit shifts can be implemented very efficiently on FPGAs, for our implementation the default setting is that division operations are implemented using bit shifts.
The algorithm in Figure 6.12 describes how the division operation is accomplished in
our implementation using bit shifts. In Handel-C, each step in the algorithm can be
implemented in one clock cycle without generating deep logic. So the total number of
clock cycles taken to execute a division for two 8-bit variables is fixed at 25. Thus the
advantage of this method is that a division can be performed in a fixed number of steps,
each of which can be implemented in Handel-C in a fixed number of clock cycles.
As we have observed, reducing a path delay associated with the execution of an operation usually results in increasing the number of clock cycles taken to execute the
operation. Thus, in the optimisation of a circuit, a trade-off needs to be made between
minimising the number of clock cycles and maximising the clock rate. Hence careful
judgement needs to be applied in attempting to satisfy the overall performance requirements for the circuit.

7

Evaluation of the hardware implementation of the DND
algorithm

In this section, we evaluate our prototype hardware implementation of the DND algorithm. More specifically, we report experimental results related to the hardware resource
consumption and clock rate of the implementation. Collectively, these results provide
insight into the efficiency of the implementation, and suggest whether it is feasible to inInteger division algorithm
1. Initialise all the registers. The remainder has a width double the default width. Initialise
the right
. half of the remainder register with the value of the dividend and initialise the left half
of the remainder
. register with zeros.
2. Subtract the value of the divisor register from the left half of the remainder register.
3. If the value of the remainder is negative, restore the value of the remainder to its value
prior to the
. subtraction operation occurring, perform a right-shift operation on the remainder, and
then insert
. 0 at the right end of the remainder register. Otherwise, perform a right-shift operation
on the
. remainder, and insert 1 at the right end of the remainder register.
After n steps, where n is the default width, the remainder register contains the quotient
in its right half and the remainder in its left half.

Fig. 6.12 A division algorithm using bit shifts.
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Regions

Rules

-cation

Object types

Appli-

× regions

-cation

Regions

Rules

Object types

Appli-

× regions

-cation

Regions

Rules

Object types
× regions

A1

2

8

8

B1

4

16

8

C1

4

8

16

A2

4

16

16

B2

4

16

16

C2

4

16

16

A3

8

32

32

B3

4

16

32

C3

4

32

16

A4

16

64

64

B4

4

16

64

C4

4

64

16

A5

24

96

96

B5

4

16

96

C5

4

96

16

Table 7.2 Details of the input applications used in the experiments.

corporate the implementation into a hardware implementation of membrane computing
such as Reconfig-P.
Before presenting the experimental results, we describe the experiments that have been
conducted.
7.17 Details of the experiments Each experiment essentially involved the generation of hardware circuits for a particular instance of the object distribution problem, and
the measurement of certain characteristics of these hardware circuits.
To perform the experiments, we developed two software programs. One program is able
to automatically generate a set of linear systems (corresponding to a set of regions in
a P system), where the coefficients and RHS constants of each linear system are set
randomly. We refer to such a set of linear systems as an input application. The other
program is able to analyse an input application and generate a Handel-C program that
implements the DND algorithm for each linear system in the application.
Hardware circuits were generated for three classes of input applications. The applications in a given class are ordered according to their size as measured by a particular
parameter. In the first class, applications differ with respect to the number of object
types per region. In the second class, applications differ with respect to the number of
reaction rules per region. And in the third class, applications differ with respect to the
number of regions. The details of the input applications are given in Table 2.
Three circuits, and therefore three Handel-C programs, were generated for each input
application. One of the circuits used block RAMs, whereas the other two circuits used
distributed RAMs (the default option for memory). One of the two circuits using distributed RAMs used the standard Handel-C division operator, whereas the other circuit
using distributed RAMs used the division algorithm specified in Figure 6.12. After compilation, each Handel-C program was synthesised into a circuit using Xilinx tools.
7.18 Experimental results Table 7.3 shows the results of the experiments. In the
table, the values of various parameters are recorded for 45 hardware circuits (generated for the 15 input applications). The first of these parameters, the percentage of the

An algorithm for nondeterministic object distribution in P systems

359

available LUTs used, serves as a measure of the overall hardware consumption of the
implementation. The second of these parameters, the percentage of the available LUTs
used as RAMs, serves as a measure of the extent to which hardware resources on the
chip are used for data storage. In cases where block RAMs are used, the percentage of
the available block RAMs used is recorded. For each circuit, the clock rate at which the
circuit executes the input application is also recorded.

Influence of the type of scaling applied In terms of influence on hardware resource
consumption, varying the number of regions has a greater effect than varying the number of object types, which in turn has a greater effect than varying the number of reaction
rules. This is in accordance with our expectations. Since, to preserve system-level parallelism, an instance of the DND algorithm has to be implemented for every region, if the
number of regions is increased, the hardware components that implement the DND algorithm need to be replicated once for each additional region. Consequently, the degree
of hardware consumption increases approximately linearly with the number of regions.
An increase in the number of object types results in a sublinear increase in hardware
resource consumption mainly because of the fact that the hardware components that
implement the major operations of the algorithm need to be replicated to allow parallel
processing across object types. Since reaction rules (i.e., columns in the coefficient and
traceback matrices) are processed one after the other, the relevant hardware components
do not need to be replicated for the sake of parallel processing, and therefore increasing
the number of reaction rules has a minimal effect on hardware resource consumption.
Influence of the type of RAMs used As expected, in general, circuits using distributed
RAMs achieve higher clock rates than circuits using block RAMs. In terms of influence
on hardware resource consumption, the percentage of the available LUTs used when
distributed RAMs are used is approximately the same as the percentage used when
block RAMs are used. However, it is noticeable that, when the number of reaction rules
increases, the amount of block RAMs used remains constant. This is because each block
RAM can store a large amount of data. In summary, it is generally advantageous to use
distributed RAMs rather than block RAMs, but the use of block RAMs should perhaps
be considered when there is a very large number of reaction rules.
Influence of the optimisation of the division operation In order to determine the effect
of our optimisation of the division operation (see Section 6.16), for each application,
both a circuit using the standard Handel-C division operation and a circuit using the
bitshift division algorithm shown in Figure 6.12 were generated and compared. As illustrated in Table 7.3, circuits using the standard Handel-C division operation consume
significantly more hardware resources (almost three times more in the case of application B5) and achieve lower clock rates than circuits using the bitshift division algorithm.
This is largely due to the large combinatorial circuit that is generated by the standard
Handel-C division operation. In summary, the results demonstrate that our introduction
of an alternative to the Handel-C division operation is well motivated.
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Overall assessment of the hardware resource consumption results The hardware resource consumption results are illustrated in graphical form in Figure 7.13.
As expected, the implementation of the DND algorithm consumes more hardware resources than the algorithm for deterministic object distribution used in Reconfig-P.
Even so, in regard to our goal of incorporating nondeterministic object distribution into
Reconfig-P, the hardware resource consumption results are promising. For example, executing the application with the largest number of regions (i.e., application A5) using the
bitshift division algorithm requires only approximately 29% of the hardware resources
to be used.

Overall assessment of the clock rate results In the default configuration (i.e., when
distributed RAMs and bitshift division are used), the clock rates observed in the experiments range from 53 MHz to 77 MHz, with the average clock rate being 67 MHz.
Incidentally, this average clock rate is almost exactly equal to the rate of the PCI bus
which connects the host computer and FPGA used in Reconfig-P. Reconfig-P, in its current configuration, cannot exceed a clock rate of 66 MHz, regardless of the clock rate
of the circuit being executed, because its clock rate is limited by the rate of the PCI bus.
So, given that our ultimate goal is to incorporate the DND algorithm into Reconfig-P,
the clock rate results are definitely promising.

Fig. 7.13 Hardware resource consumption and clock rate results for the prototype hardware implementation of the DND algorithm in its default configuration.

8

Conclusion

We have devised an elegant and efficient algorithm for nondeterministic object distribution in P systems: the DND algorithm. We have also successfully implemented this
algorithm in hardware using reconfigurable computing technology, thereby showing that
it is suitable for implementation using such technology.
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Application

Using distributed RAMs and bit-

Using distributed RAMs and

Using block RAMs and

shift division (default configuration)

Handel-C division

bitshift division

% of

% LUTs

Clock

% of

% LUTs

Clock

% of

% of

Clock

LUTs

as RAMs

rate

LUTs

as RAMs

rate

LUTs

BRAMs

rate

Scaling number of regions
A1

2.81%

0.10%

76

5.64%

0.10%

50

2.81%

5.55%

76

A2

5.10%

0.20%

76

10.77%

0.20%

48

5.28%

11.11%

71

A3

10.00%

0.40%

60

20.86%

0.40%

51

10.00%

22.22%

61

A4

19.32%

1.80%

56

40.96%

0.80%

46

19.50%

44.44%

57

A5

28.55%

1.21%

53

61.24%

1.21%

42

29.13%

66.66%

52

Scaling number of object types
.
B1

3.45%

0.11%

77

6.15%

0.11%

64

3.32%

5.55%

68

B2

5.10%

0.20%

76

10.77%

0.20%

48

5.28%

11.11%

71

B3

8.77%

0.40%

73

20.41%

0.39%

50

9.01%

22.22%

61

B4

15.57%

0.77%

65

38.54%

0.77%

46

15.16%

44.45%

60

B5

22.52%

1.15%

58

64.02%

1.15%

30

21.71%

66.66%

51

Scaling number of reaction rules
C1

4.37%

0.20%

75

6.70%

0.19%

53

4.29%

11.11%

68

C2

5.10%

0.20%

76

10.77%

0.20%

48

5.28%

11.11%

71

C3

6.49%

0.21%

67

12.50%

0.21%

48

6.39%

11.11%

66

C4

7.71%

0.21%

64

13.51%

0.21%

42

7.42%

11.11%

59

C5

8.54%

0.44%

53

14.00%

0.43%

41

8.06%

11.11%

52

Table 7.3 Hardware resource consumption and clock rate results for the prototype hardware implementation of the DND algorithm.

Our prototype hardware implementation of the DND algorithm realises the DND algorithm as a standalone process. Therefore we have not yet demonstrated that nondeterministic object distribution can be incorporated into Reconfig-P, which includes the
other elements of basic cell-like P systems (such as updating of object multiplicities as
a result of the application of reaction rules, and synchronisation of the applications of
reaction rules occurring in different regions), without compromising too significantly
its performance, flexibility or scalability. For example, it is conceivable that combining the existing standalone implementation of the DND algorithm with the existing
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implementation of Reconfig-P will give rise to placement and routing problems that
will significantly reduce the current clock rate and/or significantly increase the current
hardware resource consumption of Reconfig-P. Nevertheless, our results provide strong
evidence that nondeterministic object distribution can be incorporated into Reconfig-P
as desired.
Our future work will involve an attempt to successfully incorporate the DND algorithm
into Reconfig-P.
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In this paper, membrane algorithms solving job-shop scheduling problems
(JSSP) are investigated. Two types of membrane algorithms are constructed by
adding constraints of JSSP to components of membrane algorithms for solving
travelling salesman problems. Computer simulations show that the algorithms
can get considerably good approximations for several benchmark problems.

1

Introduction

Membrane algorithm [5–7] is a practical application of P system [9]. A membrane algorithm solves a combinatorial optimization problem using a framework from P system,
i.e., a nested membrane structure. Each region which is separated by two consecutive
membranes has a subalgorithm and a few tentative solutions of the problem. The subalgorithm converts the solutions into new solutions and then they are exchanged with
adjacent regions. A better solution is sent to the inner region and a worse solution is
sent to the outer region. Thus a well approximate solution will appear in the innermost
region and it will be the output of the algorithm.
Membrane algorithm has two features, which other approximate algorithms seldom
have. There is a spatial variety of subalgorithms in addition to (possibly) temporal
variety. Many approximate algorithms, e.g., simulated annealing [2], change their parameters as the computation proceeds. On the other hand, membrane algorithm can
assign various parameters to subalgorithms and let them run simultaneously. Secondly,
membrane algorithm can combine subalgorithms based on different principles, e.g., genetic algorithm and simulated annealing. Using these features, a membrane algorithm
has given good approximate solutions for the travelling salesman problem (TSP for
short) [8].
In this paper, we apply membrane algorithm to the job-shop scheduling problems (JSSP
for short). JSSP is a well known NP-hard optimization problem which is investigated
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for about a half century [3]. Two types of membrane algorithms solving JSSP are constructed by modifying the algorithm for TSP [8], one has local search subalgorithms
with temperature parameter (simulated annealing type) and a genetic algorithm with
recombination only (no mutations) and the other has local search only. Computer simulations show that the algorithms can get considerably good approximations for several
benchmark problems.

2

Job-shop scheduling problems

A job-shop scheduling problem (JSSP) consists of a number of jobs and a number of
machines. In what follows we consider a JSSP with m machines (1, . . . , m) and n jobs
(1, . . . , n). Each job i must be processed by all machines and each machine can process
only one job at a time. A machine cannot be interrupted when it begins to process a job.
Machine j finishes job i in a process time pij . For every job, an order of machines on
which the job is processed is given by an instance of JSSP. The order is called a technical
order. For every pair of job i and machine j, the process time pij is also given.
A schedule is assignments of beginning and ending times to all pairs of jobs and machines. The time to complete all jobs is the interval between the earliest beginning time and
the latest ending time, which is called a makespan. Given technical order and process
times pij , JSSP is to find a schedule of shortest makespan.
Table 2.1 A technical order (left) and process times (right) of 3 × 3 JSSP. Each entry of the left
table shows the machine on which the job is to be processed at the order. The right table shows
the process times pij , 1 ≤ i ≤ 3 and 1 ≤ j ≤ 3.

jobs
1
2
3

order
1st 2nd 3rd
1
2
3
1
3
2
2
3
1

jobs
1
2
3

1
3
2
1

machines
2
3
3
2

3
2
5
6

Example 1. Table 2.1 shows a technical order and process times of JSSP with 3 jobs
and 3 machines.
A schedule is visualized by a Gantt chart. The left chart of Figure 2.1 shows a schedule
in which each machine processes jobs in the order 1,2,3. The makespan of the left chart
is 27. The right chart shows a schedule which gives the shortest makespan 15. There are
more than one schedules which give the shortest makespan.
2
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Fig. 2.1 Gantt charts of a schedule (A) and one of the optimal schedule (B).

Input: The solution matrix S = (sij ).
Output: Solution matrix S ′ which is modified so that no deadlock occurs.
Symbols: processed[i] is a set of jobs which are processable on machine i. The initial
value of processed[i] is {si1 } if job si1 is processed on machine i at first by
the technical order, ∅ otherwise.
1. Let j = sik be the job which is examined whether it is processable or not.
1.1 Let l be the order that job j is processed on machine i at l-th order in the
technical order.
1.2 If l = 1 (the top the the technical order) or j ∈ processed[tjl−1 ] (where tjl−1
is the machine on which job j is processed at l − 1-st order),
1.3 then insert j into processed[i] (job j is processable on machine i).
2. If there are no jobs which become processable by steps 1.1—1.3 (there is a
deadlock)
2.1 Select i randomly from 1, . . . , m.
2.2 Let j = sik be the first job which is not processable on machine i.
2.3 Let l be the order that job j is processed on machine i at l-th order in the
technical order.
2.4 ∀x ∈ {1, . . . , l} if j 6∈ processed[tjx ] (job j is not processable on machine tjx )
then do
2.4.1
Let y be an integer such that stjx ,y = j.
2.4.2
Swap sik and stjx ,y .
2.4.3
Insert j into processed[tjx ].
Fig. 3.2 An outline of deadlock removing algorithm.

3

Design of membrane algorithm

We use an n×m matrix S to denote a solution of JSSP with n jobs and m machines. The
i, j element sij of S denotes that job sij is processed on machine i at the j-th process
of the machine. The beginning and ending times and the makespan are automatically
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computed from S and the process times. For example, the next matrices S1 and S2
represent schedules A and B in Example 1




213
123




S1 =  1 2 3  and S2 =  3 2 1  ,
231
123

respectively.

Using the above notation, subalgorithms for a membrane algorithm solving JSSP are
easily made from algorithms commonly used for other optimization problems, since
solutions of many optimization problems are expressed in a vector or a matrix. In this
paper, we make two subalgorithms which use one of the following principles.
The first one is a local search based on a random exchange. Let v = (a1 , . . . , vk ) be
a vector. Then a vector v ′ = (v1 , . . . , vi−1 , vj , vi+1 , . . . , vj−1 , vi , vj+1 , . . . , vk ) where
1 ≤ i < j ≤ k are randomly selected integers is a neighbour of v.
The second one is an order crossover on two vectors which has been developed for
genetic algorithm [4]. Since an order crossover is complicated, we explain it by an
example. Let
A = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10)
B = (8, 7, 1, 2, 3, 10, 9, 5, 4, 6)
be vectors to be crossed over. Crossing positions, in this example 5 and 7, are randomly
selected
A = (1, 2, 3, 4, | 5, 6, 7, | 8, 9, 10)
B = (8, 7, 1, 2, | 3, 10, 9, | 5, 4, 6).
We would like to insert the subsequence (5, 6, 7) between the crossing positions of
A to the corresponding part of B. In order to remove duplications (5,6,and 7) in the
resulting vector (8, 7, 1, 2, 5, 6, 7, 5, 4, 6), numbers 5, 6, and 7 in B are marked by H
(and duplicated numbers in A are done so)
A = (1, 2, H, 4, | 5, 6, 7, | 8, H, H)

B = (8, H, 1, 2, | 3, 10, 9, | H, 4, H).
The marked positions are filled with a sliding motion that starts following the second
crossing position
A = (4, 5, 6, 7, | H, H, H, | 8, 1, 2)
B = (2, 3, 10, 9, | H, H, H, | 4, 8, 1).
Finally, subsequences between the crossing positions are placed and the new vectors are
obtained
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A′ = (4, 5, 6, 7, | 3, 10, 9, | 8, 1, 2)

B ′ = (2, 3, 10, 9, | 5, 6, 7, | 4, 8, 1).
Using the above principles, we have designed Brownian and GA subalgorithms. A
Brownian subalgorithm has one schedule matrix S. It makes a new matrix S ′ by the
local search on one randomly selected row of S. If the makespan τ ′ of S ′ is smaller
than the makespam τ of S, then S ′ is accepted as the solution that is sent to the adjacent
regions. Otherwise, S ′ is accepted in probability exp(τ − τ ′ )/T where T is a “temperature” parameter. If S ′ is not accepted, S becomes the solution to be sent. At the solution
exchange phase, if the solution in the outer region is better than the solution in the inner
region, then the two solutions are exchanged. In order for a solution not to go through
all regions at one iteration of subalgorithms, exchanges between two Brownian regions
are done every other iteration step.
A GA subalgorithm has two schedule matrices. The algorithm crosses every pair of corresponding rows of the matrices with the order crossover and makes two new matrices.
The best solution of the four (old and new) solutions is sent to the inner region and the
worst solution is sent to the outer region.
We must careful with deadlocks which are hidden in the matrix notation. In Example 1,
the next matrix Sd cannot be processed


312


Sd =  2 3 1  .
123

We denote (Mx , Jx ) <T (My , Jy ) (resp. (Mx , Jx ) <S (My , Jy )) if the combination
of machine Mx and job Jx must be processed earlier than the combination of My and
Jy by the technical order (resp. solution S). Then we have the next relations:
(M1 , J3 ) <Sd (M1 , J2 ),

(M3 , J2 ) <Sd (M3 , J3 )

(M1 , J2 ) <T (M3 , J2 ),

(M3 , J3 ) <T (M1 , J3 ),

which make a loop (M1 , J3 ) < (M1 , J3 ) or a deadlock. Although algorithms specific
to JSSP use other data structures, e.g., a graph, we use matrix and a deadlock removing
algorithm. Outline of the deadlock removing algorithm can be found in Figure 3.2.

4

Computer Experiments and their results

We examine two types of membrane algorithms. One has 20 membranes and a Brownian subalgorithm in each region. The temperature of the innermost region is 0. The
temperature of region r (0 < r < 20) is given by Tmax θ19−r where
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θ=

r

20

Tmin
,
Tmax

Tmax = 0.5mtmax , and Tmin = 0.5tmin /m in which m is the number of machines and
tmax and tmin are the maximum and minimum process time, respectively. This type is
called “all B”.
The other type has 20 membranes and one subalgorithm of genetic type and 19 Brownian subalgorithms. The innermost region (region 0) has Brownian with temperature 0,
region 1 has genetic subalgorithm, and regions 2 to 19 have Brownian with temperature
varying from 0 to the maximum. The temperature T of region r (2 ≤ r < 20) is given
by
(
0
if r = 2
T =
19−r
Tmax θ
otherwise
where
θ=

r

18

Tmin
Tmax

and Tmax and Tmin are the same as the “all B” algorithm. The genetic subalgorithm
in region 1 does the order crossover once in every 16 steps. It does nothing in every
other 15 steps. Since a crossover changes solutions largely, crossover in every step is
ill-balanced with local search. This algorithm is called “BG”.
Table 4.2 shows the results for rather simple instances. Table 4.3 shows the results for
more complex instances which are called the “10 tough problems” [1]. Every experiment consists of 20 trials. One trial is terminated after 200,000 iterations of subalgorithms at every region.
Table 4.2 Averages and standard deviations (in the parentheses) of results of membrane algorithms solving easy problems. The size is expressed by (number of jobs)×(number of machines).
The number of trials is 20 for each algorithm-problem combination. MA (all B) stands for membrane algorithm with Brownian subalgorithms only and MA (BG) stands for membrane algorithm
with Brownian and genetic subalgorithms. The “*” means that the optimum value is obtained.

Problems(optimum, size)
abz5
(1235, 10 × 10)
la1
(666, 10 × 5)
la2
(655, 10 × 10)
la19
(842, 10 × 10)

MA (all B)
1248.45 (3.23)
666 (0.0)*
655.15 (0.48)*
850.2 (4.80)*

MA (BG)
1247.55 (5.00)
666 (0.0)*
656.5 (3.04)*
850.2 (4.12)*
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Table 4.3 Best values, Averages, and standard deviations (in the parentheses) obtained by algorithms solving “10 tough problems”. CBSA+SB stands for results by T. Yamada and R. Nakano
[10]. Some optimum values are the best approximate values obtained up to now. The meaning of
other symbols are identical to Table 4.2.

Problems
(optimum, size)
abz7 (656, 20 × 15)
abz8 (645, 20 × 15)
abz9 (661, 20 × 15)
la21 (1046, 15 × 10)
la24 (935, 15 × 10)
la25 (977, 15 × 10)
la27 (1235, 20 × 10)
la29 (1152, 20 × 10)
la38 (1196, 15 × 15)
la40 (1222, 15 × 15)

5

MA (all B)
best
av.(std.)
706 715.4 (4.76)
718 730.6 (5.92)
727 745.6 (8.51)
1059 1072.9 (7.71)
951 962.1 (5.03)
995 1007.5 (7.90)
1268 1279.3 (8.35)
1202 1220.9 (11.3)
1237 1265.0 (14.5)
1262 1270.0 (6.09)

MA (BG)
best
av.(std.)
701 716 (7.67)
716 730.9 (7.73)
728 743.0 (9.46)
1058 1074.6 (8.83)
946 962.3 (7.89)
988 1008.4 (9.72)
1267 1276.0 (5.38)
1196 1223.4 (13.4)
1221 1251.7 (14.5)
1249 1270.5 (12.3)

CBSA+SB
best
av.(std.)
665 671 (3.92)
675 680 (3.13)
686 698.6 (7.42)
1046 1049.3 (3.32)
935 939.2 (1.99)
977 979.3 (1.62)
1235 1242.4 (6.15)
1154 1162.4 (7.10)
1198 1206.8 (4.53)
1228 1230.2 (2.31)

Conclusions

The membrane algorithms which are investigated in this paper cannot solve “tough
problems” as well as a specially tuned algorithm [10]. The results do not discourage
membrane algorithm because the membrane algorithms use common structures for optimization problems and only obey the JSSP specific constraint, i.e., deadlock. There
must be many possibilities for improvement.
The combination of genetic and Brownian subalgirthms slightly better than Brownian
only. This supports the advantage of membrane algorithm that it can combine subalgorithms based on different principles. Subalgorithms on various principles can widely
search the solution space and hence can avoid a local minima.
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On mathematical modeling
of anatomical assembly, spatial features,
and functional organization of cortex
by application of hereditarily finite sets
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A common ground language for linking anatomical, spatial and functional organization aspects of cortex is proposed with regards to conceptual (descriptive)
and computational approaches to cortex models formation, including distributed
computational systems inspired by cortex models. The core of that common
ground language is mathematical language of hereditarily finite sets, and some
known cortex models are described in this language of hereditarily finite sets to
link the mentioned cortex aspects.

1

Introduction

We propose a common ground language for linking anatomical, spatial, and functional
organization aspects of cortex, where the regards to conceptual (descriptive) and computational approaches to cortex models formation are respected.
The regard to conceptual approach, contained in the paper, concerns anatomical assembly, spatial features, and functional organization of cortex which are based on cortex
models proposed by V. B. Mountcastle in [27], [28] and by D. C. Van Essen in [15], [39].
In the last two papers functional organization of cortex has a form of hierarchical system
then developed and improved in [20], [21].
The regard to computational approach, contained in the paper, concerns computational
models of cortex based on the concept of a system of nested neural networks described
by J. P. Sutton et al. in [37] and on the idea of a network of networks due to J. A. Anderson and J. P. Sutton, presented in [26], [5], [6], where distributed computational systems
inspired by cortex models are also proposed.
The core of the proposed common ground language is mathematical language of hereditarily finite sets which was applied by R. Gandy in [17] to give a characterization of
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abstract computing devices (the characterization was then improved and more extensively explained by W. Sieg in [34], [35]) and by N. De Pisapia in [11] to model abstract
neural nets.
The cortex models presented in the papers quoted above are described in the language of
hereditarily finite sets in Sections 2 and 3 of the present paper, where the links between
the mentioned cortex aspects are also discussed.
The paper is aimed among others to be a hint and a brief survey of some methods of
cortex modeling and related topics for those who will approach problem B in [29] of
applications of spiking neural P systems (introduced in [22]) in neurology, in particular
in modeling cortex behaviour and computations inspired by this behaviour.
The basic concepts concerning hereditarily finite sets are introduced and explained in
the following definitions and comments.
Definition 1 We recall now the notion of a hereditarily finite set used in [17]. For a potentially infinite set L of labels or names which are urelements, i.e., they are not (treated
as) sets themselves, we define inductively a family of sets HFi for natural numbers i ≥ 0
such that
HF0 = ∅,
HFi+1 = the set of nonempty finite subsets of L ∪ HFi .
S
The elements of the union HF = {HFi | i ≥ 0} ∪ {∅} are called hereditarily finite
sets over L or hereditarily finite sets with urelements in L, or simply hereditarily finite
sets if there is no risk of confusion.
For x ∈ HF we define its weak transitive closure WTC(x) and support supp(x) by
[
WTC(y) | y ∈ x and y ∈ HF ∪ {x}
WTC(x) =
[
supp(x) = (x ∩ L) ∪ {supp(y) | y ∈ x and y ∈ HF},

and the depth of x is defined to be the smallest natural number i for which x ∈ HFi .
We write depth(x) to denote the depth of a hereditarily finite set x.
Explanatory Comments 1 One interprets a hereditarily finite set x of depth greater
than 1 and the corresponding sets WTC(x) and supp(x) in the following way.
The urelements belonging to supp(x) are elementary or indecomposable
pieces of x, the elements of WTC(x) − {x} are composed pieces of x. The set x itself is assembled, or composed, or aggregated successively from these two kinds of
pieces elementary and complex one according to membership relation ∈ restricted to
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WTC(x) ∪ supp(x). Any (pictorial or verbal) presentation of this restriction of ∈ may
serve as a plan or an algorithm of an assembly of x. If x is a model of a system, e.g.,
an organ in biology, the elements of supp(x) correspond to indecomposable pieces of
this system and the elements of WTC(x) − {x} correspond to composed pieces of this
system.
Explanatory Comments 2 For a hereditarily finite set x the collection
{supp(y) | y ∈ WTC(x)} can represent spatial aspect of x as a collection of sets
of regions of a space (on topological level of abstraction) in which pieces of x are
placed. Hence the assignment y 7→ supp(y) (y ∈ WTC(x)) links assembly aspect of x
represented by WTC(x) with spatial aspect of x represented on topological level of
abstraction by {supp(y) | y ∈ WTC(x)}.

2

Columnar and areal organization of cortex

In this section we discuss anatomical, spatial, and functional organization aspects of
cortex with a regard to conceptual approach to cortex models formation. We show how
cortex can be modelled in terms of hereditarily finite sets to provide linking of these
aspects.
We begin the discussion with anatomical aspect of cortex. The columnar and areal organization of cortex described in [27], [39], discussed also in [8], [10], [23], [24], and
the proposed interpretation of hereditarily finite sets in Explanatory Comments 1 give
rise to the following main example of hereditarily finite sets.
Main example 1 Anatomical assembly of cortex with respect to its columnar and areal
organization can be modelled by hereditarily finite set xcortex of depth 4 such that
•
•
•
•

xcortex itself is the set of all areas of cortex,
areas of cortex are non-empty sets of hypercolumns of cortex,
hypercolumns are non-empty sets of columns of cortex,
columns are non-empty sets of neurons of cortex, where neurons are treated as
urelements.

We will discuss hypothetical properties of xcortex by using the following auxiliary notions.
Definition 2 A collection of sets forms a tree if and only if, for any two sets that belong
to the collection, either one is wholly contained in the other, or else they are wholly
disjoint. See [3].
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Remark 1 A lattice theoretical treatment of the above defined trees relates them in [25]
to ultrametric spaces, where a relationship is described by an isomorphism of appropriate categories mentioned directly in the title of [25]. For a survey of applications of
ultrametric spaces in biology and physics see e.g. [31].
Definition 3 For two elements x, y of a collection A of sets we say that x is an immediate subset of y with respect to A if x is a proper subset of y and there does not exist a
set z in A such that x is a proper subset of z and z is a proper subset of y.
Definition 4 A hereditarily finite set x is a tree-like hereditarily finite set if the assignment y 7→ supp(y) (y ∈ WTC(x)) is an injection and {supp(y) | y ∈ WTC(x)} is a
tree.
Definition 5 We say that a hereditarily finite set x is a regular hereditarily finite set if
the assignment y 7→ supp(y) (y ∈ WTC(x)) is an injection and z ∈ y implies that
supp(z) is an immediate subset of supp(y) with respect to {supp(y) | y ∈ WTC(x)}
for all y, z ∈ WTC(x).
Definition 6 We define depth-homogeneous hereditarily finite sets by induction in the
following way:
• a depth-homogeneous hereditarily finite set of depth 1 is a finite non-empty set of
urelements,
• a depth-homogeneous hereditarily finite set of depth n + 1 is a finite non-empty set
of depth-homogeneous hereditarily finite sets of depth n.
Artificial example 1 We present an example of depth-homogeneous hereditarily finite
sets of depth 3:

x =
{{1, 5}, {1, 4}, {1, 3}}, {{2, 4}, {1, 3}}, {{2, 4}, {2, 5}} is a regular
hereditarily finite set but the collection {supp(y) | y ∈ WTC(x)} is not a tree and
hence x is not a tree-like hereditarily finite set.
Theorem 2.1 Every tree-like hereditarily finite set is a regular hereditarily finite set
but the converse is not true, i.e., there exist regular hereditarily finite sets which are not
tree-like hereditarily finite sets.
Proof One proves the theorem by induction on depth of hereditarily finite sets. The
set x in Artificial Example 1 is a regular hereditarily finite set which is not a tree-like
hereditarily finite set.
2

Mathematical modeling of cortex

375

Comment 1 A collection of sets which is a tree is a form of an idealized spatial (on
topological level of abstraction) organization of a system mostly to simplify system analysis or system recurrent construction than to be a result of an evolutive natural process
of spatial adaptation of a system. This observation due to Ch. Alexander is contained
in his paper [3] concerning applications of tree structures in city planning. Thus since
by Theorem 2.1 the notion of a regular hereditarily finite set is less restrictive than the
notion of a tree-like hereditarily finite set, we propose the following hypothesis.

Hypothesis 1 The hereditarily finite set xcortex modelling cortex is a depth-homogeneous,
regular hereditarily finite set.

The assignment y 7→ supp(y) (y ∈ WTC(x)) establishes the links between anatomical
assembly aspect and spatial aspect of cortex for x = xcortex , see Explanatory Comments
2.
Functional organization aspect of cortex is modelled in [15], [39], [20], [21] by using more or less explicitly a graph of pathway connections between cortex areas. The
vertices of that graph of pathway connections are areas (or their labels, or names), the
edges are those ordered pairs of areas which are determined, among others, by functions µy,y′ : supp(y) × supp(y ′ ) → R ((y, y ′ ) ∈ xcortex × xcortex ) valued in the set R
of real numbers, where the values µy,y′ (n, n′ ) describe strength of synaptic connection
between neurons n ∈ supp(y) and n′ ∈ supp(y ′ ). The graph of pathway connections determined by functions µy,y′ ((y, y ′ ) ∈ xcortex × xcortex ) describing strength of
synaptic connections links functional organization aspect of cortex with its anatomical
and spatial aspects.

3

Multilevel (nested) neural networks and networks of
networks

In this section we discuss certain topic computational models of cortex which are based
on the concept of a system of nested neural networks described by J. P. Sutton et al.
in [37] and on the idea of a network of networks due to J. A. Anderson and J. P. Sutton
presented in [26], [5], [6].
We describe the concept of a system of nested neural networks and the idea of a network
of networks in terms of hereditarily finite sets by using the following notion.
Definition 7 For a natural number n > 1 an n-level network N is given by
• a depth-homogeneous tree-like hereditarily finite set xN of depth n, called the
underlying hereditarily finite set of N,
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• a family of state interaction functions13 µyz,z′ : supp(z)× supp(z ′ ) → R ((z, z ′ ) ∈
˙ y and y ∈ WTC(xN ) with depth(y) > 1) valued in the set R of
(y × y) − ∆
˙ y = {(z, z) | z ∈ y} for depth(y) > 2 and ∆
˙ y = ∅ for
real numbers, where ∆
depth(y) = 2,
• two functions σ N , θN : supp(xN ) → R which are state function and threshold
function of N, respectively.

The underlying hereditarily finite set xN of an n-level network N describes hierarchical
organization of N, where the elements of WTC(xN ) correspond to clusters, see [37],
and indecomposable units of N are urelements belonging to supp(xN ), e.g., neural
elements themselves or elementary processors. The state interaction functions µyz,z′ describe the strength of synaptic connections between neurons like functions µy,y′ in Section 2.
Corollary 1 Let N be an n-level network. Then
• for n = 2 the network N is a network of networks understood as in [26], [5],
• for n > 2 and y ∈ xN one obtains an (n − 1)-level network N[y] determined
by y such that y is the underlying hereditarily finite set of N[y], the family of state
interaction function of N[y] is the restriction of the family of state interaction functions of N to the case of WTC(y), and the state function with threshold function
of N[y] are the restrictions of the state function and the threshold function of N,
respectively, to the set supp(y).
Thus for n > 2 an n-level network N is a network of (n − 1)-level networks N[y]
(y ∈ xN ) of (n − 2)-level networks N[y][z] (z ∈ y), etc., where N[y] is immediately
nested in N and N[y][z] is immediately nested in N[y].

Proof The corollary is an immediate consequence of the definition of an n-level network.
2
Theorem 3.1 For a natural number n > 1, let N be an n-level network. Then there
exists a unique function µ∗ : supp(xN ) × supp(xN ) → R such that µ∗ ↾ supp(z) ×
˙ y , y ∈ WTC(xN ), where µ∗ ↾ supp(z) ×
supp(z ′ ) = µyz,z′ for all (z, z ′ ) ∈ y × y − ∆
′
∗
supp(z ) denotes the restriction of µ to the set supp(z) × supp(z ′ ).
Proof We prove the theorem by induction on n.
13 corresponding

to state interaction matrices in [5]
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Corollary 2 For a natural number n > 1 an n-level network N behaves globally as
a usual neural network whose state interaction function is that µ∗ which is given in
Theorem 3.1.
Proof The corollary is an immediate consequence of Theorem 3.1.

2

Remark 2 Assume that we are given a neural network whose hierarchical organization
is represented by a depth-homogeneous tree-like hereditarily finite set x, where supp(x)
is the set of neurons of the network and {supp(y) | y ∈ WTC(x)} is the collection
of network regions. The network may contain neighbouring network regions supp(z),
supp(z ′ ) with {z, z ′} ⊂ y ∈ WTC(x) for some y, where for all neurons n ∈ supp(z)
and n′ ∈ supp(z ′ ) there exists a synaptic connection between n and n′ . And vice versa,
the network may contain regions supp(z), supp(z ′ ) which are far one to another such
that for all neurons n ∈ supp(z) and n′ ∈ supp(z ′ ) there does not exist any synaptic
connection. The above two cases of synaptic connection and its lack give rise to the
following definition.
Definition 8 By an n-level network with neighbourhood graphs we mean an n-level
network N except it is completed by a new data which are neighbourhood graphs Gy
(y ∈ WTC(x) with depth(y) > 1) and the family of state interaction functions is
restricted by the neighbourhood graphs such that
• the set V (Gy ) of vertices of Gy is y itself, the set E(Gy ) of edges of Gy is such
˙ y for ∆
˙ y given as in Definition 7,
that E(Gy ) ⊂ (y × y) − ∆
• the family of state interaction functions µyz,z′ : supp(z) × supp(z ′ ) → R is determined by neighbourhood graphs such that (z, z ′ ) ∈ E(Gy ) and y ∈ WTC(xN )
with depth(y) > 1.
˙ y but with
The neighbourhood graphs are interpreted such that for (z, z ′ ) ∈ (y × y) − ∆
′
y
′
′
(z, z ) ∈
/ E(G ) certainly for all neurons n ∈ supp(z) and n ∈ supp(z ) there does
not exist any synaptic connection from n into n′ .
For an n-level network with neighbourhood graphs its neighbourhood graphs can be
illustrated by a Venn diagram of frontier disjoint balls, where the balls represent the elements of the weak transitive closure of the underlying hereditarily finite set of the network and the edges of the neighbourhood graphs are represented by the arcs connecting
the frontiers of the corresponding balls, e.g. Figure 10 in the paper [5] illustrates the
neighbourhood graph of corresponding 2-level network, see also Figure 1 in [37] illustrating neighbourhood graphs of a 3-level network.
Corollary 3 Let N be an n-level network with neighbourhood graphs Gy (y ∈ WTC(xN )
with depth(y) > 1). Then N determines an inductive construction of a family of graphs
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Gy (y ∈ WTC(xN )) with GxN as a final result such that the set V (Gy ) of vertices of
Gy and the set E(Gy ) of edges of Gy are given by
• V (Gy ) = supp(y) for all y ∈ WTC(xN ),
• for y ∈ WTC(xN ) with depth(y) = 1

′
E(Gy ) = (a, b) ∈ V (Gy ) × V (Gy ) | µyy,y (a, b) > 0

′

if (y, y) ∈ E(Gy ),

otherwise E(Gy ) = ∅, where y ′ is that unique element of WTC(xN ) for which
y ∈ y′,
• for y ∈ WTC(xN ) with depth(y) > 1
E(Gy ) =

[n

(a, b) ∈ V (Gy ) × V (Gy ) | µyz,z′ (a, b) > 0 (z, z ′ ) ∈ E(Gy )
o [
and z 6= z ′ ∪
E(Gz ) | z ∈ y .

Proof The corollary is an immediate consequence of the definition of an n-level network with neighbourhood graphs.
2
Remark 3 The construction in Corollary 3 is a generalization of the constructions of
an n-dimensional hypercube from the copies of hypercubes of dimensions less than n
for n > 3. For some mathematical treatment of n-dimensional hypercubes see e.g. [12]
and for their applications see e.g. [33]. Some of the constructions of higher dimensional hypercubes from the copies of hypercubes of low dimensions were pointed out by
Richard Feynman and Tamiko Thiel to apply these constructions among others for visual presentation of ‘constructive’ structure of higher dimensional hypercubes in [38].
The drawings of structures of 6-D hypercube, 9-D hypercube, and 12-D hypercube in
Chapter II of [38] can be treated intuitively as illustrations of those 2-level, 3-level, and
4-level networks with neighbourhood graphs, respectively, which determine the constructions (like in Corollary 3) of 6-D hypercube, 9-D hypercube and 12-D hypercube
from the copies of 3-D cube, respectively. The neighbourhood graphs of those 2-level,
3-level and 4-level networks are isomorphic to 3-D cube.
Remark 4 This remark is a hint for those who will approach modeling cortex behaviour by application of spiking neural P systems. The large number (about 1011 )
of neurons in human cortex and various structural cortex organizations (anatomical,
physiological, and functional one) suggest to approach modeling of cortex behaviour
by application of (higher level) networks of spiking neural P systems in a similar way
as networks of networks are applied, cf. [6]. It is worth to investigate those spiking
neural P systems whose sets of neurons and synapses form synfire braids and chains,
cf. [7], [14]. The discussion illustrated by Figure 16 in Section 5 of [1] suggests that a
concept of an n-level network of spiking neural P systems with their sets of neurons and
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synapses forming synfire chains may appear useful to model compositionality ability of
brain by binding synfire chains. Namely, one may consider those higher level constructs
(similar to construct illustrated by Figure 16 in Section 5 in [1]) which are described
in terms of spiking neural P systems whose neurons and synapses form an n-level network with neighbourhood graphs, where the levels of its hierarchical organizationation
(with respect to nesting relation in Corollary 1) may correspond to the abstraction levels
of image perceiving and processing from pixel-level, then local feature level, structure
(edge) level, object level, to object set level and scene characterization level. It gives rise
to an open problem, which is a variant of Temporal Correlation Hypothesis of Visual
Feature Integration formulated e.g. in [18], whether hierarchical organizationation of
those higher level constructs is determined by spiking trains reached in those learning
processes, e.g. in [19], which respect hierarchical organizationation like in [13].

Conclusion. The common ground language for linking various aspects of cortex models, proposed in the paper, concerns mainly the models respecting columnar and areal
organization of cortex but neuroscience and related fields contain a lot of other models
different from those which are based on columnar and areal cortex organization. Looking forwards, the proposed common ground language could be a node of a future net
(or web) of common ground languages aimed to provide a discourse between methods, treatments, and approaches, all respecting various motivations, to cortex models
formation from:
• cortex models due to E. Bienestock in [7] based on synfire chains and braids,
• the models in [32] extending the hierarchical organization of cortex pointed out by
D. H. Hubel and T. N. Wiesel, where there are specified the level of simple cells
(neurons), the level of complex cells, and the level of hypercomplex cells such that
a complex cell responds to some assembly of simple cells, and a hypercomplex
cell responds to some assembly of complex cells,
• neural net models using tensor product in [30], [36], and motivated by problems of
linguistics,
• the models of brain memory inspired by the idea of spin glass models in physics,
see [31] and Introduction to [37],
to the models inspiring construction of distributed systems realizing massively parallel
computations, cf. [6], [26], and neoperceptron due to K. Fukushima [16].
That future net could be a platform for mutual inspiration between neuroscience and
other disciplines and fields of research and engineering, e.g., city planning, where general aspects of harmony-seeking computations and evolutive processes of spatial adaptation are discussed, cf. [2].
Maybe one could form that future net of common ground languages in a similar way
to the networks of patterns forming pattern languages, due to Ch. Alexander, discussed
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in [4]. It is worth to point here that the idea of pattern languages has already inspired
computer scientists to similar constructions in the area of object programming, cf. [9].
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[22] Ionescu, M., Păun, Gh., Yokomori, Y., Spiking neural P systems, Fund. Inform.
71 (2006), pp. 279–308.
[23] Johansson, Ch., An Attractor Memory Model of Neocortex, Ph.D. Thesis, Royal
Institute of Technology, Stockholm 2004.
[24] Johansson, Ch., Lansner, A., Towards cortex sized artificial nervous systems, in:
Proc. Knowledge-Based Intelligent Information and Engineering Systems, KES’04,
Lecture Notes in Artificial Intelligence 3213, Springer, Berlin 2004, pp. 959–966.
[25] Lemin, A. J., The category of ultrametric spaces is isomorphic to the category of
complete, atomic, tree-like, and real graduate lattices LAT∗ , Algebra Universalis
50 (2003), pp. 35–49.
[26] Ling Guan, Anderson, J. A., Sutton, J. P., A network of networks processing model
for image regularization, IEEE Transactions on Neural Networks 8 (1997), No. 1,
pp. 169–174.
[27] Mountcastle, V. B., The columnar organization of the neocortex, Brain 120 (1997),
pp. 701–722.
[28] Mountcastle, V. B., Introduction to special issue on cortial columns, Cerebral Cortex 13 (2003), No. 1, pp. 2–4.
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In the last decade, different computing paradigms and devices inspired by biological and biochemical systems have been proposed. Here, we recall the notions of membrane systems and the variant of τ -DPP. We introduce the framework of chemical computing, in order to show how to describe computations by
means of a chemical reaction system. Besides the usual encoding of primitive
boolean functions, we also present encodings for instructions of register machines. Discussion will consider how this computing components can then be parts
of a more complex chemical computing system, with a structure based on the
membrane structure of τ -DPP systems, to move toward a wet implementation
using the micro reactors technology. Our work thus exploits the close relation
between such chemical processes and τ -DPP systems.

1

Introduction

In the recent years, several computational models derived from the formal abstraction
of chemical reacting systems, such as the chemical abstract machine [3], and other inspired by the structure and functioning of living cells, have been proposed. One of
these models, introduced in [14], is called P systems. The basic definition of P systems,
also called membrane systems, consists of a hierarchical structure composed by several membranes. Inside every compartment, delimited by membranes, a set of evolution
rules is placed. The rules (in particular, multiset rewriting rules) are used to describe the
evolution of the objects occurring inside the system, which describe the state.
Among the different variants of P systems, here we consider τ -DPP, presented in [5].
Within the framework of τ -DPP, the probabilities are associated to the rules, following
the method described by Gillespie in [7]. Moreover, τ -DPP extends the tau-leaping procedure [4] in order to quantitatively describe the behaviour of complex biological and
chemical systems, embedded in membrane structures composed by different volumes.
This kind of chemical reacting systems, can be also implemented using micro reactors.
Micro reactors [9], are laboratory devices composed of several reacting volumes (re-
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actors) with a volume at the scale of the µl, connected by channels used to transport
molecules.
The aim of this work is to show the correspondence between τ -DPP and chemical reacting systems occurring inside micro reactors. The close relation between the topological
description of the two systems is clear, that is, both are composed by several volumes,
and among these volumes it is possible to communicate molecules. Again, the approach
based on multiset rewriting rules, that characterises τ -DPP, is similar to the chemical
reacting process occurring within a micro reactor. Furthermore, both τ -DPP and chemical reacting systems emphasise the intrinsic stochasticity of chemical processes. The
“noise” associated to the stochastic behaviour, rules the system dynamics at the microscales. At this scale, the small volumes and the high dilutions realize a system in which
particles interaction should be described in a discrete fashion. Finally, the communication processes described by means of communication rules within τ -DPP, are strictly
related to the channels interconnecting the reactors.
In this paper, we show how these analogies can be exploited to construct a wet implementation of P systems (in particular, of τ -DPP) and its feasibility. To obtain a
description of τ -DPP that can be implemented using micro reactors, the encoding of
boolean functions and register machine through chemical reactions, following the chemical computing principles, can be exploited.
Chemical computing [6] is a technique used to process information by means of real
molecules, modified by chemical reactions, or using electronic devices programmed
following principles taken from chemistry. Moreover, in chemical computing, the result
of a computation is an emergent global behaviour based on the application of small
systems characterised by chemical reactions.
Exploiting the definition of chemical network, the description of a system, as a set of
reactions applied to a given set of molecular species, can be given. Moreover, with
the chemical organisation theory, the set of (so called) organisations, within the set of
molecular species, can be identified and then used to describe the behaviour of such
system, as the movement between the organisations.
Note that, within the framework of chemical computing, every boolean function can be
expressed by means of chemical reactions, hence, every problem can be encoded using
a set of reactions.
A different kind of problem encoding will be then presented, this is based on the instructions of register machines [13]. This approach is similar to the one related to the
chemical computing field. The idea is to use a set of chemical reactions to describe the
instructions of the register machines. For instance, in the subsection 4.4, the description
and the simulation of a decrement instruction, is presented.
The paper is organised as follows: in Section 2, membrane systems and its variant of
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τ -DPP are explained. The chemical computing framework and chemical organisation
theory are presented in Section 3. In Section 4, we show the results of the simulations
of the small components used to describe bigger systems, such as XOR and NAND
logic circuits, and the decrement instruction of a register machine. We conclude with
some discussion in Section 5.

2

Membrane systems and τ -DPP

In this section we describe the framework of membrane systems, or P systems [15],
recalling their basic notions and definitions.
We then present τ -DPP, a computational method firstly introduced in [5], used to describe and perform stochastic simulations of complex biological or chemical systems.
The “complexity” of the systems managed by means of τ -DPP, is not only related to
the number of the reactions (rules) and species (objects) involved, but it results from the
topological structure of the system, that can be composed by many volumes. Generally
speaking, the systems described using τ -DPP are represented through multiset rewriting
rules placed inside the volumes forming the system structure.
2.1 Membrane systems P systems, or membrane systems, were introduced in [14]
as a class of unconventional computing devices of distributed, parallel and nondeterministic type, inspired by the compartmental structure and the functioning of living
cells.
In order to define a basic P system, three main parts need to be introduced: the membrane structure, the objects and the rules.
The membrane structure defines the framework where multisets of objects are placed,
and evolve by means of evolution rules. Another feature of the membrane structure is
related to the management of objects communication among different membranes, using particular evolution rules. The definition of membrane structure is given through
a set of membranes with a distinct label (usually distinct numbers), hierarchically organized inside a unique membrane, named skin membrane. Among others, a representation of a membrane structure is given by using a string of square parentheses. Every
pair of matching parentheses is placed inside a special pair, denoting the skin membrane.
Hence, every pair characterises a membrane of the system.
For instance, the string µ = [ 0 [ 1 [ 2 [ 3 ] 3 ] 2 ] 1 [ 4 ] 4 ] 0 , represents a membrane structure
composed by 5 membranes, organised in four hierarchical levels. Moreover, the same
membrane structure can be represented by the string µ′ = [ 0 [ 4 ] 4 [ 1 [ 2 [ 3 ] 3 ] 2 ] 1 ] 0 ,
hence, two pairs of matching parentheses, placed at the same hierarchical level, can
be interchanged, together with their contents. This means that the order of pairs of
parentheses is irrelevant, whereas their respective relationships are important.
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Each membrane identifies a region, delimited by it and the adjacent membranes, possibly present inside it. The number of membranes in a membrane structure is called the
degree of the P system. Finally, the whole space outside the skin membrane is called the
environment.
The internal state of a P system is described by the objects occurring inside the membranes. An object can be either a symbol or a string over a specified and fixed finite
alphabet V . In order to denote the presence of multiple copies of objects inside the
membranes, multisets are usually used. A multiset consists of two components: the
base set identifying the elements that constitute the multiset, and a function associating to each element its multiplicity in the multiset. In the framework of P systems, the
multiset associated with membrane i is a map Mi : V → N.
The objects occurring inside the membranes of a P systems, specified with multisets Mi ,
are transformed by means of evolution rules. These rules are multiset rewriting rules of
the form ri : u → v, where u and v are multisets of objects. The meaning of a rule is
that the multiset u is modified into the multiset v; moreover, it is possible to associate to
v the target of the rule, that is the membrane where the multiset is placed when the rule
is applied. There are three different types of target. If the target is here, then the object
remains in the region where the rule is executed. If the target is out, then the object is
sent out from the membrane containing the rule and placed to the outer region. Note
that, if a rule with this target indication is applied inside the skin membrane, then the
object is sent to the environment. If the target is inj , where j is a label of a membrane,
then the object is sent into the membrane labelled with j. It is possible to apply this kind
of rule, only if the membrane j is immediately inside the membrane where the rule is
applied.
Starting from an initial configuration (described by a membrane structure containing
a certain number of objects and a fixed set of rules), and letting the system evolve, a
computation is obtained. A universal clock is assumed to exist: at each step, all rules
in all regions are simultaneously applied to all objects which are the subjects of evolution rules. So doing, the rules are applied in a maximal parallel manner, hence the
membranes evolve simultaneously. If no further rule can be applied, the computation
halts. The result of a computation is the multiset of objects contained into an output
membrane or emitted from the skin of the system to the environment.
For a complete and extensive overview of P systems, we refer the reader to [15], and to
the P Systems Web Page (http://ppage.psystems.eu).
2.2 τ -DPP We now introduce a novel stochastic simulation technique called τ -DPP
[5]. The aim of τ -DPP is to extend the single-volume algorithm of tau-leaping [4], in
order to simulate multi-volume systems, where the distinct volumes are arranged according to a specified hierarchy. The structure of the system is required to be kept fixed
during the evolution. In Section 2.1, we shown that the framework of membrane sys-

Toward a wet implementation for τ -DPP

387

tem satisfies this requirement, hence, the spacial arrangement of P system is exploited
in the description τ -DPP. In particular, there is a close correspondence between τ -DPP
and a variant of P system called dynamical probabilistic P systems (DPP). DPP were
introduced in [18]: they exploit the membrane structure of P systems but they associate
probabilities with the rules, and such values vary (dynamically), according to a prescribed strategy, during the evolution of the system. For the formal definitions of DPP
and examples of simulated systems, we refer the reader to [16, 17, 1, 2].
There is a difference between DPP and τ -DPP: the former provides only a qualitative
description of the analysed system while the latter is able to give a quantitative description. Though, the need for an accurate quantitative tool, led to the definition of
τ -DPP [5]. This approach is designed to share a common time increment among all the
membranes, which allows to generate an accurate distribution of rules in each compartment. This improvement is achieved using, inside the membranes of τ -DPP, a modified
tau-leaping algorithm, which gives the possibility to simulate the time evolution of every
volume as well as that of the entire system.
The internal behaviour of the membranes, is therefore described by means of a modified tau-leaping procedure. The original method, first introduced in [8], is based on the
stochastic simulation algorithm (SSA) presented in [7]. These approaches are used to
describe the behaviour of chemical systems, computing the probabilities of the reactions placed inside the system and the length of the step (at each iteration), according to
the current system state. While SSA is proved to be equivalent to the Chemical Master
Equation (CME), therefore it provides the exact behaviour of the system, the tau-leaping
method describes an approximated behaviour with respect to the CME, but it is faster
for what concerns the computational time required.
As previously said, in τ -DPP we exploit a modified tau-leaping algorithm, in order to
describer the correct behaviour of the whole system. This is achieved by letting all the
volumes evolve in parallel, through a strategy used to compute the probabilities of the
rules (and then, to select the rules that will be executed), and to choose the “common”
time increment that will be used to update the system state.
The method applied for the selection of the length of the time step is the following.
Each membrane independently computes a time increment, based on its internal state
(exploiting the tau-leaping procedure). The smallest time increment is then selected
and used to describe the evolution of the whole system, during the current iteration.
Since all volumes locally evolve according to the same time increment, τ -DPP is able
to correctly work out the global dynamics of the system. Moreover, using the “common”
time increment inside the membranes, it is possible to manage the communication of
objects among them. This is achieved because the volumes are naturally synchronised
at the end of each iterative step, when all the rules are executed.
The modified tau-leaping procedure of τ -DPP is used to select the time increment that
will govern the evolution of the system as well as the set of rules that will be executed
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during the current leap. Furthermore, in order to describe the correct behaviour of the
membranes and of the entire system, all the volumes have to independently select the
kind of evolution they will follow. The membrane can evolve in three different manners
(as described in [4]): executing either (1) a SSA-like step, or (2) non-critical reactions
only, or (3) a set of non-critical reactions plus one critical reaction. A reaction is critical,
if its reactants are present inside the system in very small amounts. The critical and noncritical reaction sets are identified at the beginning of every iteration. The separation of
these two sets is needed in order to avoid the possibility of obtaining negative quantities
after the execution of the rules (we refer the reader to [8] for more details).
After this first stage of the procedure, the membranes select the rules that will be used to
update the system, exploiting the common time increment previously chosen. A detailed
description of the algorithm will be given later on.
Formally, a τ -DPP Υ is defined as
Υ = (V1 , . . . , Vn , µ, S, M1 , . . . , Mn , R1 , . . . , Rn , C1 . . . Cn ),
where:
• V1 , . . . , Vn are the volumes of the system, n ∈ N;
• µ is a membrane structure representing the topological arrangement of the volumes;
• S = {X1 , . . . , Xm } is the set of molecular species, m ∈ N, that is, the alphabet of
the system;
• M1 , . . . , Mn , are the sets of multisets occurring inside the membranes V1 , . . . , Vn ,
representing the internal state of the volumes. The multisets Mi (1 ≤ i ≤ n) is
defined over S ∗ ;
• R1 , . . . , Rn are the sets of rules defined in volumes V1 , . . . , Vn , respectively. A
rule can be of internal or of communication type (as described below);
• C1 , . . . , Cn are the sets of stochastic constants associated to the rules defined in
volumes V1 , . . . , Vn .
Inside the volumes of a system described by means of τ -DPP, two kind of evolution
rules can be placed. These rules are called internal and communication rules. Internal
rules describe the evolution of objects that remain in the same region where the rule
is executed. Communication rules, send objects from the membrane where they are
applied to an adjacent volume. Moreover they can also modify the objects during the
communication process.
The sets of stochastic constants C1 , . . . , Cn , associated to the set of rules R1 , . . . , Rn ,
are needed to compute the probabilities of the rule applications (also called propensity
functions), along with a combinatorial function depending on the left-hand side of the
rule [7].
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The general form of internal and communication rules is α1 S1 + α2 S2 + · · · + αk Sk →
(β1 S1 + β2 S2 + · · · + βk Sk , target), where S1 , . . . , Sk ∈ S are the objects involved in
the rule and α1 , . . . , αk , β1 , . . . , βk ∈ N are the coefficients associated to the objects.
Note that we will usually consider the case where at most three objects appear in the
left-hand side of the rule. This assumption is related to the fact that the probability of
the combination of more than three objects is close to zero.
The target of the rules occurring inside the volumes of a τ -DPP can be one of the
following:
• here: the objects are modified and remain in the volume where the rule is applied
(internal rule)
• out: this means that the products of the rule are “sent outside” the source volume,
where the rule is applied, to the adjacent outer volume;
• inlabel : this means that the products of the rule are “sent inside” the volume with
the label specified in the target. This kind of rules are only allowed if the target
volume is placed inside the source membrane, and the two volumes are adjacent
(that is, there exists no other volume placed between the source and the target
volume).
• in: this means that the products of the rule are nondeterministically sent to any of
the volumes placed inside the source membrane. This kind of rule can be used instead of a set of rules with specific targets inlabel (one rule for each inner volume).
Another difference between internal and communication rules is related to the time
increment (τ ) computation. In the procedure used to compute τ , while internal rule are
involved using both left-hand and right-hand sides, in the case of communicating rules,
the method considers only their left-hand side. This distinction is needed because the
right-hand side of internal rule modifies the internal state of the membrane where the
rule is applied whereas the right-hand side of communicating rule affects the state of
another membrane, hence it is not considered during the τ computation.
Obviously, the right-hand side of communication rules will contribute to the update of
the system state, which takes place at the end of the iteration step, and will be therefore
considered to determine the state of the target volume for the next iteration step.
We now describe the τ -DPP algorithm needed to simulate the evolution of the entire
system. Each step is executed independently and in parallel within each volume Vi
(i = 1, . . . , n) of the system. In the following description, the algorithm execution
naturally proceeds according to the order of instructions, when not otherwise specified
by means of “go to” commands.
Step 1. Initialisation: load the description of volume Vi , which consists of the initial
quantities of all object types, the set of rules and their respective stochastic constants.
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Step 2. Compute the propensity function aµ of each rule rµ ,P
µ = 1, . . . , m, and evalum
ate the sum of all the propensity functions in Vi , a0 = µ=1 aµ . If a0 = 0, then
go to step 3, otherwise go to step 5.
Step 3. Set τi , the length of the step increment in volume Vi , to ∞.
Step 4. Wait for the communication of the smallest time increment τmin = min{τ1 , . . . ,
τn } among those generated independently inside all volumes V1 , . . . , Vn , during
the current iteration, then go to step 13.
Step 5. Generate the step size τi according to the internal state, and select the way to
proceed in the current iteration (i.e. SSA-like evolution, or tau-leaping evolution
with non-critical reactions only, or tau-leaping evolution with non-critical reactions
and one critical reaction), using the selection procedure defined in [4].
Step 6. Wait for the communication of the smallest time increment τmin = min{τ1 , . . . ,
τn } among those generated independently inside all volumes, during the current iteration. Then:
- if the evolution is SSA-like and the value τi = τSSA generated inside the
volume is greater than τmin , then go to step 7;
- if the evolution is SSA-like and the value τi = τSSA is equal to τmin , then go
to step 10;
- if the evolution is tau-leaping with non-critical reactions plus one critical reaction, and the value τi = τnc1c is equal to τmin , then go to step 11;
- if the evolution is tau-leaping with non-critical reactions plus one critical reaction, and the value τi = τnc1c is greater than τmin , then go to step 12;
- if the evolution is tau-leaping with non-critical reactions only (τi = τnc ), then
go to step 12.
Step 7. Compute τSSA = τSSA − τmin .
Step 8. Wait for possible communication of objects from other volumes, by means of
communication rules. If some object is received, then go back to step 2, otherwise
go to step 9.
Step 9. Set τi = τSSA for the next iteration, then go back to step 6.
Step 10. Using the SSA strategy [7], extract the rule that will be applied in the current
iteration, then go to step 13.
Step 11. Extract the critical rule that will be applied in the current iteration.
Step 12. Extract the set of non-critical rules that will be applied in the current iteration.
Step 13. Update the internal state by applying the extracted rules (both internal and
communication) to modify the current number of objects, and then check for objects (possibly) received from the other volumes. Then go back to step 2.
The algorithm begins loading the initial conditions of the membrane. The following
operation is the computation of the propensity functions (and the sum of them) in order
to check if, inside the membrane, it is possible to execute some reaction. If the sum
of the propensity functions is zero, then the value of τ is set to ∞ and the membrane
waits for the communication of the smallest τ computed among the other membranes
(τmin ) in order to synchronise with them and then checks if it is the target of some
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communication rule applied inside the other volumes. These operations are needed in
order to properly update the internal state of the membrane.
However, if the sum of all the propensity functions is greater than zero, the membrane
will compute a τ value based only on its internal state, following the first part of the
original tau-leaping procedure [4]. Besides this operation, the membrane selects the
kind of evolution for the current iteration (like the computation of τ , this procedure is
executed independently from the other volumes).
The algorithm proceeds to Step 6, where the membrane receives the smallest τ value
computed by the volumes. This will be the common value used to update the state of
the entire system. It is necessary to proceed inside every membrane using the same time
increment, in order to manage the communication of objects.
At this stage, the membrane knows the length of the time step and the kind of evolution
to perform. The next step consists in the extraction of the rules that will be applied in
the current iteration. In order to properly extract the rules, several conditions need to be
checked.
In the case the membrane is evolving using the SSA strategy: if τmin is the value generated inside of it, then it is possible to extract the rule, otherwise the execution of the rule
is not allowed, because the step is “too short”. In the next stage, the membrane verifies
for possible incoming objects, to update its internal state according to the communication rules (possibly) executed inside the other regions. Finally, if its state is changed
(according to some internal or communication rule), then the membrane, in the successive iteration, will compute a new value of τ . On the contrary, the value of the time
increment used, will be the result of the application of Step 7 of the algorithm.
If the evolution strategy corresponds to a tau-leaping step with the application of a set
of non-critical reactions and one critical reaction, the algorithm verifies if the value of τ
computed by the membrane is equal to τmin . If this is true, the membrane selects the set
of non-critical reactions to execute as well as the critical reaction. The execution of the
critical reaction is allowed because, here τmin represents the time needed to execute it.
On the other hand, the application of the critical reaction is forbidden and the membrane
will execute non-critical reactions only.
If the membrane is following the tau-leaping strategy with the execution of non-critical
reactions only, τmin is used to extract the rules (belonging to the set of non-critical) to
apply in the current iteration.
The last step is the system update. Here every membrane executes the selected rules
and update its state according to both internal and communication rules. This step is
executed in parallel inside every membrane, therefore it is possible to correctly manage
the passage of objects and to synchronise the volumes.
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Chemical computing

In this section we introduce the basic notions of chemical computing systems and chemical organisation theory, showing how to exploit them, together with membrane systems,
in order to obtain a representation suitable for the wet implementation of the problem
in analysis, using micro reactors.
Biological systems are characterised by different mechanisms, employed in their evolution, that are able to process information. This methods are: robust, self-organising,
adaptable, decentralised, asynchronous, fault-tolerant and evolvable. The global information process comes from the application, inside the biological system, of a large
number of simple components. In particular, information is transformed by means of
chemical processes, and for this reason, chemical reactions have been used to build a
novel computational paradigm [6]. This new approach is called chemical computing,
and it is related to the computation with real molecules as well as the electronic devices,
programmed using principles taken from chemistry
In general, the analysis of the solutions of chemical reaction processes, is hard because
of its nonlinearity. The same problems are related to the analysis of biological systems
since the behaviour of local parts can be very different from the global behaviour.
In order to work out this problem, the notions of chemical organisation theory can be
used to obtain the emergent behaviour of the system, starting from its small components,
hence linking the evolution governed by every single reaction rule with the global dynamics of the system.
Chemical organisation theory is used to identify a hierarchy of self maintaining subnetworks, belonging to a chemical reaction network. These sub-networks are called
organisations. In particular, a chemical organisation is a set of molecular species that is
algebraically closed and stoichiometrically self-maintaining. To define the organisations
and the properties of this particular type of sub-network, we first need to introduce
reaction networks.
A reaction network is a tuple hM, Ri, where M is a set of molecular species and
R is a set of reactions (also called rules). The rules in R are given by the relation
R : PM (M) × PM (M) where PM (M) denotes the set of all the multisets of the
elements in M. The general form of a reaction is α1 m1 + α2 m2 + · · · + αk mk →
β1 m1 + β2 m2 + · · · + βk mk , where m1 , . . . , mk ∈ M are the molecular species
involved in the rule and α1 , . . . , αk , β1 , . . . , βk ∈ N are the coefficients associated to
the molecules.
As previously said, a set of molecular species belonging to R is called organisation, if
the properties of closure and self-maintenance are satisfied. Here we report an informal
definition of these properties, we refer the reader to [12], for formal definitions and
further details.
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A set of molecular species C ∈ R is closed, if its elements are involved in reactions that
produce only molecular species of the set C. On the other hand, the self-maintenance
property is satisfied when the molecules consumed by the reactions involved in the set,
can also be produced by some other rule related to the self-maintaining set. Note that, in
order to find the organisations of a chemical network, only stoichiometric information
(set of rules) is needed.
The set of organisation of a chemical network, can be exploited to describe the dynamics
of the system, by means of the movement among its elements. In particular, only the
algebraic analysis of chemical organisation is needed in order to obtain the behaviour
of the system. This analysis consists in the study of processes where molecular species
appear or disappear from the system (that is, when their amount become positive or go
to zero). Furthermore, the behaviour of the system, as described above, can either take
place spontaneously or can be induced by means of external events, such as the addition
of input molecules.
If we want to use these reaction networks to compute, we will assume to describe a computational problem by means of a boolean function, which in turn can be computed as
a composition of many simple functions, such as the binary NAND. Therefore, we will
create a reaction network (called boolean network), based on a set of boolean functions
and boolean variables.
We define a boolean network using a set of M boolean functions and a set of N (with
N ≥ M ) boolean variables {b1 , . . . , bM , . . . , bN }. The variables bj , such that 1 ≤ j ≤
M , are determined by the boolean functions (they are also called internal variables).
The remaining variables (bj such that M < j ≤ N ) represent the input variables of the
boolean network. The values computed by the set of N boolean functions, are defined
as {bi = Fi (bq(i,1) , . . . , bq(i,ni ) ) with i = 1, . . . , M }. bq(i,k) is the value of the boolean
variable corresponding to the k-th argument of the i-th function. In general, the function
Fi has ni arguments, therefore, there are 2ni different input combinations. The truth
table Ti of the function Fi is then composed by 2ni rows and n + 1 columns, where the
first n columns contain values for the arguments of the function and the last one is the
corresponding output.
Given a boolean network (as described above), the associated reaction network hM, Ri
is defined ad follows. For each boolean variable bj , we add two different molecular
species to M, representing the values 0 and 1 of the variable. In particular, lowercase
letters are used for the molecular species representing the value 0 and uppercase letters
for the value 1 of the variables. Therefore, the set M contains 2N molecular species.
The set R of rules, is composed by two kinds of reactions: logical and destructive.
Logical reactions are related to the rows of the truth tables of the functions involved
in the boolean network; hence the left-hand side of the rule represents the input values
of the boolean function, while the right-hand side is the output value. The destructive
reactions are needed to avoid the possibility to have, inside the system, two molecular
species representing both states of the same variable at the same time (i.e. two molecules
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representing the state 0 and 1 of the same boolean variable). In this case, the state of the
variable becomes undefined, and a rule that degrades the two corresponding molecular
species, is required.
The resulting chemical network hM, Ri implements the boolean network without inputs specified. The input variables of the boolean network must be externally initialised
because they are not set by the boolean functions. The initialisation is encoded by means
of inflow reactions. These reactions are zero-order reactions producing substances from
the empty set.

4

Building and simulating component reaction networks in τ -DPP

To lay out our path from a model of computation to a chemical computing device, we
build and simulate small τ -DPP systems using techniques inspired by the literature on
reaction systems [6, 12]. Those small systems must be powerful enough to compute,
when assembled in more complex systems, any computable (boolean) function.
Hence, in this section we describe the implementations of the NAND and XOR logic
circuits, and of the decrement and increment instructions of register machines, through
sets of τ -DPP chemical reactions. We then present some simulation results of our systems.
We recall that register machines are universal abstract computing devices, where a finite
set of uniquely labelled instructions is given, and which at any time keep updated a finite
set of registers (holding integer numbers) by performing a sequence of instructions,
chosen according to their labels. Every instruction can be of one of the following types,
here informally introduced:
• ADD: a specified register is increased by 1, and the label of next instruction is chosen
nondeterministically between two labels specified in the instruction,
• SUB: a specified register is checked, and if it is non-empty it is decreased by 1,
otherwise it will not be changed; the next label will be differently chosen in the
two cases,
• HALT: the machine stops.
Later, we will describe τ -DPP implementations of SUB and ADD instructions.
4.3 The NAND and XOR logic circuits The NAND logic circuit has been implemented with the sequential composition of an AND and a NOT gate as shown in Figure
4.1. Following the chemical computing guidelines described in Section 3, we defined
the logic circuits with the rules listed in Table 4.1. The constant values reported in the
table have been used to perform the simulation by means of τ -DPP. Note that the rules
r11 , . . . , r14 represent the inputs of the gate. For instance, when the constants of the
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rules r11 and r13 are set to 1, the input given to the NAND gate is 0 for both the input
lines. The rationale behind this, is that the different inputs for the system are obtained
producing the corresponding molecular species.

Fig. 4.1 The NAND logic gate
Table 4.1 Reaction rules for the NAND unit. The initial multiset is set to 0 for all the molecular
species.

Reaction Rule
r1
a+b→c
r2
a+B →c
r3
A+b→c
r4 A + B → C
r5
c→D
r6
C→d
r7
a+A →λ
r8
b+B →λ
r9
c+C →λ
r10 d + D → λ
r11
λ→a
r12
λ→A
r13
λ→b
r14
λ→B

Constant
1 · 10−3
1 · 10−3
1 · 10−3
1 · 10−3
1 · 10−2
1 · 10−2
1 · 10−1
1 · 10−1
1 · 10−1
1 · 10−1
c11 ∈ {1, 0}
c12 ∈ {1, 0}
c13 ∈ {1, 0}
c14 ∈ {1, 0}

Rules r1 , . . . , r4 compute AND, rules r5 , . . . , r6 compute NOT, rules r7 , . . . , r10 will
clean the system when going to change its input and, in general, when both values for a
variable are present in the system.
Exploiting the set of rules for the NAND gate, it is then possible to define the τ -DPP
which encodes the logic circuit. Formally, the τ -DPP ΥN AN D is defined as
ΥN AN D = (V0 , µ, S, M0 , R0 , C0 ),
where:
• V0 is the unique volume of the NAND unit;
• µ is the plain membrane structure [ 0 ] 0 ;
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• S = {a, A, b, B, c, C} is the set of molecular species;
• M0 = {ama , AmA , bmb , B mB , cmc , C mC , dmd , DmD }, is the set of multisets occurring inside the membrane V0 ;
• R0 = {r1 , . . . , r14 } is the set of rules defined in volumes V0 and reported for
clarity in Table 4.1. Due to the flat membrane structure, all the rules here involved
are internal.
• C0 = {c1 , . . . , c14 } is the sets of stochastic constants associated to the rules defined in V0 , reported for clarity in Table 4.1.
In Figure 4.2, the results of the simulation of the NAND gate are reported. In the initial configuration of the system, the multisets are empty, that is, the amounts of all the
molecular species are set to zero. At time t = 0, the input of the system is a, B, corresponding to the first input line set to zero and the second line set to one. This corresponds
to a τ -DPP configuration where the constants of rules r11 and r14 are set to 1, while the
constants of rules r12 and r13 are set to zero. The output obtained with this configuration is 1, indeed the system, at the beginning of the simulation, produces the molecules
D corresponding to the expected output value. At time t = 400 the input values of the
system change from a, B to A, B. The system starts producing d molecules, but the
output of the system changes only when all the D molecules have been degraded (by
means of rule r10 ) and the molecules d are then accumulated inside the membrane.
a
A
b
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C
d
D

300
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Molecules

200

150
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50

0
0

200
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600
Time [a.u.]

800

1000

1200

Fig. 4.2 Plot of the dynamics of the NAND unit with two inputs in succession. The initial multiset
is set to 0 for all the molecular species.

The XOR gate (see Figure 4.3) has been implemented using the set of rules listed in
Table 4.2. The constant values reported in the table have been used to perform the simulation by means of τ -DPP. The rules r8 , . . . , r11 represent the inputs of the gate. For
instance, when the constants of the rules r8 and r10 are set to 1, the input given to the
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Fig. 4.3 The XOR logic gate

XOR gate is 0 for both the input lines. The rational behind this, is that the different
inputs for the system are obtained producing the corresponding molecular species.
Table 4.2 Reaction rules for the XOR unit. The initial multiset is set to 0 for all the molecular
species.

Reaction Rule
r1
a+b→c
r2 a + B → C
r3
A+b →C
r4
A+B →c
r5
a+A →λ
r6
b+B →λ
r7
c+C →λ
r8
λ→a
r9
λ→A
r10
λ→b
r11
λ→B

Constant
1 10−3
1 10−3
1 10−3
1 10−3
1 10−1
1 10−1
1 10−1
c8 ∈ {1, 0}
c9 ∈ {1, 0}
c10 ∈ {1, 0}
c11 ∈ {1, 0}

Formally, the τ -DPP ΥXOR , corresponding to the XOR logic circuit, is defined as
ΥXOR = (V0 , µ, S, M0 , R0 , C0 ),
where:
•
•
•
•

V0 is the unique volume of the XOR unit;
µ is the plain membrane structure [ 0 ] 0 ;
S = {a, A, b, B, c, C, d, D} is the set of molecular species;
M0 = {ama , AmA , bmb , B mB , cmc , C mC }, is the set of multisets occurring inside
the membrane V0 ;
• R0 = {r1 , . . . , r11 } is the set of rules defined in volumes V0 and reported for
clarity in Table 4.2. Due to the flat membrane structure, all the rules here involved
are internal.
• C0 = {c1 , . . . , c11 } is the sets of stochastic constants associated to the rules defined in V0 reported for clarity in Table 4.2.
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Fig. 4.4 Plot of the dynamics of the XOR unit with two input in succession. The initial multiset
is set to 0 for all the molecular species.

In Figure 4.4, the results of the simulation of the XOR gate are reported. In the initial configuration of the system, the multisets are empty, that is, the amounts of all the
molecular species are set to zero. At time t = 0, the input of the system is a, B, corresponding to the first input line set to zero and the second one set to one. This corresponds
to a τ -DPP configuration where the constants of rules r8 and r11 are set to 1, while the
constants of rules r9 and r10 are set to zero. The output obtained with this configuration
is 1, indeed the system, at the beginning of the simulation, produces the molecules C
corresponding to the expected output value. At time t = 200 the input values of the
system change from a, B to A, B. The system starts producing c molecules, but the
output of the system changes only when all the C molecules have been degraded (by
means of rule r7 ) and the molecules c are then accumulated inside the membrane.
4.4 The SUB instruction We now describe and simulate a 2-membranes τ -DPP
system reproducing, by means of chemical reactions operating on a set of molecular
species, the behaviour of a SUB instruction of a register machine. This type of instruction
is shown first because it hides a conditional behaviour, checking whether a register is
zero or not, and respectively choosing a different label for the next instruction, and the
availability of conditional instructions is a key issue in computing devices.
We consider a SUB instruction checking a register whose value is associated to the presence of objects u in volume V1 , and the resulting choice for the next label will be represented by the appearing in volume V0 either of objects p or z. Finally, the triggering
of this instruction will be given by the injection in V0 of a quantity of objects s.
Formally, a τ -DPP ΥSUB is defined as
ΥSUB = (V0 , V1 , µ, S, M0 , M1 , R0 , R1 , C0 , C1 ),
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where:
•
•
•
•

V0 , V1 are the volumes of the SUB unit;
µ is the nested membrane structure [ 0 [ 1 ] 1 ] 0 ;
S = {p, s, s′ , u, z, z ′} is the set of molecular species;
m
m
M0 = {pmp , sms , s′ s′ , z mz }, M1 = {pmp , sms , umu , z mz , z ′ z′ }, are the multisets occurring inside the membranes V0 and V1 respectively;
• R0 = {r1 , . . . , r5 }, R1 = {r1 , . . . , r3 } are the sets of rules defined in volumes
V0 , V1 respectively, and reported for clarity in Table 4.3;
• C0 = {c1 , . . . , c5 }, C1 = {c1 , . . . , c3 } is the sets of stochastic constants associated to the rules defined in V0 , V1 reported for clarity in Table 4.3.

Table 4.3 Reaction rules for the SUB unit (R0 on the left and R1 on the right). The initial
40
multisets are {s′ } in V0 , and {u20 , z 5 } in V1 .

Reaction Rule
r1
2p → (p, here)
r2 z + p → (z, here)
r3
2z → (z, here)
r4
s → (s, in0 )
r5
s′ → (s, here)

Constant
1
1
1
1
6 10−2

Reaction Rule
r1
s + u → (p, out)
r2 s + z → (z + z ′ , here)
r3
z ′ → (z, out)

Constant
1 103
1
1

This system is initialised with small quantities for molecular species, and this makes it
fragile with respect to the inherent stochasticity, but our goal is to qualitatively show the
required sharp change of behaviour occurring when the simulated register goes to zero.
The simulation starts with a positive register value within V1 , and it receives a sequence
of SUB requests (rules r5 and r4 ), bounded in this example by the initial availability of
s′ molecules. Figure 4.5 shows the correct two phases of execution: in the first phase
the counter is decremented and objects p are produced in V0 , but when the simulated
counter reaches zero, only objects z will be produced.
4.5 The SUBADD module The SUB unit can be extended to be able to perform
both a SUB and an ADD instruction, according to which objects it receives from outside:
s or a, respectively. Rules are defined for the two possible operations, and the choice of
objects avoid mixing them. The results can be seen in figures 4.6 and 4.7.
Formally, a τ -DPP ΥSUBADD is defined as
ΥSUBADD = (V0 , V1 , V2 , µ, S, M0 , M1 , M2 , R0 , R1 , R2 , C0 , C1 , C2 ),
where:
• V0 , V1 , V2 are the volumes of the SUBADD module;

Toward a wet implementation for τ -DPP

400
5

p
z

Molecules V0

4

3

2

1

0
0

10

20

30

40
Time [a.u.]

50

60

70

80

Fig. 4.5 Plot of the dynamics of the SUB unit.

• µ is the nested membrane structure [ 0 [ 1 [ 2 ] 2 ] 1 ] 0 ;
• S = {l, l′, m, k, k ′ , o, q, s, p, z, a, A, u, z ′, a′ } is the set of molecular species;
• M0 = {lml , l′ml′ , sms , z mz , pmp , k mk , k ′mk′ , AmA , omo , mmm }, M1 = {sms ,
pmp , z mz , ama , AmA } and M2 = {sms , umu , pmp , z mz , z ′mz′ , a′ma′ }, are the multisets occurring inside the membranes V0 , V1 and V2 respectively;
• R0 = {r1 , . . . , r8 }, R1 = {r1 , . . . , r8 }, R2 = {r1 , . . . , r5 } are the sets of rules
defined in volumes V0 , V1 and V2 respectively, and reported for clarity in Table 4.4;
• C0 = {c1 , . . . , c8 }, C1 = {c1 , . . . , c8 }, C2 = {c1 , . . . , c5 } is the sets of stochastic constants associated to the rules defined in V0 , V1 and V2 reported for clarity in
Table 4.4.

5

Complete systems, discussion and open problems

Our results are a starting point, since they only tackle the building of basic elements of a
computing device. A more complex problem is related to the connectivity among these
components.
The general instance of boolean network, but also the general reaction network considered in literature, do require a complex grid of channels communicating variables/objects
to the required destination gates/volumes.
For usual P systems, such a grid of channels can only reproduce a tree-like structure
of nested membranes, communicating only between adjacent ones. We could move our
studies to other models for P systems, which allow more free adjacency relations between membranes, such as “Tissue P Systems” [11]. But we can make two positive
remarks: experimental chemical tools like micro reactors can be built reproducing any

Toward a wet implementation for τ -DPP

401

Table 4.4 Reaction rules for the SUBADD module (R0 on the left, R1 on the right and R2 on
the bottom). The initial multisets M0 and M1 are empty, while M2 is {u30 }.

Reaction Rule
r1
l → (l′ + s, here)
r2
s → (s, in1 )
′
r3 l + z → (m, here)
r4 l′ + p → (m, here)
r5
k → (k ′ + a, in1 )
r6
a → (a, in1 )
′
r7 k + A → (o, here)
r8 k ′ + A → (q, here)

Constant
1
1
1
1
1
1
1
1

Reaction Rule
r1
s → (s, in2 )
r2
2p → (p, here)
r3
2z → (z, here)
r4 p + z → (p, here)
r5
z → (z, out)
r6
p → (p, out)
r7
a → (a, in2 )
r8
A → (A, out)

Reaction Rule
r1
s + u → (p, out)
r2
s + z → (z + z ′ , here)
r3
z ′ → (z, out)
r4 a + u → (2u + a′ , here)
r5
a′ → (A, out)

Constant
1
1
1
1
1
1
1
1

Constant
1 103
1
1
1
1

given grid of channels, while on the other hand the tree-like structure of P-systems does
not rule out their universality [15].
Within our approach, by using SUBADD modules, we can outline the structure of a
τ -DPP system simulating a complete register machine with just three levels of nested
membranes: the skin membrane, and inside it a number of “register” membranes structured like volume V1 in SUBADD module. The key idea to be developed, is to simulate
the steps of the register machine by having in the skin membrane molecules representing the current instruction label. Then, for instance, if instruction l increments register
r, then rules would be defined which produce objects ar and send them to internal membrane representing register r. Continuing the example, that internal membrane will produce objects Ar , and a rule in skin membrane would transform pairs of objects l + Ar
into (non-deterministically chosen) objects m, where m is one of the outcome labels
specified by the ADD instruction being simulated. (Other details to be specified will be
those related to the halting of the computation.)
All this leads to some open problems worth being studied. The passage from single simple components to complete universal devices, with the required connectivity, how does
it scale? It is well known that small universal register machines can be built [10], but
their τ -DPP implementation, and eventually their chemical system implementation has
to be evaluated. Moreover, the computational efficiency of these systems can be stud-
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Fig. 4.6 Plot of the dynamics of the SUBADD module performing a decrement instruction on a
register.
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Fig. 4.7 Plot of the dynamics of the SUBADD module performing a increment instruction on a
register.

ied, for instance with respect to NP-complete problems such as SAT. Anyway, the usual
trade-off between space and time in structural complexity, perhaps has to be applied
with negative results to τ -DPP, since objects could exponentially grow in polynomial
time (by using rules like p → 2p, but the space structure of volumes is fixed, and on the
other hand the stochastic nature of the model substitute non-determinism by equiprobability, all motivated by chemical plausibility.
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[11] C. Martı́n-Vide, G. Păun, J. Pazos, A. Rodrı́guez-Patón. Tissue P systems, Theoretical Computer Science, 2:295–326, 2003
[12] N. Matsumaru, F. Centler, P Speroni di Fenizio, P. Dittrich. Chemical organization
theory as a theoretical base for chemical computing. International Journal of
Unconventional Computing, 3:285–309, 2005
[13] M. L. Minsky. Computation: finite and infinite machines. Prentice-Hall, Englewood Cliffs, 1967.
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K is a rewrite-based framework proposed for giving formal executable semantics to programming languages and/or calculi. K departs from other rewritebased frameworks in two respects: (1) it assumes multisets and lists as builtin,
the former modeling parallel features, while the latter sequential ones; and (2)
the parallel application of rewriting rules is extended from non-overlapping
rules to rules which may overlap, but on parts which are not changed by these
rules (may overlap on “read only” parts). This paper shows how P-systems and
variants can be defined as K (rewrite) systems. This is the first representation of
P-systems into a rewrite-based framework that captures the behavior (reaction
steps) of the original P-system step-for-step. In addition to providing a formal
executable semantic framework for P-systems, the embedding of P-systems as
K systems also serves as a basis for experimenting with and developing new
extensions of P-systems, for example with structured data. A Maude-based application for executing P-systems defined in K has been implemented and experimented with; initial results show computational advantages of using structured
objects in P-systems.

1

Introduction

K [23] (see also [14]) is a rewrite-based framework which has been proposed and developed (starting with 2003) as an alternative (to structural operational semantics) formal
executable semantic framework for defining programming languages, language-related
features such as type systems, and/or calculi. K’s strength can be best reflected when
defining concurrent languages or calculi, because it gives those a truly concurrent semantics, that is, one in which concurrent steps take place concurrently also in the semantics (instead of interleaving them, as conventional operational semantics do). K assumes
as builtin and is optimized for multisets and lists, the former modeling parallel features,
while the latter sequential ones. More importantly, rewriting rules in K can be applied
concurrently even when they overlap, assuming that they do not change the overlapped
portion of the term (may overlap on “read only” parts). Core parts of many programming languages or computation models are already defined in K, including Scheme [16],
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KOOL [13], Milner’s EXP language [17], Turing machines, CCS [18], as well as type
systems for these, etc. - see [23].
A fast developing class of computation models was introduced by Paun in 1998 [20]
exploiting ideas from chemistry and biology (see [22] for a recent survey). They are
called membrane systems (or P-systems) and combine nested membrane structures with
computation mechanisms inspired by the activity of living cells. There is a large variety
of P-systems studied in the literature and a few toy implementations for developing
applications. The original motivation was to link this research to formal language theory
studies, but the model is more general, coming with important suggestions in many
fields, for instance in the design of new parallel programming languages.
Both K definitions and P-systems use potentially nested membranes as a spatial modularization mechanism to encapsulate behaviors and to structure the systems (see Fig. 3.1(a)
for an example of nested membranes). P-systems are inspired by chemistry and biology, using “objects” (abstract representations of chemical molecules) which interact;
all communication is at the object level. Objects move from region to region (in the
basic model, these are neighboring regions) either directly, or by using symport/antiport
mechanisms. When far reaching regions are targeted, special tags are to be added to
objects to reach the destination and, in most of the models, the objects have to travel
through membranes from region to region to reach the final destination.
The K-framework uses a similar membrane structure (called “cell”), but for a different
goal, leading to important differences. The main objective of K is to model high-level
programming languages and calculi, for instance allowing OO- or multi-threading programming. To this end, the objects within the membranes are structured. This structure
is both in space and in time. The spatial aspect refers to the use of algebraic terms
to describe the objects floating in the membrane soups (regions). Due to this algebraic structure, one has more power to express object interaction. However, there is
another equally important mechanism, which is not explicitly present in P-systems or
in CHAMs [6, 7], namely the use of computation tasks, as control structures evolving
in time. To this end, a new data type is builtin in the K framework, the list structure,14
used to capture sequential orders on tasks’ execution. The “communication” in K is at
a high level, data being “moved” from a place to another place in a single step. It is this
combination of structured data and their use in a mixture of nested soups (for parallel
processes) and lists (for sequential tasks) which makes it possible to effectively define
various high-level languages in K.
P-systems may be described without membranes. Indeed, using the tree associated to
the membrane structure, one can tag each object with the path in the tree from the root
to the membrane where the object is in. Now, the objects may be used in a unique
huge soup and the evolution rules, previously used in specific regions, become global
14 Lists can be encoded with (multi)sets, but allowing them as “first-class citizens” gives the K user the
capability to match fragments of lists.
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rules, but applied to similar path-tagged objects. This observation highlights the advantages of using membrane systems: the matching and the interaction between objects are
localized and may be more efficiently implemented. The price to be paid is that communication between arbitrary membranes is not straightforward and has to be implemented
with small steps of passing objects from region to region to reach the final destination.
In K one has a somehow mixed setting: K uses membranes to enforce local rewriting,
but the matching rules are global.
Three main classes of P-systems have been extensively studied:
P-systems as transition systems [“classical” P-systems]
P-systems as communicating systems [symport/antiport P-systems]
P-systems as structure-evolving systems [P-systems with active membranes]
We present formalizations in K of these three basic types of P-systems and of many
key elements used in the plethora of P-systems found in the literature. We believe that
this is enough evidence that K can serve as a suitable semantic framework for defining
P-systems in particular, and, in general, for experimenting with new parallel programming languages based on paradigms from natural science, like P-systems, for which
efficient implementations are notoriously difficult to develop. We make two additional
contributions:
We extend P-systems from a setting with unstructured objects (or using a simple
monoid structure on objects, i.e., strings) to one where objects are given by arbitrary equational specifications. Most data types may be represented by algebraic
specification techniques, hence one can use this line to incorporate complex data
types into P-systems.
We have developed a running environment for P-systems using the embedding techniques discussed in this paper and the implementation of K in Maude. The paper
includes a few experiments with both unstructured and structured objects which
demonstrate the large increase in expressivity and performance due to adding structure to objects.
The paper is organized as follows. Sections 2 and 3 briefly introduce K and P-systems,
respectively, referring the reader to the literature for mo re detail. Sections 4, 5 and 6
show how the three types of P-systems above are defined in K. Section 7 discusses our
implementation and Section 8 concludes the paper.

2

K

K [23] is a framework for defining programming languages based on rewriting logic
RWL [15], in the sense that it has two types of sentences: equations for structural identities and rules for computational steps. It has an implementation in Maude and it allows
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Int ::=
Bool ::=
Name ::=
Val ::=
AExp ::=
|
BExp ::=
|
|
|
Stmt ::=
|
|
|
|
Pgm ::=
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. . . all integer numbers
true | false
all identifiers; to be used as names of variables
Int
Val | Name
AExp + AExp
[strict, extends +Int×Int→Int ]
Bool
AExp ≤ AExp
[seqstrict, extends ≤Int×Int→Bool ]
not BExp
[strict, extends ¬Bool→Bool ]
BExp and BExp
[strict(1)]
Stmt; Stmt
[s1 ; s2 = s1 y s2 ]
Name := AExp
[strict(2)]
if BExp then Stmt else Stmt
[strict(1)]
while BExp do Stmt
halt AExp
[strict]
Stmt; AExp

(r1 )
(r2 )
(r3 )
(r4 )
(r5 )
(r6 )
(r7 )
(r8 )
(r9 )

Table 2.1 K-annotated syntax of IMP.

for a fast development of efficient interpretors. We briefly describe the basic concepts
and notations used in K (see [23] and the referenced website for a detailed presentation
of K; ask the author for the current version of a draft book) using as an example a simple concurrent language. We start with the simple imperative language IMP defined in
Tables 2.1 and 2.2. Then, we extend IMP with threads and call the resulting language
CIMP.
Annotating syntax. The plus operation (r1 ) is said to be “strict” in both arguments/subexpressions (i.e., they may be evaluated in any order), while the conditional (r7 ) is strict
only in its first argument (i.e., the boolean expression has to be evaluated first); finally,
in “less-than” (r2 ) the evaluation is “seqstrict” (i.e., the arguments are evaluated in the
sequential order). Some operations “extend” other operations on primitive data types
(which may be computed with external libraries, for example). All attributes can be
desugared with equations or rules (if they are not already equations or rules); they are
nothing but notational convenience. For example, the extends attribute in (r1 ) desugars
to rule “i1 + i2 → i1 +Int×Int→Int i2 ”. The desugaring of strictness is explained shortly.
Semantics. The K semantics is defined with equations and rules that apply on a nested
cell (or membrane) structure, each cell containing either multisets or lists of elements.
A K semantics of IMP is described in Table 2.2. K configurations are specified using
cells L S Mh , where h is a cell index and S is any term, in particular a multiset or a list
of possibly other cells. Set[S] and List[S] denote multisets and lists of terms of type
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S; by default, the empty set or list is denoted by a dot “·”, and multiset elements are
separated by space while list elements are separated by comma. If one wants a different
separator or unit, or wants to emphasize a default one, then one can specify it as suband/or super-script; for example, List·y [S] denotes “y”-separated lists of elements of
type S of unit “·”. The syntactic category K stays for computations and typically has
a “y”-separated list structure of computational tasks, with the intuition that these are
processed sequentially. What “processed” means depends upon the particular definition.
Strictness attributes are syntactic sugar for special equations allowing subcomputations
to be “scheduled for processing”. The strictness attributes in Table 2.1 correspond to
(k, k1 , k2 ∈ K, r1 ∈ KResult, x ∈ Name):
k1 + k2 = k1 y  + k2
k1 + k2 = k2 y k1 + 
k1 ≤ k2 = k1 y  ≤ k2
r1 ≤ k2 = k2 y r1 + 
not k = k y not 

k1 and k2 = k1 y  and k2
x := k = k y x := 
if k then k1 else k2 = k y if  then k1 else k2
halt k = k y halt 

The square “” is part of auxiliary operator names called computation freezers; for
example, “ + ” freezes the computation k2 in the first equation above.
In K, the following derived notations are used to indicate an occurrence of an element
in a cell: L S |ih - at the top; h| S Mh - at the very end; h| S |ih - anywhere. The first
two notations are useful when the configuration is a list, but they are not used in the
representation of P-systems in K described in this paper. Rules can also be written in
contextual form in K, where subterms to be replaced are underlined and the terms they
are replaced by are written underneath the line. For example, the assignment rule
Lx := v |ik h|(x, )|istate
·
v
reads as follows (underscore “ ” matches anything): if an assignment “x := v” is at the
top of the computation, then replace the current value of x in the state by v and dissolve
KResult ::=
K ::=
Config ::=
|

Val
Lx := v |ik h|(x, )|istate
KResult | List·y [K]
·
v
LKMk | LSet[(Name, Val)]Mstate
if true then s1 else s2 → s1
LSet[Config]M⊤
if false then s1 else s2 → s2
|ik
L
while b do s
Lx|ik h|(x, v)|istate
if b then (s; while b do s) else ·
v
Lhalt i|ik → LiMk
true and b → b, false and b → false
Table 2.2 K configuration and semantics of IMP.
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the assignment statement. We prefer to use the more conventional notation “l → r”
instead of “ rl ” when the entire term changes in a rule.
Extending IMP with threads. We extend IMP with threads and call the resulting
language CIMP (from concurrent IMP). We only add a spawning statement to the syntax
of the language, without any explicit mechanisms for synchronization.
Stmt ::= ... | spawn Stmt

Interestingly, all we have to do is to add a K rule for thread creation and nothing from
the existing definition of the K semantics of IMP has to be changed. Here is the rule for
spawning:
L spawn(s) |ik
·
·
L s Mk

Therefore, multiple L Mk cells can live at the same time in the top cell, one per thread.
Thanks to the concurrent rewriting semantics of K, different threads can access (read or
write) different variables in the state at the same time. Moreover, two or more threads
can concurrently read the same variable. This is precisely the intended semantics of multithreading, which is, unfortunately, not captured by SOS definitions of CIMP, which enforce an interleaving semantics based on nondeterministic linearizations of the concurrent actions. While K allows a concurrent semantics to a language, note that it does not
enforce any particular “amount of concurrency”; in particular, K’s concurrent rewriting
relation, denoted “⇛”, includes any number of rewrites that can be executed concurrently, from one rewrite to a maximal set of rewrites; thus, an interleaved execution or a
maximally parallel one are both valid rewrite sequences in K.
Once a thread is terminated, its empty cell (recall that statements are processed into
empty computations) will never be involved into any matching, so it plays no role in
the future of the program, except, perhaps, that it can overflow the memory in actual
implementations of the K definition. It is therefore natural to cleanup the useless cells
with an equation of the form:
L · Mk = ·

Synchronization mechanisms through lock acquire and release, as well as through rendezvous barriers, are discussed in detail in [23].

3

Membrane systems

Membrane systems (or P-systems) are computing devices abstracted from the structure
and the functioning of the living cell [1].
In classical transition P-systems [20], the main ingredients of such a system are the

Defining and Executing P-systems with Structured Data in K

411

membrane structure (a hierarchical cell-like arrangement of membranes 15), in the compartments of which multisets of symbol-objects evolve according to given evolution
rules. The rules are localized, associated with the membranes (hence, with the compartments), and they are used in a nondeterministic maximally parallel manner (a unique
clock is assumed, the same for all compartments). A computation consists of a sequence
of transitions between system configurations leading to a halting configuration, where
no rule can be applied. With a halting computation one associates a result, usually in the
form of the number of objects present in a distinguished membrane. Thus, such a system
works with numbers inside (multiplicities of objects in compartments) and provides a
number as the result of a computation.
1
2
3
af c
skin

1 2

elementary membrane
4

5
membranes

regions
3
environment

a → ab
a → bδ
f → ff
b → d d → de
f f → f cf →
cdδ

6

8

7

9
environment

e → (e, out) f → f
(a)

(b)
Fig. 3.1 A membrane system (a) and a “classical” P system (b).

From a different perspective, P-systems may be seen as communicating systems. In
this view, a P-system, better known as symport/antiport P-system [19], computes by
moving objects through membranes, in a way inspired by biology. The rules are of
the forms (x, in) and (x, out) (symport rules, with the meaning that the objects specified by x enter, respectively exit, the membrane with which the rule is associated), and
(x, out; y, in) (antiport rules: the objects specified by x exit and those specified by y
enter the membrane at the same time). By rules of these types associated with the skin
membrane of the system, objects from the environment can enter the system and, conversely, objects from the system can be sent out into the environment. One can also
use promoters (inhibitors) associated with the symport/antiport rules, in the form of objects which must be present in (resp. absent from) a compartment in order to allow the
associated rule to be used.
Finally, a feature which may be added to any of the previous types of P-systems is the
possibility to dynamically change the membrane structure. The resulting P-systems are
called P-systems with active membranes [21].
15 See

[8], for a similar structure.
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P-systems as transition systems (classical P-systems)

This is the classical type of P-systems, originally introduced in [20]. In this model, each
membrane has an associated set of rules. The objects can travel through membranes
and they may be transformed by the rules (the rules can create or destroy objects). A
membrane may be dissolved and its objects flood into the parent region, while the rules
vanish.
4.1 Basic transition P-systems A transition P-system, of degree m ≥ 1, is formally
defined by a tuple
Π = (O, C, µ, w1 , . . . , wm , R1 , . . . , Rm , io ),
where: (1) O is an alphabet of objects; (2) C ⊆ O is the set of catalysts; (3) µ is a membrane structure (with the membranes bijectively labeled by natural numbers 1, . . . , m);
(4) w1 , . . . , wm are multisets over O associated with the regions 1, . . . , m of µ, represented by strings from O∗ unique up to permutations; (5) R1 , . . . , Rm are finite sets of
rules associated with the membranes 1, . . . , m; the rules are of the form
u → v or u → vδ
with u ∈ O+ and v ∈ (O × T ar)∗ , where T ar = {here, in, out}
(6) io is the label of the output membrane, an elementary one in µ or io = 0, indicating that the collecting region is the environment. When δ is present in the rule, its
application leads to the dissolution of the membrane and to the abolishment of the rules
associated with the membrane just dissolved.
A membrane is denoted by [h ]h . By convention, [h u]h denotes a membrane with u
present in the solution (among other objects). Starting from the initial configuration,
which consists of µ and w1 , . . . , wm , the system passes from one configuration to another by applying a transition, i.e., the rules from each set Ri in a non-deterministic and
maximally parallel way. A sequence of transitions is called a computation; a computation is successful if and only if it halts. With a successful computation one associates
a result, in the form of the number of objects present in membrane io in the halting
configuration.
An example is presented in Fig. 3.1(b) – it computes/generates the square numbers
(k + 1)2 , k ≥ 0. When a rule with δ is applied, the corresponding membrane and its
rules are dissolved and its current objects are flooded into the parent region. A typical,
terminating evolution of this system is as follows: It starts in membrane 3 (the other
membranes have no objects), then membrane 3 is dissolved and the evolution continues
in membrane 2, and when this is dissolved, the final stage of the execution is in membrane 1 (the skin membrane). In membrane 3, the first two rules have a conflict on a:
when the 2nd rule is applied, object a, as well as membrane 3, disappear; the rule for f
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is independent and has to be used each time another rule is applied; to conclude, when
k+1
membrane 3 disappears, we are left with bk+1 and f 2
objects which are flooded into
membrane 2. In membrane 2, at each cycle the f ’s are divided by 2 and, in parallel,
a copy of each b (now rewritten in d) is created. Finally one gets (k + 1)2 copies of
object e when membrane 2 is dissolved, which are passed to membrane 1 and then into
the external environment.
4.2 Basic transition P-systems in K Given a P-system Π, we define a K-system
K(Π), as follows:
• A membrane [h S]h , where S is its contents, is represented as16
L S Mh
The top configuration is L L Mskin L Menv M⊤ , including a representation of the
objects in the environment.
• The rules in Π are represented as global rules in K(Π), their localization being a
side-effect of membranes name matching. The evolution rules are reduced to two
basic rules used in a membrane [h ]h and are represented in K as follows:
∗ u → v, with u ∈ O+ , v ∈ (O × T ar)∗ , where T ar = {here, in, out}
For a v ∈ (O × T ar)∗ , let v be its restriction to O. Next (recall that composition is commutative), let v be written as vh vi vo , where vh contains the objects
that remain in the membrane [h ]h , vi those that enter into internal membranes,
and vo those that leave out the membrane. Then, the associated rule in K is the
following: for any k ≥ 1 and vi = v1 . . . vk (with nonempty vj ’s) we have a
rule
h| u h| · |i . . . h| · |i |ih ·
vh v1
vk
vo
∗ u → uδ (δ indicates that the membrane is dissolved)
L u z Mh → u z
For the first rule u → v, a second possibility is to perform two steps: move vh , vo first,
then for all remaining tagged objects (vr , in) use a matching rule h| (vr , in) h| · |i |i .
vr
The rules for object movement and membrane dissolution may be combined. For instance, the rule u → vδ, with v = vh vi vo , as above but for k = 1,17 may be represented
as
16 Another representation may be L L h M S M
id
cell , if one prefers a single cell type. This can also be an
implementation optimization, to avoid structured cell labels.
17 For simplicity, we describe the case k = 1 where all objects which enter an internal membrane enter into
the same membrane i.
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L u LwMi z Mh → vh Lw vi Mi z vo
In this interpretation, first the objects are moved out from the membrane, then the membrane is dissolved. One can go the other way round, first to dissolve the membrane and
then to move the objects out; the K rule is
h| L u L w Mi z Mh |i ·
vh L wvi Mi z
vo
Parallel rewriting in K. The rewriting logic in K extends the one in RWL by allowing
for overlapping rules which overlap on parts that are not changed by these rule (on
“read-only” parts). Such an extension is needed, e.g., when two threads read the store
at the same time.
As an extension of the rewriting mechanism in RWL, the rewriting in K allows for the
application of an arbitrary number of rewriting rules in a step. However, it does not
constrain the user to use a “maximal parallel” rewriting like in the case of P-systems.
Such an option may be handled at the meta-level by selecting an appropriate strategy for
applying the rules. Actually, there is little evidence that a “maximal parallel” strategy is
present in the living cells - it is more like a hypothesis to keep the evolution simpler and
to find results in the theoretical model. We see here another incarnation of the classical
dichotomy between synchronous and asynchronous systems: the latter are more suited
for real applications, while the former are easier to understand.
4.3 Variations of transition P-systems
Object movement. We present a few variations of the object movement rules found
in the literature (and included in the survey [22]), then we describe their associated rules
in K.
• (deterministic in) In this variant, one uses inj instead of a simple in to indicate
that an object goes into the internal membrane j. Its K-translation is
h| u h| · |ij1 . . . h| · |ijk |ih ·
vh
v1
vk
vo
where vh , vi , vo are as above and v1 , . . . , vk are the objects in v that go into the
internal membranes j1 , . . . , jk , respectively.
• (polarities) One can use classes of membranes with polarities, say +/0/−. The
newly created objects may have +/0/− polarities as well and those with +/−
polarities go into internal membranes with opposite polarities, while those with 0
polarity may stay or goes outside. This is a case in between the above two extreme
alternatives: complete freedom to go in any internal membrane and precise target
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for each object. It is, therefore, easy to provide in K definitions for the two cases
above. There are various ways to add algebraic structure for polarities. For example, one way pair each datum and each membrane label with a polarity; in the case
of data we write the polarity as a superscript, e.g., a+ or a− , while for the mem+
−
branes we write it as a superscript of the membrane, e.g., h| u |ih or h| u |ih . The
membrane polarity may be changed, as well. For example, to describe that in the
presence of objects u the polarity is changed from + to − one can use the K rule
+

−

h| u |ih → h| u |ih

+

or, equivalently, h| u |ih−

• (arbitrary jumps) In this variant, one can directly move an object into any other
membrane. The rule, written as [h u]h → [h′ v]h′ . To represent this rule in K we use
explicit rules for matching the membranes at different levels (the notation h|∗ ∗ |i
means a match in any recurrently included cell, not only in the current one):
∗ if the membranes are not contained one into the other, then
h| h|∗ u ∗ |ih h|∗ · ∗ |ih′ |i
·
v
∗ if the jump is into an enclosed membrane, then
h| u h|∗ · ∗ |ih′ |ih
·
v
∗ if the jump is into an outside membrane, then
h| · h|∗ u ∗ |ih |ih′
v
·
Instances of this rule capture the particular cases of in∗ /out∗ , notation used in
P-systems to indicate a movement into an elementary/skin membrane.
Membrane permeability. In the standard setting, a membrane is passive (label 1)
and the specified objects can pass through it. The membrane can be dissolved (label
0), as well. One can add impenetrable membranes (label 2), as well. The status of the
membranes may be dynamically changed as a side-effect of applying reaction rules.
This case is similar to the case of polarities: One can use pairs (h, i) to represent the
membrane id and its permeability level. The rules are simple variations of the basic
P-systems evolution rules and may be easily handled in K.
Catalysts. The role of catalysts may be viewed in two opposite ways: (1) either they
may be seen as a sine-qua-non ingredient for a reaction a → b to take place; or (2) they
may be seen as a way to control the parallelism, by restricting a free reaction a → b to
the number of occurrences of the catalyst. In a further extension, catalysts may move
from a membrane to another, or may change their state (each catalyst is supposed to
have a finite number of isotopic forms).
Catalysts are just objects, hence the translation in K is straightforward.
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Rules with priorities. Capturing various control mechanisms on applying the rules is
a matter of strategies. Strategies are commonly held separate of rules in many rewriting
approaches. One important way to restrict the maximal parallelism convention is to
apply the rules according to their priorities. In a strong version, only the rule with the
highest priority applies; in a weak version, when all possible applications of the highest
priority rule have been resolved, a next rule with less priority is chosen, and so on.
In the current implementation of P-systems over K and Maude, priorities are handled
at Maude “meta-level” and using the corresponding priority algorithm to capture a Psystem maximal parallel step. (K has not developed particular strategies and uses the
strategies inherited from Maude.)
Promoters/inhibitors. The presence of promoters/inhibitors may be seen as additional context for rules to apply. In the case of promoters, a reaction rule l → r in
membrane h applies only if the objects in a promoter set z are present in the solution
(they should be different from those in l):
h| l z |ih
r
The case of inhibitors is opposite: in the presence of the objects in z the rule cannot
apply. The case of inhibitors requires a K rule with a side condition
h| l z |i where z * x
r
Complex side condition like the above are handled by means of conventional conditional
rewrite rules in our Maude implementation of K.
Border rules. Border rules are particular object evolution rules of the following type
xu[i vy → xu′ [i v ′ y. They allow to test and modify the objects from two neighboring
regions. Such a rule may be represented in K by
x u h| v y |i
u′ v ′

5

P-systems as communicating systems (symport/antiport
P-systems)

This type of P-systems was introduced in [19]. In this variant, the environment is considered to be an inexhaustible source of objects of any type. The evolution rules are
called symport/antiport rules and only move the objects through the membranes (they
do not create or destroy objects).
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Basic symport/antiport P-systems. A symport/antiport P system, of degree m ≥ 1,
is formally defined by a tuple
Π = (V, T, µ, w1 , . . . , wm , E, R1 , . . . , Rm , io ),
where: (1) V is an alphabet of objects; (2) T ⊆ V is the terminal alphabet; (3) µ
is a membrane structure (with the membranes bijectively labeled by natural numbers
1, . . . , m); (4) w1 , . . . , wm are multisets over V associated with the regions 1, . . . , m of
µ, represented by strings from V ∗ ; (5) E ⊆ V is the set of objects which are supposed
to appear in an arbitrarily large number of copies in the environment; (6) R1 , . . . , Rm
are finite sets of symport and antiport rules associated with the membranes 1, . . . , m:
• a symport rule is of the form (x, in) or (x, out), where x ∈ V + , with the meaning
that the objects specified by x enter, respectively exit, the membrane, and
• an antiport rule is of the form (x, in; y, out), where x, y ∈ V + , which means that
x is taken into the membrane region from the surrounding region and the multiset
y is sent out of the membrane;
(7) io is the label of the output membrane, an elementary one in µ.
With the symport/antiport rules one can associate promoters (x, in)|z , (x, out)|z , (x, out;
y, in)|z , or inhibitors (x, in)|¬z , (x, out)|¬z , (x, out; y, in)|¬z , where z is a multiset of
objects – such a rule is applied only if z is present, respectively not present.
Starting from the initial configuration, which consists of µ and w1 , . . . , wm , E, the system passes from one configuration to another by applying the rules from each set Ri in
a non-deterministic and maximally parallel way.18 A sequence of transitions is called a
computation; a computation is successful if and only if it halts. With a successful computation we associate a result, in the form of the number of objects from T present in
membrane io in the halting configuration.
Example. An example is presented in Fig. 5.2. It describes how symport/antiport Psystems may simulate counter machines – it is well known that counter machines with
at least 2 counters are computationally universal, see [11]. A counter machine uses a
finite number of counters and a program consisting of labeled statements. Except for
the begin and halt statements, the other statements perform the following actions: (1)
increase a counter by one, (2) decrease a counter by one, or (3) test if a counter is zero.
For the simulation in Fig. 5.2, one uses an equivalent definition of counter machines
where the statements are of one of the following two types:
(a) l1 : (add(r), l2 , l3 ) (add 1 to r and nondeterministically go to l2 or l3 )
(b) l1 : (sub(r), l2 , l3 ) (if r is not 0, subtract 1 and go to l2 , else go to l3 )
18 We recall that the environment is supposed inexhaustible, at each moment all objects from E are available
in any number of copies we need.
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l0

E = {ar |1 ≤ r ≤ m} ∪ {l, l′, l′′ , l′′′ , liv |l ∈ B}
for l1 : (add(r), l2 , l3 ):
- (l1 , out; ar l2 , in)
- (l1 , out; ar l3 , in)
for l1 : (sub(r), l2 , l3 ):
- (l1 , out; l1′ l1′′ , in)
- (l1′ ar , out; l1′′′ , in)
- (l1′′ , out; l1iv , in)
- (l1iv l1′′′ , out; l2 , in)
- (l1iv l1′ , out; l3 , in)
for lh : halt:
- (lh , out)
Fig. 5.2 A “symport/antiport” P system.

The simulation works as follows: The statement to be next executed is in the (unique)
cell, while the others stay outside. At each step, the current statement leave the cell
and the one to be next executed goes inside the cell. During this process, the counter
associated to the statement goes updated. The processing of a type (b) statement is
slightly more complicate as a trick is to be used to check if the counter is zero, see [22].
Basic symport/antiport P-systems in K. The previous representation in K of transition P-systems and their variations almost completely covers this new type of P-systems.
What is not covered is the behavior of the environment. The K rule is actually an equation
h| x |ienv = h| x |ienv x
Variations of symport/antiport P-systems.
P-systems can be used here, as well.

6

Most of the variations used for transition

P-systems with active membranes

The third main class of P-systems brings an important additional feature: the possibility
to dynamically change the membrane structure. The membranes can evolve themselves,
either changing their characteristics or getting divided.
6.4 Basic P-systems with active membranes A P-system with active membranes
[21] is formally defined by a tuple
Π = (O, H, µ, w1 , ..., wm , R)
where: (1) m ≥ 1 (the initial degree of the system); (2) O is the alphabet of objects; (3)
H is a finite set of labels for membranes; (4) µ is a membrane structure, consisting of m

Defining and Executing P-systems with Structured Data in K

419

membranes having initially neutral polarizations, labeled (not bijectively) with elements
of H; (5) w1 , . . . , wm are strings over O, describing the multisets of objects placed in
the m regions of µ; (6) R is a finite set of developmental rules, of the following forms:
• (a) object evolution rules: for h ∈ H, e ∈ {+, −, 0}, a ∈ O, v ∈ O∗ ,
[h a → v]eh
• (b) “in” communication rules: for h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O,
a[h ]eh1 → [h b]eh2
• (c) “out” communication rules: for h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O,
[h a]eh1 → [h ]eh2 b
• (d) dissolving rules: for h ∈ H, e ∈ {+, −, 0}, a, b ∈ O,
[h a]eh → b
• (e) division rules (elementary membranes, only): for h ∈ H, e1, e2, e3 ∈ {+, −, 0},
a, b, c ∈ O
[h a]eh1 → [h b]eh2 [h c]eh3
The objects evolve in the maximally parallel manner, while each membrane can be
involved in only one rule of types (b)-(e). More precisely, first the rules of type (a) are
used, and then the other rules.
The label set H has been specified because it is allowed to change the membrane labels.
Notice that one uses a dictionary of rules, each label in H coming with its own set of
rules. For instance, a division rule can be of the more general form
• (e’) general division: for h1 , h2 , h3 ∈ H, e1 , e2 , e3 ∈ {+, −, 0}, a, b, c ∈ O
[h1 a]eh11 → [h2 b]eh22 [h3 c]eh33
One can consider variations as the possibility of dividing membranes in more than two
copies, or even of dividing non-elementary membranes. Therefore, in P-systems with
active membranes the membrane structure evolves during the computation not only by
decreasing the number of membranes by dissolution, but also increasing it by division.
6.5 Basic P-systems with active membranes in K Except for membrane division,
P-systems with active membranes are similar to transition P-systems, hence we can
borrow the previous translation in K. However, for the sake of clarity, we prefer to give
the K-representation for the full set of rules (a)-(e). A membrane with polarity is denoted
by pairs (h, e) with h ∈ H and e ∈ {+, −, 0}.
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• object evolution rules: [h a → v]eh (h ∈ H, e ∈ {+, −, 0}, a ∈ O, v ∈ O∗ )
h| a |ieh
v
• “in” communication rules: a[h ]eh1 → [h b]eh2 (h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O)
e1
e

a h| · |ih2
·
b

• “out” communication rules: [h a]eh1 → [h ]eh2 b (h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O)
e1

h| a |ihe2
·

·
b

• dissolving rules: [h a]eh → b (h ∈ H, e ∈ {+, −, 0}, a, b ∈ O)
L a x Meh → b x

• division rules for elementary membranes: [h a]eh1 → [h b]eh2 [h c]eh3 (h ∈ H, e1, e2, e3 ∈
{+, −, 0}, a, b, c ∈ O)
L a Meh1 → L b Meh2

i

h a

dissolution

i

i h1

b

a

L c Meh3

h2

gemmation

i

h1

@h2
u

h2

h1

h2 @h2
u

creation

i

divide
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i h1

b

h2

i
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merge
i h1
a

h2
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i h2
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i

b

h1

h2

u

Fig. 6.3 Membrane handling operations.

6.6 Variations of P-systems with active membranes
Membrane creation. This rule is a → [h v]h , i.e., after its application a new membrane is inserted into the system. The rules in the new membrane depend on h and they
are taken from a dictionary. The K rule is
a → L v Mh
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Merging of membranes. This rule is [h x]h [h′ y]h′ → [h′′ z]h′′ , allowing to merge
the contents of two neighboring membranes (the rules for [h′′ ..]h′′ are taken from a
dictionary). The K rule is
L x Mh L y Mh′ → L z Mh′′
Split of membranes. This operation is opposite to merge. Its format is [h′′ z]h′′ →
[h x]h [h′ y]h′ and the K rule is
L z Mh′′ → L x Mh L y Mh′
One appealing version is to put into a membrane the objects of a given type and in the
other the remaining ones.
Endocytosys and exocytoses. Endocytosys is a rule [h x]h [h′ ]h′ → [h′ [h y]h ]h′ , i.e., in
one step a membrane and its contents enter into a neighboring membrane. The K rule is
L x Mh h| · |ih′
·
L y Mh
Gemmation. One can encapsulate into a new membrane [@h ]@h a part u of the solution to be carried to membrane [h ]h . The new membrane [@h u]@h travels through
the system, being safe for its contents. By convention, it travels with the speed of one
membrane per clock cycle following the shortest path towards the destination.
The final result may be described as in the case of general object jumps. What is different here is the step-by-step journey of [@h u]@h . This can be done using the shortest
path from h′ to h in the tree associated to this membrane system.19 The details are left
to the reader.

7

Implementation, experiments

The intractability of P-systems with plain objects. While P-systems is a model with
massive parallelism, its huge potential is not fully exploited by current approaches due
to the lack of object structure.20 The illustrating example of computing n2 with the Psystem in Fig. 3.1(b) is not a fortunate one. For instance, to represent 999 one needs 999
objects in the membrane and the computation ends up with 998001 objects in the final
region; however, during computation an exponential mechanism to record the number of
steps is used and in an intermediary soup there are more than 2999 objects, significantly
19 One does not consider the complicated case when the delivery gets lost into the system due to a reconfiguration of the membrane structure.
20 A few P-systems with particular structured objects (strings, conformons) are presented in [20, 12].
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more than the atoms in the Universe.21 There are other sophisticated representation
mechanisms in cells which may be used to achieve fast and reliable computations of
interest for cells themselves. As shown below, with structured objects we break ground
and achieve fast computations for P-systems with structured objects.
A K/Maude implementation. We have developed an application for running P-systems
using our embedding of P-systems in K and the implementation of K in Maude (Maude
[10] can be downloaded at http://maude.cs.uiuc.edu/). The application can be accessed
online at
http://fsl.cs.uiuc.edu/index.php/Special:MaudeStepperOn
line
One can choose the examples in the p-system directory. The application allows to run
a P-system blindly, or in an interactive way; another option is to ask for displaying the
transition graph. (The options for interactive running or graph display make sense for
small examples, only.)
Results: structured vs. unstructured objects. We have performed a few experiments, both with plain, unstructured objects and with structured ones.
For the former case, we implemented the P-system in Fig. 3.1(b). (We have already
commented on its intractability above.) We run experiments on our server with the following constraints: up to 2 minutes and using no more than 500 MB of RAM. With
these constraints, we were able to compute n2 , but only up to n = 18. The results are
presented in Table 7.3(a).
For the latter case (structured objects) we limited ourselves to natural numbers and
run two experiments with P-systems for computing factorial function and for looking
for prime numbers using Eratosthenes sieve. In both cases, we were able to run large
experiments: in the first case, we were able to compute 3000! (a number with 12149
digits) within the given constraints; in the second case, all prime numbers less than 1500
where found in no more than 1 minute. The results are collected in Table 7.3(b),(c). The
transition graph for the example with prime numbers up to n = 10 is displayed in
Fig. 7.4.
The P-systems for the last two examples are flat, the computation being similar to that
used in Γ-programs. It is possible to describe P-systems with more membranes for this
problem and to find the resulting speedup, but this is out of the scope of the current
paper.

21 The

Universe is estimated to 4 × 1079 hydrogen atoms, while 2999 is roughly 10300 .
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square
6
10
15
18
19

factorial
10
100
1000
3000
3500
primes
10
100
1000
1500
2000

time(ms)
11
123
3882
32294

time(ms)
0
8
545
6308

time(ms)
1
33
19007
50208

rewritings
2316
20012
562055
4463244
failure
(a)
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parallel steps
13
21
31
37

no rew. parallel steps
93
4
744
7
7065
10
21079
12
failure
(b)
no rew. parallel steps
156
2
16007
6
2250684
14
5402600
15
failure
(c)

Table 7.3 Runs for P-systems with and without data structure on objects.

8

Related and future work, conclusions

A similar approach to membrane computing via rewriting logic was developed by Lucanu and his collaborators in a series of papers, including [2–5]. The focus in the cited
papers was to use rewriting logic to study the existing P-systems, while our approach
is more on exploiting the relationship between P-systems and the K framework for enriching each with the strong features of the other.
K was designed as a framework for defining programming languages and has powerful
mechanisms to represent programs via its list structures. Our embedding of P-systems
in K suggests to include a control nucleus in each membrane. The role of this structure it
to take care of the rules which are to be used in the membrane. A nucleus generates a set
of rules for the next (nondeterministic, parallel maximal) step. When the computation
step is finished the rules are deleted and the nucleus produces a new set of rules to be
used in the next computation step, and so on. This way, one gets a powerful mechanism
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Fig. 7.4 The graph of computing the prime numbers up to 10.

for controlling the evolution of P-systems, narrowing their inherent nondeterminism and
opening a way to a better understanding of their behavior.
The classical model of P-systems uses a fixed set of rules for each membrane, so a simple nucleus program may be used to generate this set of rules at each step. One can think
at multiple possibilities for these nucleus programs – thanks to the structured objects,
any program written in a usual programming language may be used. The embedding of
P-systems in K described in this paper naturally extends to this new type of P-systems
and may be used to get a running environment for them.
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Camino de Vera s/n. 46022 Valencia, Spain
jsempere@dsic.upv.es

In this work we propose a translation scheme to obtain P systems with membrane creation and division rules from transitions of Multiset Tree Automata
(MTA).

1

Introduction

The relation between membrane structures and Multiset Tree Automata (MTA) has been
explored in previous works. So, in [11] we introduced the formal model of Multiset Tree
Automata, and in [6] this model was used to calculate editing distances between membrane structures. A method to infer multiset tree automata from membrane observations
was presented in [12], while in [13] different families of membrane structures were
characterized by using multiset tree automata.
In this work we propose a translation scheme to obtain membrane rules from MTA transitions. The advantages of this approach are clear so we can implement a computer tool
to automatically obtain membrane rules (i.e. simple P systems) from a set of trees that
model the desired behavior of the membrane structures according to [12]. The structure
of this work is the following: first we give basic definitions and notation for tree languages, P systems and multiset tree automata. Then, we propose a translation scheme
to obtain membrane rules from MTA transitions. We analyze the correctness and efficiency of the proposed scheme. In the last section, we give some guidelines for future
research.

2

Notation and definitions

In the sequel we provide some concepts from formal language theory, membrane systems and multiset processing. We suggest the books [10], [8] and [2] to the reader.
Multisets.

First, we provide some definitions from multiset theory as exposed in [14].
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Let D be a set. A multiset over D is a pair hD, f i where f : D −→ N is a function.
Suppose that A = hD, f i and B = hD, gi are two multisets, then the substraction of
multiset B from A, denoted by A ⊖ B, is the multiset C = hD, hi where for all a ∈ D
h(a) = max(f (a) − g(a), 0). The sum of A and B is the multiset C = hD, hi, where
for all a ∈ D h(a) = f (a) + g(a), denoted by A ⊕ B. We say that A is empty if for all
a ∈ D, f (a) = 0, and A = B if the multiset (A ⊖ B) ⊕ (B ⊖ A) is empty.
The size of a multiset M is the number of elements that it contains and it is denoted
by |M | (observe that we take into account the multiplicities of every element). We
are specially interested in the class of multisets that we call bounded multisets. They
are multisets that hold the property that the sum of all the elements is bounded by a
constant
n. Formally, we denote by Mn (D) the set of all multisets hD, f i such that
P
a∈D f (a) = n (observe that, in this case, hD, f i should be finite).

A concept that is quite useful to work with sets and multisets is the Parikh mapping.
Formally, a Parikh mapping can be viewed as the application Ψ : D∗ → Nn where D =
{d1 , d2 , · · · , dn }. Given an element x ∈ D∗ we define Ψ(x) = (#d1 (x), · · · , #dn (x))
where #dj (x) denotes the number of occurrences of dj in x, 1 ≤ j ≤ n. Finally, in the
following, we work with strings representing multisets. So, the multiset represented by
x is the multiset with elements that appear in x and multiplicities according to Ψ(x).
P systems. We introduce basic concepts from membrane systems taken from [8]. A
transition P system of degree m is a construct
Π = (V, T, C, µ, w1 , · · · , wm , (R1 , ρ1 ), · · · , (Rm , ρm ), i0 ),
where:

•
•
•
•
•

V is an alphabet (the objects),
T ⊆ V (the output alphabet),
C ⊆ V , C ∩ T = ∅ (the catalysts),
µ is a membrane structure consisting of m membranes,
wi , 1 ≤ i ≤ m, is a string representing a multiset over V associated with the region
i,
• Ri , 1 ≤ i ≤ m, is a finite set of evolution rules over V associated with the ith
region and ρi is a partial order relation over Ri specifying a priority.
An evolution rule is a pair (u, v) (or u → v) where u is a string over V and v = v ′
or v = v ′ δ where v ′ is a string over
{ahere , aout , ainj | a ∈ V, 1 ≤ j ≤ m}

and δ is a symbol not in V that defines the membrane dissolving action. From now
on, we denote the set tar by {here, out, ink | 1 ≤ k ≤ m},
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• i0 is a number between 1 and m and it specifies the output membrane of Π (in the
case that it equals to ∞ the output is read outside the system).
The language generated by Π in external mode (i0 = ∞) is denoted by L(Π) and it is
defined as the set of strings that can be defined by collecting the objects that leave the
system by arranging them in the leaving order (if several objects leave the system at the
same time then permutations are allowed). The set of vector numbers that represent the
objects in the output membrane i0 is denoted by N (Π). Obviously, both sets L(Π) and
N (Π) are defined only for halting computations.
Many kinds of rules have been proposed in P systems for creation, division and modification of membrane structures. There have been several works in which these rules
have been proposed or employed for different purposes (see, for example, [1, 7–9]).
In the following, we enumerate two kinds of rules which are able to modify the membrane structure, according to [1]
1. Division: [h a]h → [h [h1 a1 ]h1 [h2 a2 ]h2 · · · [hp ap ]hp ]h . The object a in region h is
transformed into objects a1 , a2 , · · · , ap . Then, p new regions are created inside
h with labels h1 , h2 , · · · , hp , and the new objects are communicated to the new
regions. This rule is a generalization of the 2-division rule proposed in different
works such as [1].
2. Creation: a → [h b]h . A new region is created with label h and the object a is
transformed into object b which is communicated to the new region.
The power of P systems with the previous operations and other ones (e.g., exocytosis,
endocytosis, etc.) has been widely studied in the membrane computing area. Given that
the previous operations can modify the membrane structure of a P system Π during the
computation, we denote by str(Π) the set of membrane structures (trees) that eventually
are hold by Π during its computation. Observe that this definition was used by Freund
et al. [4], in order to define tree languages generated by Π systems. In such case, only
the membrane structures obtained after halting were considered.
Tree automata and tree languages. Now, we introduce some concepts from tree languages and automata as exposed in [3, 5]. First, let a ranked alphabet be the association
of an alphabet V together with a finite relation r in V × N. We denote by Vn the subset
{σ ∈ V | (σ, n) ∈ r}. We denote by maxarity(V ) the maximum integer k such that
Vk 6= ∅.
The set V T of trees over V , is defined inductively as follows:
a ∈ V T for every a ∈ V0
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σ(t1 , ..., tn ) ∈ V T whenever σ ∈ Vn and t1 , ..., tn ∈ V T , (n > 0)
and let a tree language over V be defined as a subset of V T .
Given the tuple l = h1, 2, ..., ki we denote the set of permutations of l by perm(l). Let
t = σ(t1 , ..., tn ) be a tree over V T . We denote the set of permutations of t at first level
by perm1 (t). Formally, perm1 (t) = {σ(ti1 , ..., tin ) | hi1 , i2 , ..., in i ∈ perm(h1, 2,
..., ni)}.
Let N∗ be the set of finite strings of natural numbers formed by using the catenation as
the composition rule and the empty word λ as the identity. Let the prefix relation ≤ in
N∗ be defined by the condition that u ≤ v if and only if u · w = v for some w ∈ N∗
(u, v ∈ N∗ ). A finite subset D of N∗ is called a tree domain if:
u ≤ v where v ∈ D implies u ∈ D, and
u · i ∈ D whenever u · j ∈ D (1 ≤ i ≤ j)
Each tree domain D could be seen as an unlabeled tree whose nodes correspond to the
elements of D where the hierarchy relation is the prefix order. Thus, each tree t over V
can be seen as an application t : D → V . The set D is called the domain of the tree t,
and denoted by dom(t). The elements of the tree domain dom(t) are called positions or
nodes of the tree t. We denote by t(x) the label of a given node x in dom(t).
Definition 1 A deterministic finite tree automaton is defined by the tuple A = (Q, V, δ, F )
where Q is a finite set of states; V is a ranked alphabet with m as the maximum
integer
S
in the relation r, Q ∩ V = ∅; F ⊆ Q is the set of final states and δ = i:Vi 6=∅ δi is a
set of transitions defined as follows:

δn : (Vn × (Q ∪ V0 )n ) → Q

δ0 (a) = a

n = 1, . . . , m
∀a ∈ V0

Given the state q ∈ Q, we define the ancestors of the state q, denoted by Ant(q), as the
set of strings
Ant(q) = {p1 · · · pn | pi ∈ Q ∪ V0 ∧ δn (σ, p1 , ..., pn ) = q}
From now on, we refer to deterministic finite tree automata simply as tree automata.
We suggest [3, 5] for other definitions on tree automata.
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The transition function δ is extended to a function δ : V T → Q ∪ V0 on trees as follows:
δ(a) = a for any a ∈ V0
δ(t) = δn (σ, δ(t1 ), . . . , δ(tn )) for t = σ(t1 , . . . , tn ) (n > 0)
Note that the symbol δ denotes both the set of transition functions of the automaton and
the extension of these functions to operate on trees. In addition, you can observe that
the tree automaton A cannot accept any tree of depth zero.
Multiset tree automata and mirrored trees. We extend some definitions of tree automata and tree languages over multisets. We introduce the concept of multiset tree
automaton and then we characterize the set of trees that it accepts.
Given any tree automaton A = (Q, V, δ, F ) and δn (σ, p1 , p2 , . . . , pn ) ∈ δ, we can associate to δn the multiset hQ∪V0 , f i ∈ Mn (Q∪V0 ) where f is defined by Ψ(p1 p2 . . . pn ).
The multiset defined in such way is denoted by MΨ (δn ). Alternatively, we can define MΨ (δn ) as MΨ (p1 ) ⊕ MΨ (p2 ) ⊕ · · · ⊕ MΨ (pn ) where ∀1 ≤ i ≤ n MΨ (pi ) ∈
M1 (Q ∪ V0 ). Observe that if δn (σ, p1 , p2 , . . . , pn ) ∈ δ, δn′ (σ, p′1 , p′2 , . . . , p′n ) ∈ δ and
MΨ (δn ) = MΨ (δn′ ) then δn and δn′ are defined over the same set of states and symbols
but in different order (that is the multiset induced by hp1 , p2 , · · · , pn i equals the one
induced by hp′1 p′2 . . . p′n i).
Now, we can define a multiset tree automaton that performs a bottom-up parsing as in
the tree automaton case.
Definition 2 A multiset tree automaton is defined by the tuple M A = (Q, V, δ,
F ), where Q is a finite set of states, V is a ranked alphabet with maxarity(V ) = n,
Q ∩ V = ∅, F ⊆ Q is a set of final states and δ is a set of transitions defined as follows:
δ=

[

δi

1≤i≤n
i : Vi 6= ∅

δi : (Vi × Mi (Q ∪ V0 )) → P(M1 (Q))
δ0 (a) = MΨ (a) ∈ M1 (Q ∪ V0 )

i = 1, . . . , n
∀a ∈ V0

We can observe that every tree automaton A defines a multiset tree automaton M A as
follows
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Definition 3 Let A = (Q, V, δ, F ) be a tree automaton. The multiset tree automaton
induced by A is defined by the tuple M A = (Q, V, δ ′ , F ) where each δ ′ is defined as
follows: MΨ (r) ∈ δn′ (σ, M ) if δn (σ, p1 , p2 , ..., pn ) = r and MΨ (δn ) = M .
Observe that, in the general case, the multiset tree automaton induced by A is non
deterministic.
As in the case of tree automata, δ ′ could also be extended to operate on trees. Here, the
automaton carries out a bottom-up parsing where the tuples of states and/or symbols are
transformed by using the Parikh mapping Ψ to obtain the multisets in Mn (Q ∪ V0 ). If
the analysis is completed and δ ′ returns a multiset with at least one final state, the input
tree is accepted. So, δ ′ can be extended as follows

δ ′ (a) = MΨ (a) for any a ∈ V0
δ ′ (t) = {M ∈ δn′ (σ, M1 ⊕ · · · ⊕ Mn ) | Mi ∈ δ ′ (ti )1 ≤ i ≤ n}
for t = σ(t1 , . . . , tn ) (n > 0)

Formally, every multiset tree automaton M A accepts the following language
L(M A) = {t ∈ V T | MΨ (q) ∈ δ ′ (t), q ∈ F }

Another extension which can be useful is the one related to the ancestors of every state.
So, we define AntΨ (q) = {M | MΨ (q) ∈ δn (σ, M )}.
The following two results formally relate tree automata and multiset tree automata.
Theorem 1 (Sempere and López, [11]) Let A = (Q, V, δ, F ) be a tree automaton,
M A = (Q, V, δ ′ , F ) be the multiset tree automaton induced by A and t = σ(t1 , . . . , tn ) ∈
V T . If δ(t) = q then MΨ (q) ∈ δ ′ (t).
Corollary 1 (Sempere and López, [11]) Let A = (Q, V, δ, F ) be a tree automaton and
M A = (Q, V, δ ′ , F ) be the multiset tree automaton induced by A. If t ∈ L(A) then
t ∈ L(M A).
We introduce the concept of mirroring in tree structures as exposed in [11]. Informally
speaking, two trees are related by mirroring if some permutations at the structural level
hold. We propose a definition that relates all the trees with this mirroring property.
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Definition 4 Let t and s be two trees from V T . We say that t and s are mirror equivalent,
denoted by t ⊲⊳ s, if one of the following conditions holds:
1. t = s = a ∈ V0
2. t ∈ perm1 (s)
3. t = σ(t1 , . . . , tn ), s = σ(s1 , . . . , sn ) and there exists hs1 , s2 , . . . , sk i
∈ perm(hs1 , s2 , ..., sn i) such that ∀1 ≤ i ≤ n ti ⊲⊳ si
Theorem 2 (Sempere and López, [11]) Let A = (Q, V, δ, F ) be a tree automaton,
t = σ(t1 , . . . , tn ) ∈ V T and s = σ(s1 , . . . , sn ) ∈ V T . Let M A = (Q, V, δ ′ , F ) be the
multiset tree automaton induced by A. If t ⊲⊳ s then δ ′ (t) = δ ′ (s).
Corollary 2 (Sempere and López, [11]) Let A = (Q, V, δ, F ) be a tree automaton,
M A = (Q, V, δ ′ , F ) the multiset tree automaton induced by A and t ∈ V T . If t ∈
L(M A) then, for any s ∈ V T such that t ⊲⊳ s, s ∈ L(M A).

3

From MTA transitions to membrane rules

In this section, we propose a translation scheme to obtain P systems from MTA. The
relation between the input and the output of the scheme is showed at the end of this
section. In addition, we show that the obtained P system generates membrane structures
which can be represented by trees that the input MTA accepts. First, we provide a couple
of examples that give some intuition in the scheme that we propose later.
Example 1 Consider the multiset tree automaton with transitions:
δ(σ, aa)= q1
δ(σ, a)= q2
δ(σ, aq2 )= q2
δ(σ, q1 q1 )= q1
δ(σ, aq2 q1 )= q3 ∈ F
Then, the following P system is able to produce, during different computations, a set
of membrane structures such that the set of trees induced by them are the set of trees
accepted by the MTA.
Π = ({a, b}, {a, b}, ∅, []q3 , b, ∅, ∅, (Rq3 , ∅), (Rq2 , ∅), (Rq1 , ∅), ∞), where
Rq3 = {b → a[q2 b]q2 [q1 b]q1 },
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Rq2 = {b → a[q2 b]q2 ; b → a}, and
Rq1 = {b → aa; b → [q1 b]q1 [q1 b]q1 }
Observe that we have made a top-down design, in which we start by analyzing the final
states (in this case q3 ) and then we obtain the ancestors of every state according with δ
by using membrane creation and membrane division.

Let us see the following example, where the number of final states is greater than one.
Example 2 Let us take the MTA defined by the following transitions
δ(σ, aa)= q1
δ(σ, bb)= q2
δ(σ, q2 q2 )= q2
δ(σ, q1 q1 )= q1
δ(σ, q2 q1 )= q3

∈F
∈F
∈F
∈F
∈F

(1)
(2)
(3)
(4)
(5)

The following P system is associated to the previous MTA. Observe that we have added
a superscript to every membrane rule according to every MTA transition.
Π = ({a, b, c}, {a, b, c}, ∅, []0, c, ∅, ∅, ∅, (R0, ∅), (Rq2 , ∅), (Rq1 , ∅), ∞), where
R0 =
Rq2 =
Rq1 =

(3)

(4)

{c → aa(1) ; c → bb(2) ; c → [q2 c]q2 [q2 c]q2 ; c → [q1 c]q1 [q1 c]q1 ;
(5)
c → [q2 c]q2 [q1 c]q1 }
(3)
{c → bb(2) ; c → [q2 c]q2 [q2 c]q2 }
(4)
{c → aa(1) ; c → [q1 c]q1 [q1 c]q1 }

We propose Algorithm 1 as a translation scheme from MTA to P systems. The main step
of the proposed algorithm, is step 5 which uses a transformation ℘c over MΨ (δ). We
formally define the transformation ℘c as follows: ℘c (p1 · · · pk ) = ℘c (p1 ) · · · ℘c (pk ),
where

℘c (pi ) =

(

pi
[pi c]pi

if pi ∈ Σ0
if pi ∈ Q

Now, we can formally prove the correctness of the proposed algorithm through the
following result.
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Algorithm 1 A translation scheme from MTA to P systems.
Input: A MTA A = (Q, Σ, δ, F )
Output: A P system Π = (V, T, ∅, []0 , c, ∅, · · · , ∅, (R0 , ρ0 ), · · · , (Rm , ρm ), i0 ) such
that str(Π) = L(A)
Method:
1. V = T = Σ0 ∪ {c} such that c ∈
/ Σ0
2. m = |Q|
3. ρi = ∅ 0 ≤ i ≤ |Q|
4. Ri = ∅ 0 ≤ i ≤ |Q|
5. For every transition in δ such that δ(σ, p1 · · · pk ) = qj
If qj ∈ F
then Add to R0 the rule c → ℘c (p1 · · · pk )
Add to Rj the rule c → ℘c (p1 · · · pk )
6. Return(Π)
EndMethod.
Proposition 1 Algorithm 1 obtains a P system Π from the input MTA A such that
str(Π) = L(A).
Proof The key step in the proposed algorithm is step 5. Observe that the step 5, ensures
that if δ(σ, p1 · · · pk ) = qj then the region Rj holds a rule such that for every state pl
in the ancestors of qj , according to the transition, a new region [ql c]ql is created. On
the other hand, every symbol a ∈ p1 · · · pk is created in region Rj . So, if the structure
σ(p1 · · · pk ) (or any mirrored one) is reduced to the state qj in the MTA A, the structure
℘c (p1 · · · pk ) is created in the P system Π inside the region Rj . In addition, if qj ∈ F
then all the (mirrored) trees reduced to qj are accepted by A, so this is the reason why
all these structures are inside the skin region R0 .
On the other hand, observe that the unique object which can create new membranes is c
which does not belong to Σ0 . We have introduced c because the rest of symbols are just
leaves in the trees accepted by A. So, once any of the leaves appears, it remains in the
region as a an object that cannot evolve anymore. Finally, the objects c disappear when
all the leaves of the trees are created.

2
Another aspect that we take under our consideration is the efficiency of the proposed
algorithm. We analyze its complexity time through the following result.
Proposition 2 Algorithm 1 runs in polynomial time with respect to the size of the input
MTA A.
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Proof Again, the main step of the proposed algorithm is step 5. Here, we make as
many operations as the number of δ transitions. For every transition, we must evaluate
the transformation ℘c which is quadratic with the size of the ancestors of every state and
the union of |Q| and Σ0 . This holds a quadratic running time for Algorithm 1.
2

4

Conclusions and future work

In this work we have proposed a full translation scheme from MTA to P systems. The
proposed algorithm correctly and efficiently performs the translation task. This scheme
gives a formal proof for the relation between the structures generated by the P system
with membrane creation and membrane division and the trees accepted by MTA. This
result was pointed out in previous works such as [6, 11–13].
Actually, we are developing a computer tool that holds the proposed translation scheme.
This tool will help to analyze the membrane dynamics in P systems by using the results
proposed in [12]. Furthermore, we will be able to propose initial P systems based only
in the membrane structures we want to generate which will be enriched later with the
corresponding evolution and communication rules.
On the other hand, a topic which has been investigated in previous works is the relationship between MTA and P systems. We can study in depth some aspects of the P systems
by only observing the membrane dynamics. This study can be achieved by characterizing different MTA classes as was proposed in [13]. We think that we must keep on this
research in order to get a complex picture of different P systems and their relations by
using only MTA.
Acknowledgements. Work supported by the Spanish Ministerio de Educación y Ciencia under project TIN2007-60769.
The author is grateful to the reviewers for sharp remarks and suggestions made to this
work.
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[8] Gh. Păun. Membrane Computing. An Introduction. Springer. 2002.
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Chemical reaction simulations using
Abstract Rewriting System on Multisets with
Lattice Boltzmann Method

———————————————
Mai Umeki, Yasuhiro Suzuki

Nagoya University, Graduate School of Information Science,
Furocho Chikusa Nagoya City, 464-8603, Japan

We have proposed a deterministic approach for simulating chemical reactions,
the Deterministic Abstract Rewriting Systems on Multisets, DARMS. DARMS
is an approximate procedure of an exact stochastic method of simulating chemical reactions. DARMS is not a stochastic method but a deterministic method,
where reactions rules are applied in maximally parallel. Thus DARMS has
good accordance with conventional P Systems with acceptable loss of chemical
accuracy. We have composed a simulation method for the reaction-diffusionconvection model of chemical reactions by synthesizing DARMS and the Lattice Boltzmann Method (LBM); LBM is a discrete expression of the NavierStokes Equation.

1

Introduction

DARMS, a variant of conventional P System with chemical accuracy. There are two
formalisms for simulating spatially homogeneous chemical system; the deterministic
approach by a set of differential equations and the stochastic approach based on a single
differential equation. The stochastic approach has a firmer physical basis, which is based
on the master equation than the deterministic approach, but the master equation is often
mathematically intractable. Thus there have proposed a method to make exact numerical
calculations within the framework of the stochastic formulation, such as the Gillespie
method, without having to deal with the master equation directly. However such method
requires large amount of system time on simulation. And in P Systems, for simulating
(bio)chemical systems, the MP system has been known [13] [3]. A novel method that
we propose is Deterministic Abstract Rewriting System on Multisets (DARMS), which
is a deterministic approach based on an approximate procedure of an exact stochastic
method. DARMS can produce significant gains in simulation speed with acceptable
losses in accuracy and since reaction rules are applied deterministically (not stochastic)
and maximally parallel so it has good accordance with conventional P Systems [16]
with acceptable loss of chemical accuracy.
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Reaction-Diffusion-Convection model. Recently, reaction-diffusion-convection (RDC)
phenomenon, RDC in a nonequilibrium chemical reaction have been observed with interest by reseachers. For example, the Belousov-Zhabotinskii reaction (BZ reaction) is
a typical nonequilibrium chemical reaction but also the RDC can be observed. In order
to understand nonequilibrium phenomena, it is important to understand the reactiondiffusion-convection phenomenon, however in order to model the RDC, we have to integrate the reaction-diffusion equation and the Navier-Stokes equation and it is not easy
to simulate and analyze. Thus in order to model the RDC, we integrate the DARMS
and the Lattice Boltzmann Method, LBM. LBM is a discrete expression of the NavierStokes equation.

2

Abstract Rewriting System on Multisets, ARMS

An ARMS [17] is a construct Γ = (A, w, R), where A is an alphabet, w is a multiset
present in the initial configuration of the system, and R is the set of multiset rewriting
rules.
Let A be an alphabet (a finite set of abstract symbols). A multiset over A is a mapping
M : A 7→ N, where N is the set of natural numbers; 0, 1, 2,. . . . For each ai ∈ A,
M (ai ) is the multiplicity of ai in M , we also denote M (ai ) as [ai ].
We denote by A# the set of all multisets over A, with the empty multiset, ∅, defined by
∅(a) = 0 for all a ∈ A.
A multiset M : A 7→ N, for A = {a1 , . . . , an } is represented by the state vector
w = (M (a1 ), M (a2 ), . . . , M (an )), w. The union of two multisets M1 , M2 : A 7→ N
is the addition of vectors w1 and w2 that represent the multisets M1 , M2 , respectively.
If M1 (a) ≤ M2 (a) for all a ∈ A, then we say that multiset M1 is included in multiset
M2 and we write M1 ⊆ M2 .
A reaction rule r over A can be defined as a couple of multisets, (s, u), with s, u ∈ A# .
A set of reaction rules is expressed as R. A rule r = (s, u) is also represented as
r = s → u. Given a multiset s ⊆, the application of a rule r = s → u to the multiset
w produces a multiset w′ such that w′ = w − s + u. Note that s and u can also be zero
vector (empty).
The reaction vector, νji denotes the change of the number of ai molecules produced by
one reaction of rule rj .
2.1 ARMS with chemical kinetics We modify the ARMS [21] [20] for modeling
chemical kinetics and this enables us to use experimentally obtained reaction rates directly, similar to the derivation of the Gillespie’s “τ -leap method” [10].
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In order to handle experimental data, we employ multisets with real multiplicities; such
a multiset X : A 7→ R for A = {a1 , . . . , an } is represented by the state vector x =
(X(a1 ), X(a2 ), . . . , X(an )). X(ai ) denotes the molar concentration of specie ai .
Let us assume that there are N ≥ 1 molecular species {a1 , ..., an }, ai ∈ A that interact through reaction rules R = {r1 , ..., rm }. As the time evolution of x unfolds from
a certain initial state, let us suppose the state transition of the system to be recorded
by marking on a time axis the successive instants t1 , t2 , ... as X(tj ) (j = 1, 2, ...).
We specify the dynamical state of x(t) ≡ (X(a1 (t), X(a2 (t)), ..., X(aN (t))), where
X(ai (t)) is the molar concentration of ai specie at time t, t ∈ R.

Chemical kinetics. We assume that all chemical reactions take place in a well-stirred
reactor; this assumption is required due to the strong dependence of the reaction rate on
the concentration of the reagent species. We define the function fj , called the propensity
function for rj ∈ R by
fj (x) = cj hj ,

(51)

where cj denotes the average probability that a particular combination of rj reactant
molecules will react in the next infinitesimal time interval dt and hj is the number of
possible combinations of the species of rj in dt.
fj x(t)dt means that the probability that reaction rj will occur in the next infinitesimal
time interval [t, t + dt), (j = 1, ..., m).
The time evolution of x(t) is a jump Markov process [12] on the N -dimensional nonnegative lattice. In this case, an ARMS has a macroscopically infinitesimal time scale,
∆, where reaction rules can be applied several times simultaneously, yet since the stoichiometrical change of the state during ∆ is small enough, none of the propensity
functions change appreciably.
The parameter ∆ corresponds to τ (small time interval) in the Gillespie’s method [10]
and it satisfies the Leap Condition given below; an amount ∆ that spans a very large
number of applying every reaction rules still satisfies the Leap Condition.

Leap Condition: We require ∆ to be small enough that the change in the state during
[t, t + ∆] will be so small that no propensity function will suffer an appreciable (i.e.,
macroscopically noninfinitesimal) change in its value.
We also assume that the number of applications of each reaction rule in ∆ obeys

hP (fj (x), ∆i = fj (x)∆ ≫ 1(∀j = 1, ..., m),

(52)

where P(fj (x), ∆) is the Poisson random variables is the number of reactions that occur
in ∆.
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Here, let us consider the probability function Q, defined by Q(z1 , ..., zk |∆, x, t), which
means the probability, given X(t) = x, that in the time interval [t, t + δ) exactly zj
times of rule applications or rj will occur, for each j = 1, ..., m. Q is evidently the
joint probability density function of the M integer random variables, Zj (∆, x, t) means
the number of times, given X(t)=x, that reaction rule rj will apply in the time interval
[t, t + ∆) (j = 1, ..., m).
If the equation (52) is satisfied, the Poisson random numbers will be practically indistinguishable from normal random numbers, which are uncorrelated statistically independent normal random variables with mean 0 and variance 1.
Then the jump Markov process can be approximated by the continuous Markov process
defined by the standard form of chemical Langevin equation (CLE).
λi =

m
X

zj νij =

m
X

fj νji =

=

m
X

1

[fj (x)∆ + (fj (x)∆) 2 nj ]νji

j=1

j=1

j=1

m
X

m
X

νji fj (x)∆ +

1

1

νji fj2 (x)nj ∆ 2 ,

(53)

j=1

j=1

where nj is temporally uncorrelated statistically independent normal random variables.
Since Zj (∆, x, t) = P (fj (x, ∆)), it is equal to fj (x)∆, by the equation (52).
1

In case fj (x)∆ → ∞, (52) implies that in the part fj (x)∆ + (fj (x∆) 2 nj of the
equation (53) the second term becomes negligibly small compared to the first term and
λi in the limit (fj (x)∆ → ∞), because

λi =

m
X

zj νji =

j=1

=

m
X

[fj (x)∆]νji

j=1
m
X

νji fj (x)∆.

(54)

j=1

This is the Euler formula (piecewise linear approximation) for numerically solving the
RRE. It shows how to derive the continuous and deterministic RRE of traditional chemical kinetics from the stochastic method. Since νji fj (x) represents the stoichiometric
change in the next infinitesimal time, it can be regarded as the reaction rate of rj , vj ,
and we obtain:

λi =

m
X
j=1

νji fj (x)∆ ≡

m
X
j=1

vj (x)∆.

(55)
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In the Gillespie τ leap method, the number of applications of each rule within τ is randomly generated according to the Poisson or Normal distribution and λi is calculated.
In the ARMS, λi is calculated by using the reaction rate given by the equation (55). As
in the numerically solving an ordinary differential equation of the form dX/dt = f (X)
by the Euler method, a leap down the stepwise time axis by ∆ according to X(t + ∆) =
X(t) + f (X(t))∆ will produce errors whenever the function f changes during that ∆
increment.
It is well-known that the second-order Runge-Kutta procedure can reduce these errors;
use the simple Euler method to estimate the “midpoint” value of X during ∆, and then
calculate the actual increment in X by evaluating the slope function f at that estimated
midpoint. The midpoint value can be obtained from the expected state change λ as x
+ λ2 . In the Gillespie’s τ leap method, this procedure is used and it shows that this
procedure can reduce numerical errors [10].
2.2 Algorithm of DARMS In Deterministic Abstract Rewriting System on multisets (DARMS), reaction rules are applied in maximally parallel and deterministic way.
Hence, the DARMS accommodates P Systems, while it has background in theoretical
chemistry [20].

Step 0(Initialization). The time t is set to 0 and the set of vectors V = (δ1 , δ2 , ..., δN )
(j = 1, 2, ..., m), expressing the stoichiometric change of each species, are initialized.
Then all inputs of the system are assigned to their respective variables,
•
•
•
•

X(a1 ), X(a2 ), ..., X(aN ) are set to the initial quantities of species;
k1 , ..., km to set m rate constants corresponding to the m reactions;
tstop to the ending instant of simulation;
set the value of ∆;

Step 1(Calculation of state change vector Λt ). According to reaction rules, stoichiometric change of each specie λi is calculated
P as well as the state change vector; Λt =
(λ1 , λ2 , ..., λN ) is calculated, where λi = m
j=1 νji vj x(t)∆.

Step 2(System update and branching). The quantity of each species and t is updated, by
using Λt and ∆:

x(t) = x(t − ∆) + Λt−∆ ,
t := t + ∆.
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If t ≥ tstop or if there are no reactions left in the reactor, the simulation is stopped and
the results are sent to the output stream. Otherwise, the simulation returns to Step 1.
In order to simulate pattern formation, we compose cellular automata by using the
DARMS and call it Cellular Automata of Abstract Rewriting System on Multisets
(CARMS) [20]. As for the calculation of diffusion, we use conventional explicit scheme
of difference method to solve partial differential equation of diffusion and for the calculation of convection, we use the Lattice Boltzmann Method [11].
2.3 Lattice Boltzmann Method (LBM) The lattice Boltzmann equation (LBE) method
is emerging as a physically accurate and computationally viable tool for simulating
laminar and turbulent flows. On the theoretical front, rigorous mathematical proof now
exists demonstrating that the lattice Boltzmann method (LBM) is a special finite difference scheme of the Boltzmann equation that governs all fluid flows (the Navier-Stokes
equation also has its basis in the Boltzmann equation).
The basic LBE for a single-component medium consists of two basic steps: collision
and advection. The particle distribution function is thermalized locally through collision
processes and advection to the closest neighboring sites occurs according to a small set
of discrete particle velocities. The LBE proposed here is the lattice Boltzmann scheme
with BGK approximation [2];

nα (x + eα δt , t + δt ) = nα (x, t) −

1
(eq)
[nα (x, t) − nα
(x, t)]
τ

(56)
(eq)

where nα is the number density distribution function with discrete velocity eα , nα is
the equilibrium distribution function and τ is the relaxation time (towards equilibrium)
which determines the viscosity. The time-step size is δt , which is the time taken for the
advection process to be completed. For the sake of simplicity without losing generality, we adopt the nine-velocity model. Then the equilibrium distribution function for
isothermal field is given as
(eq)
nα
= wα n[1 +

1
1
1
(eα · u) × 4 (eα · u)2 − 2 u2 ]
2
cs
2cs
cs

(57)

in which the discrete particle velocities eα and the weighting factor wα (α = 0,1,2,· · · ,8)
are

and



α=0
 (0, 0)
eα = (cos[(α − 1)π/2]), sin[(α − 1)π/2]
α = 1, 2, 3, 4


(cos[(α − 4)π/4]), sin[(α − 5)π/2 + π/4] α = 5, 6, 7, 8

(58)

Chemical reaction simulations



 4/9 α = 0
eα = 1/9 α = 1, 2, 3, 4


1/36 α = 5, 6, 7, 8
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(59)

√
respectively. The sound speed is wα = 1/ 3(δx /δt ) with δx being the lattice constant
of the underlying square lattice. The macroscopic quantities, such as particle density n,
mass density ?? and mass velocity u are given by
n=

X

nα

(60)

α

ρ = mn

ρu = m

X

(61)

nα e α

(62)

where m is the molecular weight (for more detail of the LBM, refer [11]).

3

Lattice Boltzman Equations for Reaction flow

In a reacting flow, the state of the fluid at any given point in space and time can be
completely specified in terms of fluid velocity, composition vector (either in terms of
mass fraction or concentration). We will need to develop the LBE for all these variables.
For generating a background flow, the conventional LBM sub-steps of collision (relaxation) and streaming (convection) are used. However for the concentration fields, there
is an extra sub-step between collision and streaming sub-steps to account for reactiondiffusion and convection. This is identical to the time-splitting approach used in continuum methods for chemically reacting flows.
The background flow-field is obtained using the following stencil for partial pressure

pα (x + eα , t + 1) = pα (x, t) −
where

1
[pα (x, t) − p(eq)(x,t)
]
α
τp

3
9
(eq)
pα
= wα p[1 + 3(eα · u) + (eα · u)2 − u2 ]
2
2

The total pressure p(= ρc2s ) and the fluid velocity are calculated using

(63)

(64)
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p=

X

pα

(65)

α

u=

1X
ealpha pα
p α

(66)

This is the velocity used for determining the equilibrium distribution functions in temperature and concentration fields.

3.4 Concentraton fields For concentration field, there is an extra computational
sub-step, reaction and diffusion by using the DARMS and CARMS besides conventional computational sub-steps of collision and advection.
Collision of chemical specie i.
Yαi (x, t) = Yαi (x, t) −

1 i
[Y (x, t) − Yαi(eq)(x,t) ]
τi α

(67)

where Y i denotes the concentration of chemical specie i,
3
9
Yαi(eq) = wα Y i [1 + 3(eα · u) + (eα ·)u)2 − u2 ]
2
2
and
Yi =

X

Yαi ,

(68)

(69)

α

Relaxation time-constant τ is determined by thermal diffusivity and τi ’s are determined
by the diffusivity of corresponding species.

4

Simulation of the Oregonator

The Oregonator scheme is outlined in Table 4.1: In this paper, a combination of Tyson’s
”Lo” [19] and Field-Főrsterling values [7] (TFF parameter) are used [14]: k1 : 106 M −2
S −1 , k2 : 2M −3 S −1 , k3 : 2 × 103 M −1 S −1 , k4 : 10M −2 S −1 , k5 : B × 2 × 10−2 S −1 ,
where M stands for one molar, and S stands for a second.
4.5 Results of the simulation We take the non-slip boundary condition (the velocities of particles which hit the wall are inverted after the collision). The condition
of the simulation is described as follows; the amount of computation steps is 20,000,
∆ = 0.01, τ = 10, 1.0 × 104 , 1.0times107, the diffusion constants D obtained by
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X, Y, H
A, Y, 2H

k2

→
k3

2X
A, X, H
B, Z

k

→1

→
k4

→
k5

→
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2W : (r1 ),
X, W : (r2 ),
A, W, H : (r3 ),
2X, 2Z : (r4 ),
0.5Y : (r5 ).

Table 4.1 Oregonator

chemical experiments [14]; (cm2 / sec.) of X, DX and Z, DZ are 1.5 × 10−5 and
DX = 0.9 × 10−5 .
It is assumed that the size of reactor in the CARMS is a 6cm × 6cm square, where 50
6
cm. In the
× 50 DARMSes are placed. So, the distance between DARMSes is ∆x = 50
chemical experiment of BZ reaction, usually a excitation point is generated by stinging
a sliver stick, which evokes oxidation reaction. In order to express the generation of the
excitation point, we change the concentration of X and Y are smaller, while that of Z
is 100 times larger.

Fig. 4.1 Time evolution of chemicals: Each line composed of the difference of the time evolution
of concentration of X (top), Y (middle) and Z (bottom) in the CARMS, where, time evolution
starts from right toward left. Blue illustrates that the concentration is high, while white, low and
τ = 1.0 × 104

The results of simulation of the Oregonator illustrate that the CARMS with reaction, diffusion and convection exhibits typical chemical wave spatial pattern of the Oregonator
on every chemical specie X, Y and Z.
Next, we change effectiveness of the convection. Since the value of τ denotes the effectiveness, we change τ = 10 (the effectiveness is strong), τ = 1.0 × 104 (middle)
and τ = 1.0 × 107 (weak). And we confirmed that the effectiveness of the convection
change the spatio-temporal pattern of chemical reaction (figure 4.2). When the effectiveness is strong (the top line in the figure 4.2), since the convection was strong, the
reactor was well stirred and spatial patterns were excluded, but temporal patterns were
preserved. And when the effectiveness is middle (the middle line in the figure), there
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Fig. 4.2 Effectiveness of the convection The difference of the time evolution of concentration
of Z in the CARMS, where time evolution starts from right toward left. Blue illustrates that the
concentration is high, while white, low. The effect of convection is changed; the value of τ denotes
the degree of effectiveness of the convection, as the τ is getting large, the effectiveness becomes
large. Each line illustrates when τ = 10 (top), τ = 1.0 × 104 (middle), τ = 1.0 × 107 (bottom),
respectively

emerged spatio-temporal pattern, however, its pattern was different from the case when
the effectiveness is weak. When the effectiveness of convection is weak, it is almost
same to the system only with reaction and diffusion. We confirmed that when the effectiveness of convection is weak, its pattern (the bottom line in the figure) is similar to the
ARMS with reaction-diffusion.
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Serbănuţă, Traian, 405
Shiotani, Tatsuya, 363
Stamatopoulou, Ioanna, 247
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